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§ 1. Introduction 


Given a category © and a directed set 4, there is. of course, the well-known cate- 
gory §4 of direct systems in (S over,A. Moreover, if © is cocomplete there is a co- 
limit functor from CA to ©. In certain contexts, however, it is desirable to be able 
simultaneously to consider direct systems in © over variable directed sets. For 
example, every group is the union of its finitely-generated subgroups, but different 
groups plainly give rise in this way to direct systems of finitely-generated subgroups 
over different directed sets. 

Our main objective in this paper is to describe a procedure for extending functors 
from a category of groups (4g to the category (3, of groups representable as colimits 
of direct systems of groups in *( 9. The procedure may be described as extension 
by cocontinuity and doubtless exists in abstract form in the literature; our emphasis 
here is on its relevance to the concrete category of groups. The original motivation 
for introducing this procedure for a category of groups was to introduce arbitrary 
Abelian coefficient groups into a general cohomology theory; this application will 
constitute the subject matter of a subsequent paper [6]. 

In §2, we define the category C5 of direct systems in € over arbitrary directed 
sets. This category contains the category €4 for each directed set A but is much 
more than their union. It turns out that an important technical notion in GS jis that 
of a fibre-map; this notion specializes that of a fibred category in the sense of Gray 
and Grothendieck [4, 5] and enables us to define pull-backs in C5 provided ( has 
pull-backs. Moreover if © is cocomplete there is a direct limit functor lim: CS+¢ 
which coincides on €4 with the direct limit line’. 

In §3, we specialize to the case when © is a category of groups. We use this 


% 


* Since we are exclusively concerned in this paper with index categories which are directed sets 
we speak of direct limits instead of colimits. Our results would generalize to quasi-filiered 
index categories (see {1, 2]}). 
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specialization exclusively to establish the key lemma, which appears in the literature, 
that direct limits commute with pull-backs (Lemma 3.6). Thus any cocomplete 
category enjoying this property would suffice for our theory. We show that, with 
a mild hypothesis ony and (4, , the category of fractions with respect to lim: 
(ss ~(¥, is equivalent to"), , and this gives us the theorem on extending functors 
from 1, to 0, referred to above. The hypothesis is satisfied, for example, if 4, is 
the category of finitely-generated Abelian groups, when (, is the category of 
Abelian groups; this is, essentially, the example with which our application in [6] 
is concerned. However, the hypothesis is violated if Wp is the category of finitely- 
generated groups, when (%, is the category of groups. In §4 we replace the original 
hypothesis by one satisfied in this case. The result we get is not quite as strong as 
in §3. Functors satisfying a certain rather obvious condition may, as before, be 
extended from (4, to}, , but we can only guarantee cocontinuity (see (3.19)) 
with respect to morphisms diawn from (id for some A. 

In § 5 we prove a theorem on exactness in > and direct limits and in §6 we 
make sorne remarks of an exploratory nature with respect to fibre-maps and their 
possible reie in a hypothetical homutopy theory of directed sets. In §7 we describe 
in outline a related approach to the central problem of this paper, due to F.Ulmer. 

The author had the benefit of many fruitful conversations with H.H.Storrer in 
dvelc ping the ideas deployed in this paper. 
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§ 2. Direct systems; fibre-maps; direct limits 


Let © be a category. Then the rere of direct systems in ©, written C5. is 
defined as follows. An object of © is a pair (A:C.) where A is a directed set and 
CC aS cunt } is a direct system in © over the directed set A. A morphism of € s 


©:(A:C)7(B.D.) (D= {D gi 8qgr}) 


isa pair @ =(p. y.), where p : A > B is a function which is (a) monotone and (b) 
cofinal; and ¥. associates with each a € A a morphism y, : C, > Dx q) Such that, 
for a <a’, the diagram 


(2.1) [Ya \ Fa’ 


nr eretieccneten nent nitnaceeitt ets Be 7 
Dia) Dia) 


Soias, pa’) 


commutes. 

I: is evident thai, with the obvious definition of composition OF morphisms, > 
is a category. Moreover, there is an evident embedding P : © -» C5, whereby the 
object C is embedded as the direct system {C } over a singleton set. so that we may 
introduce the notions of limit and map in ane category (>. It is also plain how a 
functor F : §+T induces a functor FS: 5 +P. 

-7 

Definition 2.2. Let A.B be non-empty directed sets. A monotone function 
p: AB is called a fibre-map if, given B'> p(a), there exists a’ > a with p(a’) = 6’. 
A morphism ® = (p, y.) of CS is called a fibre-map if p is a fibre-map. (Notice that 
a fibre-map is automatically cofinal.) 


We now introduce the standard factorization of a morphism of C5. Thus, given 
©: (4:C.) + (8: D.) as above, we define the diagram 


as follows. A © A X B consists of those pairs (a, 6) with 8 > p(a); this is plainly a 
directed set under the order relation induced by the product order on A X B. 
Further Cag = = Cy and the morphism C..7 Ca! asa, Pcp, is is just Fever’: We 
next define @ = (0, I.), where o(a) = (a, p(a}) and | aoe Cale p(ay: Then a is 
plainly monotone and. as we show, cofinal. For, given a, 8 with § + aay. we use 
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the cofinality of p to infer a’ > a with p(a’) > B; then (a’. p(a’)) > (a, B). It is now 
obvious that 9 is a morphism of CS. _ 

We define © = (¢, 1.), where o(a, 3) = a and log : 1: Cys > Ce Again it is clear 
that © is a morphism of G5 and,.moreover, 


(2.4) 66 =1:(4;C)7(4:C). 


Finally we define @ = (A, $.), where (a, 8) = B and Gy, = 8 cq), g%q: It is again 
clear that p is monotone and cofinal, but, in fact, p is a trem. or, given a, 8 
with 6 > p(a) and given f' > 8, then (a, B')E A and p(a, p’) = B’, (a, B') > (a, B). 
Moreover, 9. satisfies the required commutativity relation. For if (a, B), (a’,B') € A 
with (a, B) = (a’, 8’) then we have the diagram 


Sever’ 
Cy a ee C a’ 
Fa ae 4 Fo! 
& i acs 
ae p | 8a"), 6 
camaro emcaumaluamae 1 


where the top square commutes by (2.1) and the bottom square commutes because 
D. isa direct system over B. 
This completes the description of the standard factorization, for, plainly, 


(2.5) $0=¢. 
<} 
We next relate the notions of fibre-map and pull-back. First we place ourselves 
in the category DS of directed sets and monotone functions. Let 


A 
(2.6) Je 


|; mares ie, 4 


g 


be a diagram in DE and let 


Y A 
(2.7) “| “4 


B——Xx 


onan eee 


be the pull-back of (2.6) in the underlying category of sets. Then Y may be given 
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the structure of an ordered set in the obvious way and p’, o’ are then monotone 
functions. 


Theorem 2.8. Suppose that o in (2.6) is a fibre-map. Then 


(a) Yisa directed set; 
(b) p is a fibre-map; 
(c) a’ isa morphism of DE ; 


(d) (2.7) isa puil-back in TS. 


Proof: (a) Let (a,, 8,6 Y, i= 1, 2; thus p(a,) = a(B,). Choose f' = 8,.8 and then 
choose @ # a, ,a@, such that p(a) > o(f'). Since a is a fibre-map, we may find 6 2 p’ 
with o(f) = p(a). Then (a, BE Y and (a, B) > (a, B,), Pe he, 

(b) Let (a, 8) € Yanda’ >a. Then pla’) > p(a) = o(B). Since a is a fibre-map, 
we may find @’ > 6 with o(8’) = a’. 

(c) We must show o’ cofinal. Let 8 € B and choose a € A with p(a) > o(8). Since 
: is a fibre-map, there exists 8’ > B with o(f’) = p(a). Then (a, ') & Y and o'(a. B') = 

> p. 


(d+) Let 
y———— A 
a r) 
B ~ a 
0 
be a commutative diagram in TE. Then, since (2.7) is the pull- back in the category 


of sets, there is a unique function rt: ¥ + ¥ such that p'r = p, o'7 = G. It remains 
to show that r is monotone cofinal. 

Now f is defined by r(7) = (p(7), o(n)). n & Y. It is thus plain that, p and @ 
being monotone, 7 is monotone. Suppose now that (a, 8) € Y. Then there exist 
n,n” in Y with 6(n') > a, O(n") > B. Choose n > n',n”. Then p(n) > a, O(n) > 8, 
so 7(n) * (a, B) and 7 is cofinal. This completes the proof of the theorem. 

Next suppose given a diagram in € 5 


(A;C) 


O=(p,¢.) 


(8: D.) ~ ——> (GE) 


=(o,y.) 


where W is a fibre-map and suppose that © admits pull-backs. Then, for each 
¥ = (a, 8) © Y we may construct the pull-back, in€, 
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G 

| 
(2.10) 7% \ va 

Ea 


Moreover ify > y.7' =(a',8' ), a straightforward argument yields a morphism 
ky ’ FY ga , such that 


(21) Pyke Sage Hy Wyk = Bag WV", 5 


and F. = (FL; k ,} is then a direct system in © over Y, and &' =(p'.y’.),. ¥' = 


(o', y’.) are then Sa F.)>(A; ) (Y; Nes D.).inG5S with @' a 
fibre-map. 


Theorem 2.12. The diagram 


® 
(YSF.) ———> (;C) 


4 (B.D.) (X:E.) 


is a pull-back in 6°. 


Proof: The diagram obviously commutes. Suppose now that we have the commuta- 
tive diagram 


—_ 


ony Se, & 
(Y;F.) ———— (4;C) : 
| ; o, $20.0), ¥-(a,9). 


(8; D.) (X E.) 


Then, as shown in the proof of Theorem 2.8, we have a unique 7 : Y > Y such that 
pt=p, o'r = G. Given n € Y, consider the diagram 


a(n) 
¥ x(n) 
Vn Y s(n) : a(n) 


Dain) ¥5in) Eppa) 
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Since (2.10) is a pull-back in ©, there is a unique 6, : F,, > F r(ny Such that 


ene 


=y 


is ; = , 
14) vO = 8. WO, YH - 


’ i) 


Again a straightforward argument establishes the commutativity of the diagram 


| Ken). ttn) | 


where 7 <1) and F. = (F Kon! Thus T = (7;30.): (Y:F.) +(Y;F.) is the unique 
morphism such that 


*'T=o, WT=¥ 
and the theorem is proved. 

We now turn our attention to the direct limit functor. We assume © cocomplete 
so that, for any directed set.A, we may form the category 64 of direct systems in 
over A and we have the direct limit 

limA :€4 +€, 
—> 
Now let p : A + B be a morphism of TS ; then p induces the functor 
p* .¢8 >A 
given by p*{C,; 8,57} = {Cy Sage}, where 
C= Cay? Sea’ = Soca) (ar) ° 


The following theorem appears in many places with varying degrees of generality 
(see e.g. * [2], Theorem 3.7); we suppress the proof. 


Theorem 2.15. lim? = lim o p*. 
ed —> 


* In this reference, we allow more general index categories but 9 is one-one; this latter restriction 
is, however, quite unnecessary to the argument. 
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We now define a functor lim® :G5 +€ by the rule 
limS(A;C,) = limt*(Cy) 
and for ® =(p, y.) : (A: C,) > (B.D,), 
limS = lim’ (yA) , 


where (v4 ) is the evident morphism (Cy) > (e*(D,)) in G4, that is, va 7 Cy 7 Dg 
is just yy : Cy 7D, a) 


Theorem 2.16. lim® is a functor left-adjoint, left-inverse to the embedding functor 
P:6 = cS, 


Proof: That lim’ is a functor follows from Theorem 2.15 together with the evident 
relation 


(2.17) OG =(o*Wa) ow» 
where (0, pp, ¢.) = (op. 8.). 
Let us write L4, ZS for lim‘, lim$ and P4, PS for the constant embeddings 


PA. +64, PS - © +€5 (recall that PS = P was defined at the beginning of this 
section). Then. L4 P4 = | and there is a natural transformation m4 : 1 > PALA and 


(2.18) LAn4 =1, wAPA=1, all A. 
It is obvious that LSPS = 1. We define > : 1 > PSZS by 
(A; Cy)= M14 : (4: €,)> OV14(C,)). 


where Q is the singleton set and 114 =(0, 14), so that WA Cy? LA (C,) is the 
morphism given by 74. It is then obvious that (2.18) imply 


(2.19) ESS =1, wSpS=1, 


and the theorem is piqued: We may express this theorem simply by saying that the 
direct limits in each €4 yield a direct limit in C5. 


We close this section with an elernentary remark about the relation of direct 
inet to the standard factorization (2.3). Let ® : (A; C.) > (B; D.) be a morphism 
ing® with © = (p. p.) where py: C, +d. ) is invertible for each a € A so that 
(A (Cy> p*(D,)i is invertible in GA aia follows that lim® & is invertible in€. 
In particular, we have in (2.3) 


(2.20) limS@=1, lim®O=1, limS @=limSS . 
— > => > 
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§ 3. Direct systems of groups 
Let (¥ be the category of groups and let Gy © G, be full SuDcalegories of ($ such 
that the objects of , are precisely the images of objects of (58 under the direct 
limit functor 
lim 8 >. 
_> 


We make the following hypothesis throughout this section. 


Hypothesis 3.1. If 
Go 


(3.2) Gy)——6, 


is a diagram in, with Go, Go E IG,!, G, € IG, |, then the (G-) pull-back of (3.2) 
is in G,. 
0 


Now we may ar the category of fractions relative ie the aires limit functor. 
We denote this by There is an embedding functor i ys 0 =8 and tim extends 
to a functor : 


(3.3) L:GS + 

such that Li = lim. Recall that we obtain ws from ws by adjoining to the latter 
formal inverses of those morphisms ® such that lime is an isomorphism. Thus a 
morphism of (7, from (A; C.) to (B; D.) is represented by a path 

(3.4) (4!; cl) < (42:02) 2... ¢ (477! 07!) (47,07) 

where (A!:C y= =(A;C.),(4";C") =(B; D.), the arrows from left to right are 
morphisms of ws and the arrows from right to left are morphisms ® of Cy such 


that lim® is an sombrphiein: 
Our main theorem is the following: recall that we assume Hypothesis 3.1. 


Theorem 3.5. The functor (3.3) 
L GS >(% 
is full and faithful. 


gute on depends on the following lemma, certainly well-known if we replace 
GS by G4 


10 P. Hilton, Direct systems and functors on groups 
Lemma 3.6. The direct limit in3> commutes with pull-backs of fibre-maps. 


The lemma means the following. Suppose given, in (35 | the diagram 


Uae 
\ ero of \ 
(3.7) USE) ——— 6 E 
= (a. -) Av, hs 

(B:D.) —_—-- D 


v'here (i) the square on the right is a pull-back, (ii) the horizontal arrows are the 
direct limit functor with 


L@=y9. Lv=y. 


(iii) V is a fibre-map. 
We may then construct the pull-back of ® and W as in §2, 
(A;C.) 
®’ 
(3.8) (Y;F) (X,E) 
wn, v 
(B;D.) 


and the lemma claims that L(Y; F.) = F, L®’ =y', LV’ = y’. 


Proof of lemma: Recall that the direct limit is constructed from the system (C,) of 

groups over «4 by setting up the obvious equivalence relation on U Cy and defin- 

ing in the resulting set C of equivalence classes the obvious group. S(fructure. Our 

task is simply to define, for each y € Y, a homomorphism Ww, : F, ~ F such that 
(a) w, = wk f yay; 


(b) every z G F is in the image of some w,; 


(c) if w, (a) =e, then k__,da) =e forsome y 27, a€ F.. 


We define w, in the obvious way: an element of F_, y = (a, B) is a pair (x, y), 
xEC,, YED, with p(a)= (8), vg(x) = ¥,(y) (see (2.10)). If [x], [y] are the 
equivalence classes in C, D of x, y, respective! , then y[x] = [¢,(x)] = [v0] = 
WLy], so ([x], Ly] ) € F and we set | 
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w(x. y) =(x}. Leb. 


Then w, is plainly a homomorphism. Also k__ (x, y) is just (fq), &ggr()) so (a) 
is plainly satisfied. We now prove (b). Let z = Ux] »b)),x€ Cy ¥ €Dz. vlx] = 
y[v]. Choose a’ > a with p(a’) > 0(6) and then, using the fact that o is a fibre-map, 
choose f’ > 8 with o(B') = p(a’). Since we may replace x, y by x’ = foot), ¥ = 
Rae), there is no real loss of generality in supposing that, originally, p(a) = o(8). 
Then [eg(x)] = [Wa(y)] and Py l(x) aly) E E a’ Thus there exists — > p(a) such 
that 


Hacer, ¢ Pa) = Aocary, Vel) + 


where E. = {E,; 


,}. Choose B” % B so that o(8”) > & and choose a’ > a so that 
(a) > o(8"). N 


h 
E a. ” f é 
ow choose B +B so that off ) = p(a ). Then 


Kacay,pca'y Pa) = Roig), cpyh¥ 0) - 


Thus if x" = fg Ax), ¥' = BggXy), then [x'] = [x], Ly] = [Ly], eg) = ¥ yy’), so 
(x y JE Fy, 7’ = (a, p'). This proves (b). 

To prove (c), let a = (x, y), x EC, »y E Dg, (a) = 08), volx) = Waly). Since 
[x] =e, [y] =e, there exist a’ >a, f' > 8 such that fog(x) =e, gag y) = e. Now 
choose a” > a’ such that p(a”) » o(f’) and then choose 8” > f’ such that o(6”) = 
p(a”). Then +” = (a, 8”) © ¥ and k,,"(a) =e. ; 

Plainly L&’ = y', LY’ = y’ and so the lemma is completely proved. 


Proof of Theorem 3.5. We first show that L is full. We suppose (A; C.), (B; D.) in 
Che with £(4;C.)=C, L(B;D.) = D and y : C+D in Y,. We consider the diagram 


B-->0O 


where Q is the singleton set, and pull-back to obtain Y = A X B, since obviously a 
function to a singleton is a fibre-map. We then consider the diagram 


(4;C) 


(9;A.) 
| (O.n.) 
(3.9) (B; D.) ——> (0; D) 


where Ag(x) = v[x], ugly) = Ly] .x € Cg, y E Dg. We then pull back (3.9) to obtain 


(Y;F) —(A:C) 


(3.10) w . -» 1¢0;a) 
— (Orp.) 
(B: D.) > (0; D) 
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By Hypothesis 3.1, (Y;F.) is an object of OS. By Lemma 3.6, we obtain from (3.10), 
on passing to the direct limit, — 


1 
Ca C 


(3.11) ie |e : 


D-——~>D 


since (3.11) is a pull-back. Thus W is invertible in ws and L(®Y-!) = y. We call the 
path @Y-! constructed above the minimal y-path fron (A;C.) to (B;D.). 

Next we show that £ is faithful. Our first-step is to show how every path (3.4) 
may be shortened. Thus let us suppose given 


L 
(AC) C 
® " 
L 
(3.12) (X%;E)-——— E 
¥ : v 
(8, D.)——> D 
where y is an isomorphism and W@ = y, 0: C>D. Then L(W-!) = 0. If © were a 


fibre-map We could apply Lemma 3.6 (and Hypothesis 3.1) to infer a pull-back 
square ins 


®' . 

(Y; F.) ———> (4:C.) 
v' ® 

(B; D.) ———> (X; E.) 

SF 

whose direct limit is the pull-back square 
F—— 
“ 

lor Pa ‘e 6 bs 
DE 


. 1 . . f | wots ‘ : ni 
with y’, therefore, an isomorphism, so that @y’ = w’ and ©’ is invertible in (98 ; 
moreover . 


Wlbs yl 


— 
in (ys. This process, applied successively, would clearly enable us to shorten ¢ 3.4) 
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to a path of length 1 = 2; however, the validity of the process appears to depend on 
W being a fibre-map. 

We now show that, in fact, this is not so. We validate the process by invoking 
the standard factorization (2.3). Given (3.12) without the additional property that 
W is a fibre-map, we apply the standard factorization to ‘Y. Thus we obtain 


(A;C.) 


ke & 
-- - - a 
(3.13) (B; D.) —-->- (X;, E.), -¥ fibre-map, VO=, GCO=1. 
@;,6 -“¥ 


(B; D.) 


It immediately follows that L(Q) = 1, L(@)= 1, L(¥) = L(W), so that O, © and ¥ 
are invertible in MS and @7! = 6. We apply the pudl-back argument already given 
above (with W now replacing W) to obtain 


’ 
~ GF) AC) 


~ te 


v . ® 


owt 


ss ets 4 
(3.14) (B; D.)——-> (X;, E.) 


ee 


(B:D.)~ 
Then, setting W’ = OW’, we have 
vigsetylo=enel=y'or-! 
so that the shortening process works quite generally. 


We have now proved that any morphism of § from (A; C.) to (B; D.). say, 
inducing y : C> D in the limit, may be written in the form 


fF ea 6 
(3.15) (4,0) (YF) —> (8D) 


where L(V) = is an isomorphism, L(@) = yg and gy~! = y. We will prove that 
(3.15) represents the same morphism 5 as the minimal p-path constructed in 
proving that ZL is full; this will establish the fact that Z is faithful. 

Now (compare (3.9), (3.10)) the diagram 


(¥;F) — + (450) 


| d | (0; A.) 
i Sr 
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commutes; for if y € Y and x EF). then y[W.(x)] = eu [x] = vix] = [¢,(x)]. Thus 
there exists a unique morphism T: (Y:F.)> ( Y; F.) such that 


(3.16) ®T=6, WT=W. 


From the second of these equations we get, by passing to the limit. that L(7) = ) 
so that 7 is invertible in GS. Thus (3.16) yields 


@y-! = O77 y-l = py-l , 
and the theorem is completely proved. 


Remark. \n a calculus of fractions (see [3] ) one assumes as an axiom that, given 


| 


Cererenatetaees cl 


with the horizontal arrow ‘invertible’, one may find a commutative square 


2s = 


with the dotted horizontal arrow also ‘invertible’. We do not have this situation in 
(8. For the axiom requires that if we form a category of fractions by formally in- 
venting certain morphisms of (, then the square should commute i ©. In our situa- 
tion we obtained from 
(A,C.) 
® 
oe 2 | 
(B, D.) ——> (X3E.) 
a square (see (3.14)) 


. Pe 
(VY; F.) —— (AC) 
Vv | ® 
(B; D.) eas (X; E.) 

with ©’ invertible, which commutes in SS but not in (8. On the other hand, ou: 


category of fractions has a simplifying feature not pieient in general, namely, the 
existence of minimal paths. 
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We give one consequence of Theorem 3.5. We first observe the following elemen- 
tary fact. 


Proposition 3.17. Let L 336 >% be a functor which is full and faithful and surjective 
on objects. Then given a funcior Fy: b>, there is a unique functor F :‘8>\S with 
FL=F, O 


Proof. Suppose L(A ,) = L(A») = B. Then, L being full and faithful, there are unique 
morphisms a : A; >A ,0' : A> +A, such that L(a) = L(a’) = 1y and a’a = la 
ac’ = 1a. Thus any two pre-images of B are canonically equivalent, so that there is 
no ambiguity in setting F = Fyl7! on objects and morphisms. F is plainly uniquely 
determined by the equation FL = F, and is evidently a functor. 


Theorem 3.18. Let jg CO, CW be as ut the outset of this section. Let © be a co- 
complete category and let Fy: +€ be a functor with the property that, for any 
morphism ® in WS, lim F e(¢) is an equivalence if lim @ is ait equivalence ; iscriorph- 
ism). Then, granted Hypothesis ? 1, Fy extends to a unique functor F, :, >€ 

such that 


(3.19) Fy lim =lim Fe . 
> => 


Proof. Consider the diagram 


rs 
s _° S 


Pig |: 
F> 


(3.20) WS. = @ 


it 


G, 1+ 6 


The property demanded of Fp is precisely that which yields a (unique) functor Fs 
of the category of fractions UF into the category of fractions gS. We now apply 
Proposition 3.17 (with Fp in that proposition replaced by LF 8) to obtain F,. [tis 
plain that (3.19) docs detcrmine F, uniquely, since, as we showed in proving 
Theorem 3.5, given a morphism ¢ in GY, there does exist a morphism ©® in (ys with 
lim @ = yp (namely, the @ of (3.10)). 

We remark that (3.19) obviously implies that lim F, 5() is an equivalence if 
lim ® is an equivalence, so that the force of the theorem is that this necessary con- 
dition for the existence of F; is also a sufficient condition. An application of 
Theorem 3.18 will be found in [6]. 
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§ 4. The category of finitely-generated groups 


We would wish to be able to apply Theorem 3.18 to the case in which Wo is the 
category of finitely-generated groups, so that (5, =). However this is not possible 
as the theorzm stands since Hypothesis 3.1 sald be violated in this case. On the 
other hand ve do then have the ‘dual’ hypothesis, namely 


Hypothesis 4.1. Let, © i%, GOS, with(%, complete and cocomplete. If 
Gy Go 


an | 
Go 


is a diagram in 4 with Go, Go & kg! Gy E M441, then the (4-) push-out of (4.2) 
iS in Mp. 

Thus, in practice, = or Ab, the category of Abelian groups. As remarked, 
Hy pothesis 4.1 holds if(, is the category of finitely-generated groups and 
(, = Ob, =O). 

Our object is to prove a theorem similar to Theorem 3.5 under Hypothesis 4.1. 
We make a preliminary observation. Suppose (A; C.) € {85} and lim (A ;C.) = C. 
Let B be any directed sct. Then A X B is also a directed set and we may define the 
object (A X B: C.) of $5] by 


Cog =Ca+ fog.a’s’ = Saa’ : Cag > Care! 


where. a5 usual, C. = (Co: fa }. Moreover, there is an obvious morphism 
HW: (A X B:C.)->(A;C) such that 


(4,3) lim M=I¢. 


We will make heavy use of I in this section. We may say we obtain C. by ‘blowing 
up the indexing set by means of B. 


We next prove a lemma 


Lemma 4.4. Let lim(Y.C.) = C, lim(Y,D.) = D, with (Y;C.),(¥;D.) ints and let 
y:C-D. Then under Hypothesis « 4.1, there exists a path 


(4.5) (Y;C.) (YE) —-(¥:D,) . PRHiy), A=(1,8,) 


in( 48 such that L(-'1) = 9, and all such paths (4.5) represent the same morphism 
oft e. 
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Proof. We proceed as in the proof of Theorem 3.5, except that we operate with the 
fixed directed set Y which may now be omitted from the notation. We replace 
(QO; D) in (3.9) with the constant system (D) over Y so that we obtain the pull-back 
(3.10) 


¥ 
(Eo) er) 


(4.6) | b (A) 
(D.) ————> (BD) 
u.) 


Now, however, (F.) is in 98. We now push out @ and W. using the elementary fact 
that push-outs commute with direct limits. We obtain 


¥ , 
(F.) ———> (C) 


(4.7) (D.) > (E.) 

Pt 

(u.) 
(D) 
By Hypothesis 4.1, (E.) is in (39. Moreover, applying L to (4.7) we obtain 
Cee 
e ¥\ og 
i 


so that A is invertible and the existence of (4.5) is proved. We call the path we have 
constructed the base y-path from (Y;C.) to CY. D.). We now show that any path of 
the form (4.5) is equivalent in(§ to the base-path. 
Suppose that we are given the y-path, in@3, 
. . rr A’ 
(4.8) (YC) —— (VE) (7) D.). 
LK“ pPy=y, P=(.y). a= (8). 


We pull (4.8) back and then push out again, obtaining 
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, v' : 
(Feo (Cc) 


a 


(4.9) (D.) ——-> (E") 
XS 


with (E.") again in ($5. 
We also note that we have the commutative diagram 


(C\) 


’ ae 


& ’ \, 
(4.10) (D.)-——> (BE) 
Ned) | 
(u.) SS | 


where v(x) =8'"' [x], yEY, x EE’ .5'= L(A’). 
Since MW’ = A’@’, it follows that uy’ = (u.)b’, so that there exists T : (F’.) > 
(F.) with 
(4.11) O7T=0', We’, 
Thus PW’ = Ad’ so there exists © : (E") > (E.) with 
(4.12) er’=f, OA"=A. 
From (4.9) we also have 
(4.13) OPr'=Pr, O'A"=A’. 
By applying 1 to (4.9) we readily conclude that A", and hence also @’, are invertible 


in( $3. Then (4.12) shows that @ is also invertible in (5S and (4.12), (4.13) show 
that 


Atr=a™tp"=acip’ 
* 


in (0, proving the lemma. 


Suppose now given (4; C.), (B; D.) in with lim (4; C.) = C, lim (B;D.) = D 
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and ¢ : C+D. A standard y-path from (A;C.) to (B; D.) is a path of the form 
ret . F co _ . A 
(4.14) (A, C) + (A XBYC.) —---> (AX BLE.) —— (A X BD.) —— (B: D.), 
inducing vy in the limit, with T'and A the identity on A X B. 
ee a 

Theorem 4.15. (i) There exists a unique standard ~path in se 

(ii) The identity on (A; C.) ts the standard | .-path. | 

(iii) The composite of the standard p-path and the standard -path 

is the standard Wy-path. 


Proof. (i) is contained in Lemma 4.4, together with (4.3). To prove (ii), consider 
the standard I-path 


S , 1 r A Z IT 
(A; C.) —— (AX A.C!) > (AX AWD.) (AX ALC) (AC), 
td tos 2s" A: : 
where Cog: = Cy. Coat = Cgr- Define (4:D.) by 


Do = Day 8 


= ’ 
aa’ ~fana'a’? * <0". 


There are then diagonal morphisms V; : (A.C.) —* (AXA;C i= 1,2, and 
V:(4:D.) — (AX A;D.) and, by restricting to the diagonal, en 


P:(4:C) (AD), (Acc) (AD.) 
such that the diagram 


(A: Cy AXA: C!) (AX ALD.) (AX ALC) 3 (ASC) 
4. 
SS. ie ~ le x len 


(4:C.) ———> (4: D. ji: C) 


commutes, moreover, every morphism in thi nish induces tae identity in the 
limit. Thus the nants l-path is equal. in Gs, 


(A; 6 a Kyte: C.) 


and hence, by Lemma 4.4, to the identity on (A;C.). It remains to prove (iii); as a 
notational convenience we write AB for A X B, etc. Thus we are given the path 


oe) oo a re ra —- & n = 
(4.16) (A;C.) —— (AB; C.) — (AB; E.) —— (AB; D.) —> (B;D.) —— (BX. D.) 


r‘ 4’ — nn 
—» (BX; F.) <— (BX;G.) —> (X;G.) 
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where we may assume L(T) = y, L(A) = 1, L(T’) = W, L(A’) = 1. Let Y = ABX. Then 
we claim there is an obvious commutative diagram * 


(4.17) 
Pee rN n n r' pe 
(4B;C.) — (AB; E.) <— (AB; D.) —> (B; D.) «— (BX, D,) — (BX; F.) =— (BX:G.) 


1 iF [n In i A In 


~—_ oe 


(v.20) > (VB) & (VB) > (YB) — (7B) = FD) 


where c. =C,,, etc., and all the morphisms on the bottom row are the identity on 
Y. Thus we consider 


(4.18) (C)-> (FE) —B) z (F.) e (GC), 


again suppressing the directed set Y from the notation. We may now take the push- 
out 


(D.) —> (&) 


(4.19) | r \4. 
. (FY) pig (77,) 


Certainly (H.) is in 3 and Qe is invertible in WS . Thus the path (4.18) is equal to 
| pee Mes ee. Sa | ot 
(4.20) (C.) > (H..) +-—- (G.) 

~ ~~ ee 
with P, = AP, 4, = Pid". It follows that the path (4.16) is equal in G3 to 

. .. a aT ~~ A, ~ 
(4.21) (A: C.) -—(Y:C.) —> (¥; A.) — (¥: 6.) — (X:36.). 
Now let 
1 ae rs At rn 

(4.22) (A; C.) =~ (AX: C*) > (AX K.) —— (AX; G¥) —> (X5G6.) 


be the standard Wy-path from (A; C.) to (X;G.). This path is obviously equal to the 
‘blow-up’ 


n ~ Fe ~ B* ~ A 
(4.23) (A; C.) ——(¥:C) — (¥: K.) — (¥;6.) — (X5G,) . 


* We use various self-evident notations, in (4.16) and the rest of the proof, to indicate the effect 
of blowing up the indexing set for a direct system. 
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However, a further application of Lemma 4.4 tells us that the morphisms (4.23) 
and (4.21) are equal, so the theorem is completely proved. 


Let (ys be the subcategory of BS consisting of standard paths. The following 
corollary expresses the essential content of Theorem 4.15. 


—_> 
Corollary 4.24. Let L : (35 +, be the natural extension of lim and let L' = L658? 
Then 


SP a 
L :G 79, 
is full and faithful and surjective on objects. 
A very minor modification of the argument of Theorem 3.18 yields 


Theorem 4.25. Replace Hypothesis 3.1 with Hypothesis 4.1 in the enunciation of 
Theorem 3.18. Then the conclusion holds except that (3.19) is only asserted for 
morphisms of we which are the identity on the indexing ordered <ets. 


Proof. We have the diagram (in view of Proposition 3.17 and Corollary 4.24) 


We have FL’ = LFS), but we do not guarantee FL = LFS. Thus F;, satisfies (3.19) 
on those morphisms of @§ whose i-image lies in 8. It is easily shown that any 
morphism of @3 which is thie identity on the indexing set is a standard path *, so 
the conclusion follows; the uniqueness of F, is based, of course, on Lemma 4.4 
which shows that every y is the limit of a suitable morphism of Gs, namely [. 


Remark. We could certainly weaken the hypotheses of Theorem 4.25, since we only 
need F3 to be defined on er ; however; such a refinement of the enunciation would 
be premature since we do not know if GS? is strictly smaller than (3. It certainly 
coincides with & if both Hypotheses 3.1 and 4.1 are satisfied. 


* The argument is a very slight generalization of that proving part (it) of Theorem 4.15. 
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§ 5. Direct limits and exactness 


Theze does not appear to be a categorical notion of exactness in 5 even where 
there is a categorical notion of exactness in@ . However we may introduce the notion 
of local exactness in 6 if exactness is defined in€ , namely, 


® y z 
(5.1) (A;C.) —— (B, D.) —— (XS EL) ; 
is locally exact if, for every EA, 
Fa ¥ pCi 35 
Ca Da) YB sic 
is exact; here, as usual, @ = (p; y.), YW = (0; w.), and 
C2 (Cys fgg} D.={Dgi8yqrh. B= {Eth} - 
We remark that if ®, ¥ in (5.1) belong to 4 | then (5.1) is locally exact if and 


only if it is exact in © 4. We prove a theorem which serves to justify our insistence 
that the functions g, o be cofinal. 


Theorem 5.2. Let (5.1) be a locally exact sequence in@*>. Then the limit sequence 
(63) C4p*+£ 
is exact. 


Proof. Certainly ker y > im y. Now let y © D with W(y) = e (where e is as usual, 
the identity element in the appropriate group). Then y = [ Yl for some BE B, 

¥g © Dg and [Wa(¥,)] = e. Thus there exists & > o(8) such that hacpy,e Wal¥g) = €- 
Choose pf’ > B with o(f’) > £. Then 


Va" Sap Ya) = Aargy,0(a") Val Ya) = - 


Set yg" = 8gg4 yg). Then y = [yg] and Wa Vg") =e. 

Now choose @ so that pia) 2 8, and set ¥ ray = 8a" pay Ya": Then y = [yp cay] 
and Woa)(¥ cay) = €- By virtue of the local exactness of (5.1) we have y jqy = 
YolXq) for some xg € Cy. Thus y = [xq] and the theorem is proved. 


Of course, Theorem 5.2 carries the implication that locally surjective (injective) 
morphisms of (55 pass in the limit to surjective (injective) homomorphisms. 
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§ 6. Fibre-maps 


The notion of fibre-map given in § 2 is perfectly adequate for our purpose. How- 
ever, a stronger notion would seem to be necessary if one is to develop a ‘homotopy 
theory’ for the category 2S. 


Definition 6.1. Let p : A > B be a morphism of DS Let A CA X B be the set of all 
pairs (a, 6’) with 8’ > p(a). A strong fibre-map from A to B is a pair (p, 8) where 
p: A-~>B and 9 is a monotone function A > A with 0(a, p(a)) = a, O(a, B’) > a and 
pO(a, B') =p’. 

We may loosely say that p is itself a strong fibre-map; then it is plain that a strong 
fibre-map is a fibre-map. It is also plain that the function p : A > B constructed in 
(2.3) is a strong fibre-map, with 6((a, 8), 8’) = (a, 6’). We may also append to Theo- 
rem 2.8 the complement. 


Theorem 6.2. /f 0 in (2.6) is a strong fibre-map, so is p’. 


Proof. Let @ : B -> B be given so that (0, 8) is a strong fibre-map from B to X. We 
define 6': Y> Y by 


0'((a, B), ao’) = (a', 8(8, p(a'))), (a) = 0(8), a Fa. 
Plainly the composite of two fibre-maps is a fibre-map. Likewise we have 


Theorem 6.3. The composite of two strong fibre-maps is a strong fibre-map. 
Proof. Suppose given p : A +B with 8, : A +A ando: B>Cwith@,: B +B. Let 
A CA XC consist of pairs (a, y) with y 2 op(a). We define 8 : A > A by 


O(a, 7) = 4) (a, 8 (pa), )) - 


Then 6 is well-defined since y + op(a) and 6 5(p(a), y) # p(a) and it is easy to see 
that (op, 6) is a strong fibre-map. Composition of strong fibre-maps is also plainly 
associative in the obvious sense. 

We give one, rather obvious, application of the notion of a strong fibre-map. Let 
p.p': A> B:we then write p <p’ if p(a) < p'(a) for every a E A. We note that if 
= (9: ¢.) :(A,C.) > (B:D.) in GS, and if p < p’, then-there is a well-defined 
morphism ®’ = (p';y".) : (4;C.) > (B; D.) where vy’. is given by 


Fa ~ Saa),0'(a) Par * 


and that, if € is cocomplete, then ® and @’ induce the same morphism of direct 
limits. We prove 
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Theorem 6.4. Suppose given a strong fibre-map (p,@): A > B,a function? :X >A 

in DS and functions o <o0' : X > Bin LS with o = pr. Then we may lift the inequal- 
ity to an inequality t <1’ : X + A with o' = pt’. Moreover 1'(&) = 1(€) if o'(E) = a(€). 
Proof. We simply set 


T(E) = O(r(&), o'(E)) 


Plainly r’ is monotone and 7’ 2 7. so that 7’ is certainly cofinal. Also pr'(£) = 0'(€) 


and 7'(&) = 7(&) if o'(E) = o(€) (= or(€)). 


Theorem 6.4 is a candidate to be a ‘homotopy lifting theorem’ in any reasonable 
‘homotopy theory’ in TS. 
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§ 7. The relation to the Kan extension 


The author has learni, in conversation with Fritz Ulmer, of a very general and 
elegant approach to the same problem which also handles the special case with which 
we are concerned in [6]. Consider the diagram of categories and functors 


rey) Opp .S) 
R 
(7.1) Q\% 


where Q) is the Yoneda embedding, R is the regular representation R(Y) =2)(J-. Y). 
F is additive, and E,(F), Ep(F) are Kan extensions. Then Ulmer remarks that if F 

is additive (i) En(F)° R = Ey(F), (ii) Eo(F) has a right adjoint. It follows that F)(F) 
preserves all colimits preserved by R. Now R& preserves lim Y, if, for all objects X 

in ), a 


(7.2) Y(IX, lim Y,) = lim YX, ¥,)- 
a a 


If we take the example of a full embedding J: C 6}, of one category of 
groups in another, then we are asking if 


(7.3) - Hom(Go. lim G,) = lim Hom(Gy.Gy). Gy € Wy! 
a o 


Let us suppose that, as in our case, (, consists precisely of direct limits of direct 
systems in®, and let us demand (7.3) if GE [Sol . Then we may conclude that, 
ifG = lim G,, 

a 


E,(FXG) = EF) (lim G,) = lim E(FXGQ) = lim FG.) . 
a a a 


and the Kan extension yields the functor F, of Theorem 3.18. Thus, if F is additive, 
condition (7.3) produces the conclusion of Theorem 3.18 without requiring Hypo- 
thesis 3.1 and the special property of F = Fp in the statement of that theorem. In- 
deed the special property referred to appears as a consequence of condition (7.3). On 
the other hand there will be cases in which Hypothesis 3.1 is satisfied and condition 
(7.3) is false, ¢.g., if Yo is the category of countable Abelian groups. We remark, in 
particular, that condition (7.3) does hold if we take (9 to be the category of finitely- 
generated Abelian groups which is, as we mentioned in the introduction, the case 
considered in [6]. 
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The author is very much indebied to Fritz Ulmer for clarifying the relation of 
the procedure described in this paper to the more general approach via the Kan ex- 
tension outlined above. A further study of this connection will form the subject- 
matter of a subsequent paper. 
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Introduction 
it is the purpose of this paper to prove the following results. 


Theorem I. /f the total space X of an SO(4) 3-sphere bundle over S’ is an H-space, 
then X has the homotopy type of the total space of a principal S> bundle over S". 


Hence such an H-space has the homotopy type of one of the following spaces: 
(1) S3 X S7 or Sp(2); 
(2) the “Hilton-Roitberg criminal” [2] and (3]; 
(3) one of the two new H-spaces of Stasheff [7]; 
(4) one oe two remaining homotopy types of total spaces of principai S 3 bundles 
over S'. 
It is not known, if the spaces of (4) are actually H-spaces. We will prove that one 
of them is if and only if the other one is. 


Theorem II. (i) The total space of all principal SU(3) bundles over S" are H-spaces. 


(ii) There are exactly four homotopy types of these total spaces. 


The known H-spaces SU(4) and S? X SU(3) are of two of these and the other two 
are new ones. They have of course the homotopy type of fifteen dimensional differ- 
entiable manifolds. 

Section | is devoted to some well-known elementary properties of H-spaces. The 
main result is Theorem 1.3 which telis when the pull-back of H-spaces and H-maps 
yields an H-space. Section 2 outlines the method of Zabrodsky [9] of mixing homo- 
topy types. It winds up with a convenient criterion (Theorem 2.5) for a space to be 
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an H-space. In section 3 we prove Theorem I. Results of the first two sections are 
applied to determine which SO(4) 3-sphere bundles over S? are H-spaces. We recover 
the results of Stasheff [7] for those bundles whose structure group reduces to 

SU/2) = $3, and show that the remaining three homotopy types of SO(4) 3-sphere 
bundles are not H-spaces. The results of James and Whitehcad [4] and [5] are used 
to count the homotopy types here. 

Finally in section 4 we prove Theorem II (i) using the results of the first two sec- 
tions; part (ii) is shown to follow immediately by looking at the homotopy groups 
of the spaces involved. 

The authors wish to thank Emery Thomas for helping to simplify the proof of 
Theorem I], and to George Cooke for many stimulating conversations on the subject 
matter of this paper. 
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§ 1. Elementary homotopy properties of //-spaces 


All spaces are supposed to have the homotopy type of a l-connected CW complex 
with finite skeleta. Furthermore, al! our spaces have (nice) basepoints, which we 
suppose to be preserved by maps and homotopies. By an H-space we mean a space 
X together with a map m : X X X - X which is, when restricted to the wedge, homo- 
topic to the folding map V : ¥ v X¥ > X. (Of course this means that the basepoint of 
X acts as a two-sided homotopy identity via m.}Ifm: XX X—>Xandn: YX YoY 
are H-spaces then f': X¥ > Y is called an H-map if n({fX f) = fim. We remark that this 
implies that a map which is homotopic to an H-map is actually an H-map. 

We will need to know that in certain circumstances the pull-back of a diagram of 
H-spaces and H-maps is an H-space. For this we prove the following “pullback lemma”. 


Lemma 1.1. Consider the diagram 


where 1) D is the pullback of g and Y; D={(a, c)| ga= Uc} CAXC; 

2) p is a fibration, 

3) iis a cofibration, 

4) yfi = Ygi and pf ™ yz. 
Then one can construct a map h : X > D such that the whole diagram is homotopy 
commutative and fi = phi, gi = qhi. 


Proof. Define h 4 : A > D by the universal property of the pullback: h(a) = 
(fia, gia). Now we extend h, to X in the following way. By assumption yft = fi 
and yf = ye. Since y is a fibration, we can lift this homotopy to get a map 

g : X—>C with yg = of. But (X, A) being a cofiber pair we can, according to the 
relative covering homotopy theorem, find g’ : ¥ > C such that gi = g't. Defining 
h: XD by A(x) = ( fx, gx) our assertion follows. 


The next lemma is trivial. 


Lemma 1.2. Let X be an H-space with structure map m . X X X > X. Then there 
exists an H-space structure m' : XX X + X homotopic to m such that (m'| X v X)= 
V:XV XX, that ism’ has a strict identity. Furthermore, if f : X > Y is an H-may 
and we replace the structure maps of X and Y by homotopic ones, then f is still an 
H-map. 
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For the first part, extend the homotopy V ~ (i | X v X) to XX X to get m’. This 
can be done since our spaces have nice basepoints. The other statement is obvious. 


Theorem 1.3. /n the diagram 


f' 


Pee 


an 


A= 8 
let X, E and B be H-spaces, p and f H-maps and Y their pullback. If p is a fibration, 
then Y admits an H-space structure such that f and p' are H-maps. 


Proof. We may assume by the previous lemma that X, & and B are H-spaces with 
strict identities. We have the following diagram 


aN 


XXX 


Since a and yy are H-space structures with strict ide.atities it follows that fa(p'’X p’) i 
=py(f Xf')iand, f and p being H-maps, we have fa(p’ X p’) = py(f'X f’). Using 
the “pullback lemma” (1.1) we construct y iri a way that p'ui=a(p’ X p’)i and 
S'wi=y(f'X f')i. But these two maps agree with p'V respectively f’V since a and 
y have strict identities. It follows from the universal property of the pullback that 
wi=V: ¥v YY. Hence p is an H-space siructure for Y and, by the homotopy 
commutativity of the corresponding quadrangles, we see that f' and p’ are H-maps. 


Definition 1.4. If m : XX X — X is an H-space then c € H*(X;G) is called primitive 
if 
m*c = pt c + p§c 


where p, and p> are the projections. 
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Theorem 1.5. Let X be an H-space and K(G, n) an Eilenberg-MacLane space with its 
canonical H-space structure. If i€© H"(K{(G, n);G) is a characteristic element, then 
f: X +K(G, n) is an H-map if and only if f*i © H"(X;G) is primitive. 


Proof. Consider the diagram 


> 4 
XXX = KXK 
Pi5P2u | f | 41,%7,mM 
X K 


where y and m are the multiplications and p,, 1; the projections. 


(1) Ip, = «(FX f) and, since i is primitive, 


(2) m*i=ayit a5i. 
The condition that f be an H-map means 


fu=m(fX f), 


and since we are mapping into an Eilenberg-MacLane space, this is equivalent to 
f*1=(fXf/)*m*i , or 
f*i=(fxpf* (nyi + nt) » by (2) 
=pirrit pyr, by (I). 


This iatte, is just the condition that f*i bu primitive. 
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& 2. Mixing homotopy types 


In this section we outline the technique of mixing homotopy cypes due to 
Zabrodsky [9]. This is the key tool for the results of sections 3 and 4. A map 
f{:X > ¥ is a rational! equivalence if 


f* -H*(Y;Q) > H*(X;Q) 


is an isomorphism. It is a g-equivalence if 4 induces an isomorphism with Z_ re- 
placingQ. Of course a g-equivalence i isaq * equivalence for allk 21. 1f P, isa set 
of primes, a P, -equivalence means a p-equivalence for each p € P, . Denote by P 
the set of all primes. Then a -equivalence is a homotopy equivalence, since our 
spaces are “nice”. 


Lemma 2.1 (Zabrodsky). (i) If f : X > Y is a rational equivalence and ?, a set of 
primes, then f ntay be factored as 


x— (9, 2+ 


where f, isa? ,-equivalence and f, a fibration which is a (P —P, equivalence. 
(ii) If, in addition, X and Y are H-spaces and if f is an H-map, then X(P,) is an 
H-space and f, and fy are H-maps. 


The proof of part (i) uses a Moore-Postnikov system and is straightforward. For 
part (ii) one has to see that one can put an H-space structure on the spaces in the 
Postnikov tower such that all maps are H-maps. 

By a factorization of a rational equivalence with respect to a set of primes we 
will always mean a factorization as described in Lemma 2.1. To prove the main 
resuit of this section, Theorem 2.5, we need a kind of uniqueness result for factori- 
zations, and this is furnished by the next lemma. 


| , eae aoe, ; : f 8g ‘ 
Lemma 2.2. Given factorizations of two rational equivalences X —> Z «— Y with 
respect to P,, and a? ,-equivalence y¢ : X + Y. Then there exist homotopy equiy- 
alences a, 8 making ihe triangles below con:mutative. 


f 
: | X(P1) fe 
| { 
e a; ,8 Zz 
y——y¥ay 
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To consiruct a consider the diagram 


and note that g,y is a P; equivalence. The obstruction, to constructing a lies in the 
cohomology of ¥(P,) med X, with coefficients in the hormctopy groups of the fiber 
of the fibration f,. Since f, is a p* equivalence for ail k 2 1, these coefficient groups 
are such that 


{ . >= 
H*(¥(P,)) 


H*(&) 
is an isomorphism. Thus the obstruction vanishes. 8 may be constructed similarly. 


Lemma 2.3. Let A be the pullback in the following diagram in which f is a fibration. 
h 
A 8 
| 
| | 
Cc————D 


Lf g is a P,-equivalence, then so is h. 
We simply note that since f is a fibration, h and g have the same “fiber”. 


Lemma 2.4. Given two factorizations of the rational equivalence f : X > Y with 
respect to sets of primes, and 4 such that P?, UP, =P%. Then X has the homo- 
topy type of the pullback of the fibrations fy and f). 


X(P,) 
igo a 


A? Y 


SS Or 


fi 
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Lei P be the pullback of f, and f;. Then P will have the homotopy type of a 
I-connected CW complex with finite skeleta, since Y and Y are spaces of this kind. 
By 2.3, p; isa P,-equivalence for i= 1, 2. Since also f; is a P;-equivalence for i = 1, 2, 
it follows that the canonical map y : X + P is a(P, U P,)-equivalence, which means 
it is a homotopy equivalence since P,; UP, =P. | 


Theorem 2.5. Given Xo a xX, ns X, where f is a P, -equivalence and g is a3 ,- 
equivalence, P, UP, =P. Suppose Xq and X, are H-spaces of the homotopy type 
of finite CW complexes such that H*(X1;Q) = A(x, ....X,,) is primitively generated. 
Further suppose that 


f*g* : H*(X7,Q) > H(X5;Q) 


maps primitives to primitives. Then X, is an H-space with the homotopy type of a 
finite CW complex. 


Proof. Since H*(X:Q) is primitively generated we can find (using 1.5) a rational 
equivalence 


o:X,-7>K=T1 K(Z\n,) (n,; = degree x,) 
such that y is an H-map. We can even choose 9 in such a way that in addition yef is 


an H-map, since f *g* maps primitives to primitives. By 2.1 we have the following 
factorization, with Ag, h, and ky, k H-maps. 


Na ~PX4(Po) —— 
& 


ee oe. 7 


, k 
Sin” 1 (P>) a 
X(P2) 
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By 2.2 we have maps a and @ as shown and they are homotopy equivalences. Thus 
X, has the homotopy type of the pullback of 
Xo(P;) 
ho 


k 
2 > K 


X¥(F3) 


by 2.4. Hence ¥, is an H-space. Since X, is p-equivalent to X¢ respectively X>, its 
cohomology H*(X,, ; Z) is of finite type. By hypothesis X, is simply connected, so 
it has the homotopy type of a finite CW complex. 
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§ 3. 3-sphere bundies over S’ 


An S3 bundle over S’ with structure group $O(4) is classified up to bundle iso- 
morphism by its characteristic element x € m,(SO(4)). For the homotopy classifi- 
cation of the total spaces of such bundles the following diagram is crucial: 


J j 
n4(5®) Pees my(S3) <—— 6(SO(3)) “2+ 6 (SO(4)) “2 1, (53) 


Here i, and p, are induced by the natural maps SO(3) ~ SO(4) + § 3 and (p,x), 
desotes composition with p,x € m1(S3). Note that one has a section s : S3 + $4), 
which yields complete informa’:on about the maps i, and p,. Following James and 
Whitehead [5] one has the following theorem. 


Theorem 3.1. Let B, and By be the total spaces of two SO(4) 3-sphere bundles over 
S? sees ed by x, and x» in %_(SO(4)). Denote by COX; ) the subgroup 

Pe MD gXpe7(S°) of 7. (SO(4)) and let G, = {G(x px; YU GX X- xpic 
71¢(SO(4)) fori = 1,2. Then B, = B, if and only if D4X2 = D.x2 andG,=G). 


Corollary 3.2. There are exact 10 different homotopy types of total spaces of 
SQ(4) 3-sphere bundles over S". 
Proof. This follows by checking the conditions given in Theorem 3.1 using that 


(1) a, : Tg(S° )=Zyq > T1(S?) = Z; is surjective for 4 generator a€ m(S?): 


(2) J: a.(SO(3)) = Zy. > m9(S°) = Z., is surjective. 


Part (1) oe immediately from the fact that a © Yiaisa generator of T9(S 3) by 
[6]. Since S? is an H- “space we furiner conclude that (ma), 8 = (na) © B = n(a O B) = 
n(a,8) by applying the left-distributive law. dices (na), = 0 if and only if n = 0 (3). 
To prove (2) one uses that J : 7,(SO(3)) + 1, mC 3 ) is onte [8], and that the follow- 
ing diagram commutes by naturality: 


* 


7(SO(3)) — 1(SO(3)) 
J ly 
£7 a)* 


where (=° a)* is onto since ( 23 alta=ao £3 a. It follows that one gets exactly one, 
respectively two, homotopy types « ith the same tp,x according to whether 
(Pee | m(S°) > 1g(S>) iS Surjec<ive or not. 
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We will denote these homotopy types by 
Xoo X10 *20 *3,0 *4,0 Xs 9 X60 
Xo. X53 X61 


with pyx(X, 0) = EP yX(X, 1) = £ma, where we fix the generator a by 
pgx(Sp(2)) = a, ie. X) 9 = ~ Spi 2). Further we fix the second index in X,,, ,, by the 
condition that X,, 9 has the homote ‘py tyse of the total space of a principal $3 
bundle over S?. This i is compatible with our notation, since there are exactly 7 such 
homotopy types according to [3] . Hence we have Xo 9 = 53 X S7, Xj g = Sp(2) 
and so on. Note that Xg , has the homotopy type of a bundle with a cross section. 
since p,x(Xq _,) = 0. It is convenient to introduce the following convention: 

We define X,,, ,, for all (rm, 1) € Z,9X Z3 by Xm = Xmen =X _ mn = Xm, -n- 
As an obvious consequence we have 
Lemma 3.3. /fB =X mn is an SO(4) sphere hundle over S' classified by 
x € a, (SO(4)) and B’ is another one classified by ry, then B’ = X pinen: 


Note that hence, if p : B > S$’ denotes the bundle projection and r : s’ +s! 
a map of degree r, then the pullback of p and 7 has the homotopy type of 


Ximrn- 
We will write this pullback by abuse of notation in the following form: 


We are now ready to prove the Theorem I of the Introduction. 


Theorem 3.4. * (i) (Stasheff [7]) X3 9. X49. X5,9 are H-spaces. 
(ii) Xo X31 X61 are not H-spaces. 
(iii) Xz 9 is an H-space if and only if X¢ is. 
Proof. Consider the diagram 


¥ 
S3X $7 = X17 9 X3.9 7 X19 = SPC2) 


4 3 1,0) 
Gly gf ag? -———> BSO(4) , 


* Parts (ii) and (iii) of this theorem have been obtained independently by Hilton and Roitberg. 
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where 4. 3 denote maps of the corresponding degrees. We can consider the two 
squares as pullbacks, by abuse of notation. By 2.3 is a (P- {2} )-equivalence and 

y is a(P-{3})-equivalence. One sees easily that H*(X,,, ,:Q) = A(x, x7), which 

is of course primitively generated, if X,,, , isan H-space. Moreover a rational equiv- 
alence X,, , > Xim'n' pulls primitives back to primitives, since the primitives are 
exactly the elements of degree 3 respectively 7. So by 2.5 X3 9 is an H-space. Inter- 
changing 3 and 4 shows that X4 g is an H-space. If we let n denote the map on total 
spaces corresponding to a map of degree n on S’, we have 


X30 7%15,0 X59 Xx, 4 = Sp(2) 


and, having proved that X3 9 is an H-space, we have that X g is also. 

The key tool used :n (ii) is a theorem of James and Whitehead [4] which implies 
that Xq , as a non-product bundle with a cross section cannot be an H-space. Now 
if X, , were an H-space, then the diagram Xp 9 + Xo, 4+ X¢ 1 would imply that 
Xo,1 isan H-space by 2.5. Thus X_ ; cannot be an H-space. Locking at Xo 6 44 X 0,! 
~4> X, , one sees that X; ) cannot be an H-space. 

For part (iii) we note that if X 2,9 is an H-space, then the diagram « X00 + X¢ 0 
-2, X, 9 shows that X¢ 9 is an H-space. If X¢ 9 is an H-space X60 2? X19 7X16 
shows that X 2,9 is an H-space. 


§4, Principal SU(3) bundles over $7 39 


§ 4. Principal SU(3) bundles over s’ 


In this section we prove Theorem II, namely that all principal SU(3) bundles 
over S? are H-spaces and that there are exactly four different homotopy types of 
such H-spaces. The technique is like that of section 3, using Lemma 2.3 and Theo- 
rem 2.5. 

Let SU(3) > X¥ > S? be a principal SU(3) bundle classified by 8 : S? > BSU(3), 
Since 7(BSU(3)) = Z,, see [1], one has up te bundle isomorphism six different 
principal SU(3) bundles over S? .ifae 17(BSU(3)) classifies SU(3) > SU(4) > S7, 
then @ is a generator of 77(BSU(3)). We denote by X,, the total space of the bundle 
classified by na. Then X¥g = SU(3) X S’ and X, = SU(4). It is immediate that Y_, 
is homotopy equivalent to X,,. Hence one has at most four different homotopy 
types of such spaces, represented by X,, ¥,, X2, X3. To prove part (i) of Theorem 
If it suffices to prove the following. 


Proposition 4.1. The spaces X and X, are H-spaces. 


Proof. We have a diagram 


SU(3) X S7 = X_ > X, > X, =~ SULA) 
i i 


Lo 


57 3+ §7 + §7 5. BSU(3) 


where 3 and 2 denote maps of S’ of those degrees. By 2.3, y is a (P- {3} )-equiv- 
alence and yf is a (P- { 2})-equivalence. Now H*(X,, .Q) = A(x3, X5,.X7) with 
deg(x,) = i, and x, is primitive if ¥,, is an H-space. Hence we may apply Theorem 
2.5 to X, +X, > X, to conclude that X5 is an H-space. Interchanging 2 and 3 
shows X3 is an H-space. 

. To see that the spaces Xp, X,, X>, X3 have different homotopy types, we prove 
the following. 


Lemma 4.2. One has 


Z forn=0 

ae 0 forn=1 

m6 (X,) = Zo/nZe = Z, ~—s forn=2 
Z; forn=3. 


Proof. The homotopy sequence of SU(3) > X,, > S? gives 


a 
vo y(S!) > 7g(SU(3)) + 16(X,,) + 16 (S) = 0 ... 
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and if a€ 7.(SU(3)) denotes the adjoint of a € 77(BSU(3)), then 0(1) = na. But 
& generates 7,(SU(3)) and hence 16(X,,) = ZoinZ,. 
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Introduction 


The purpose of this paper * is to give a general setting for a part of the represen- 
tation theory of finite groups, namely the part which includes the theory of vertices 
of modular representations (11, 12] and of R.Brauer’s defect groups of blocks [3]. 
In particular we give a general “transfer theorem” (Theorem 2, §4.2) which gener- 
alizes the transfer theorem for modules ** of [14] and D.L.Johnson’s transfer 
theorem for cohomology of finite groups [17]. as well as Brauer’s “first main 
theorem” for blocks [3, 10B]. 

For a given finite group G and commutative coefficient ring k, we define “G- 
functors over kK” (§ § 1.3, 1.8). Such a G-functor A assigns to each subgroup H of 
G a k-algebra A ,,; to each pair H, K (H < K) of subgroups of G it assigns two k- 
module homomorphisms 


Tuk [An +>Arp and Rey Ay +A , 


and to each subgroup H, and each cee g ot G, A also assigns a k-algebra iso- 
morphism Cj, ge An Ans (HE = g” " He). These maps satisfy certain axioms (see 
§1.3 and §1.8) which embody some familiar landmarks of character theory. 

Each G-functor A defines a “canonical filtration” of ideals of the k-algebras 
Ay: if U is a non-empty set of subgroups of H, Ay yy = 2 Im Ty x (sum over UE U) 
is an ideal of A,, (§2.2), and then the family (Ay, ,) (for all U, H) is the canonical 
filtration on A. In particular, if U is a set of subgroups of G, A is said to be U-pro- 
jective ifAy Gg = = Ag. Theorem 1 (§3.1) says that if A¢-Ag = Ag, then there isa 
unique “defect base” of A, which is a set D= (A) of subgroups of G, closed to 
taking subgroups and conjugates in G, such that if U is another such “j--closed” set, 


* The author is glad to thank the Master and Fellows of Corpus Christi College, Cambridge. for 
their kind support and hospitality while this paper was being written. 
** Theorem 2 does not give the transfer theorem 1 of [14] directly, see § 5.2. 
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then Ais U-projective if and only if 22 .* The classical defect base is Brauer’s 
set & of al! elementary subgroups of G, which is the defect base of the “character 
ring functor” on G (§5.1). Other examples correspond to vertices (§5.5a) and . 
defect groups of blocks (§5.5b). Most of section 3 is concerned with techniques 
for calculating defect buses. 

The transfer theorem (Theorem 2) is proved in § 4.2, and has as corollary (Propo- 
sition 4.34) a generalized version of the module correspondence in [14]. 

In section 5 are described examples of G-functors drawn from the following 
theories: §5.1 Characters, §5.2 Grothendieck rings, §5.3 Cohomology, §5.4 K- 
theory, §5.5 G-algebras (in the sense of [15] ). [t will be evident that the ideas in 
this paper have existed in special forms for a long time, e.g. in Tate’s rules for cal- 
culating cohomology of finite groups ({5], Chapter XII), the proofs of Roquette 
{22} and Brauer and Tate [4] of Brauer’s “characterization of characters” theorem, 
and Atiyah's functorial description of character theory in [i]. T.Y.Lam [18] has 
given an axiomatic system which has much in common with ours. 


Notation. Maps and functors are usually on the right, with the corresponding con- 
vention for writing composites. If G, H are groups (or modules), H <G means that 
H is a subgroup (or submodule) cf G. If G, H are groups and H<G,(G : H) denotes 
the index of H in G; an H-transversal of G isa set, containing the unit element of G. 
of representatives of the cosets Hg (g © G); if H, K <G, an (H, K)-transversal of G 

is a set, containing the unit element of G, of representatives of the double cosets 
HeK (g €G). If x, g ©G, we write x8 = g-!xg; if also H <G, we write H® = g7' Hg. 


* A.Dress [8] has anticipated this notion for kG-modules, see § 5.2. 
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§ 1. The subgroup category. G-functors 


1.1. Let G be a group, with unit element 1. The subgroup category of G is defined 
to be the category 5(G) whose objects are all the subgroups H, K, L, ... of G. and 
for which the set of morphisms from H to K is the set of all triples (H, g, K) such 
that g is an element of G and g-! He = Hf < K. The product of morphisms 

(H, g, KK, 2’, L) is defined to be (H, ge’, L). The identity morphism on H is 

(H, 1, H). A triple (H, 1, K) is a morphism if and only if H <K <G; we call such 
a morphism an inclusion *. A morphism (H, g, K) is an isomorphism of 5(G) if and 
only if K = H®. The following proposition is easily veritied: 


Proposition 1.11.4 morphism (H., g, K) of S¢G) can be uniquely factorised as pro- 
duct of an isomorphism by an inclusion, and also as product of an inclusion by an 
isomorphism, viz. 


(Hg, K) = (Hg, HEMHE. 1K) = (HRY KE pK). 
We shall refer to the morphisms cf c(G) as G-morphisms. 


1.2. Let k be a commutative ring with identity element. A k-algebra is a pair (P, m), 
where P is a (left, unital) k-module and m: PX P- Pisa k-bilinear multiplication 
on P. We write (a, 8)m =a-8 (a, BE FP). 

if (P, m), (P, m’) are k-algebras, then a k-map from (P, m) into (P’, m’) is, by 
definition, a k-module homomorphism 6 : P-> P’; @ is not assumed to be multi- 
plicative. Let sf, be the category whose objects are all k-algebras, and whose morph- 
sms are all A-maps in the sense just described. 

A, has a subcategory MC, , whose objects are all K-algebras (P, m) “with zero multi- 
plication”, i.e. for which a-8 = 0, for all a, 8 in P. The morphisms of %, are, as before, 
all k-maps between such objects. Evidently 1, can be identified with the usual cate- 
gory of k-modules and k-maps. 


Notation. If (P, m) is a k-algebra, we make the usual abbreviation and refer to (P, m) 
as P. The identity map on P is written id(P). 


1.3. G-functors 
From now on, we assume that G is finite. 


Definition. A G-functor Ainto A, (or a G-functor over k) written A: S(G) > Ay, 
is a triple A = (A, 7, R), wiiere A is a function which assigns to each subgroup H of 
G ak-algebra A,,, and T, R ave functions which assign to each G-morphism fz = 

(H, g, K) the respective k-maps 


* Each morphism x = (Hg, K) defines a monomorphism of groups (7) : A+ AB(A GM). However, 
we do nat identify » with (1): HK. 
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T(m): Ay >Ag, R(m): Ag > Ay . 
in such a way that the following axioms hold: 


Gl (A, T) : S(G) >A, and (A, R) : 5(G) >A, are ordinary functors, 
covariant and contravariant respectively, i.e. if 7 = (H, g, K), n'= 
(K, g’, L) are G-morphisms, then T(12’) = T(1) T(n’) and R( 17’) = 
R(n') R(m); also T(H, 1, H) = RCH, 1,1) = id(Aj,). 


2 T(H, g, H8) = R(H8, e-', H) forall H<G, gEG. 
G3 TH, h, H) = R(H, ho!, H) = id(A ,,) for al H<G, HEH. 
G4 (Mackey axiom) For all subgroups H, K, L of G such thatH &L, K &L 


TH, 1, L) RIK, Lys 2 R(HE OK, 29", H) TUE OK, 1K), 


where I" is an (H, K)-transversal of L. . 
GS (Frobenius axiom) For all G-morphisms n = (H,g, K) and for all a€ Ay, 
B € Ag ’ 
aT(m)°B = (a-BR(1)) T(m) and B-aT (2) = (BR(x)-a) T(m) . 


Remarks. (1) Axiom G4 does not depend on the choice of I. For fet t(g) = 
R(HE OK, g~), H) TCHS OK, 1,K). Then it follows from G1, G2, G3, that ¢(hgk) = 
X(g), forallh EH, gEL,k EK. Therefore the sum in G4 is not changed if I is 
changed to another (H, K)}-transversal of L. 

(2) If all the A,, are objects of ,, we may regard A as a G-functor into M,. 
Axiom GS is redundant in this case. 


1.4. We define next two special types of G-functors. 


Definition. A G-functor A: 5(G) >of ; is called cohomological if it satisfies the 
Axiom C: 


C For all sutgroups H, K of G such that H&K 
R(H, 1, K) TUK, 1,H) =(K : FE) id(Ag). 


Definition. A G-functor A: 5(G) > of, is called multiplicerive if it satisfies the 
Axiom M: 


M R(1): Ay > Ag isa multiplicative k-map (i.e. is a homomorphism of 
k-algebras in the usual sense), for all G-morphisms 7 = (H, g, K). 
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Remark All “natural” examples of G-functors are multiplicative. For arbitrary G- 
functors, the Frobenius axiom GS is a partial substitute for multiplicativity. 


Proposition 1.41. Let A: S(G) >t, bea G-functor, and let n = (H, g, H®) be any 
isomorphism of 3(G). Then R(7): A He 7 Ay #8 a multiplicative isomorphism of 
k-algebras. 


Proof. By GI and G2, 7(7) = R(n7!) = R(ay! is a bijective kK-map, and so therefore 
is R(m). Let y,8 be any elements of A ,,2, and put a = yR(7). Then by G5, 7°68 = 
(yR(r)° BR(n)) Ray! , i.e. (7° BY RGW) = YR( 7) BR(z+). This proves that R(7) isa 
multiplicative isomorphism, as required. 


1.5. The categories A;(G),M(G) 

In this paragraph, k and G are fixed, and so is the following notation: A= 
(A, 7, R), A =(A',T’, R'}, A" =(A", T”, R"”) denote G-functors into A,; H, K 
denote subgroups of G, and g an element of G. 

A morphism of G-functors 0: A> i\ is délined to be a family (@ Way<g of 
multiplicative k-maps 04: Ay > Aj such that 
(1.51) Oy T'(n)=T(m)Ox and R(m)Oy =OKR (2), 
for all G-morphisms m = (H, g, K): i.e. 8 must be a natural map, both of (A, 7) into 
(A', T’), and of (A, R) into (A’, R'). We denote by sf ,(G) the category whose objects 
are all G-functors A: 5(G) > A,, and with morphisms as just defined. I(,(G) de- 
notes the subcategory of {,(G) whose objects are all G-functors A: S(G) >°%;,, and 
with morphisms defined in the same way. Of course, for a morphism 6 = (6 5))7<;; 
in WC, (G), the condition that the @,, be multiplicative is redundant. 

if A, A’ are cbjects of of,(G), we say that A’ is a subfunctor [ideal] of A, and 
write A <A [A QA], if A’ satisfies conditions (1.52a, b,c) below: 


(1.52a) For each subgroup H of G, Aj is a k-subalgebra [k-ideal] of Aj. 

(1.52b) — For each G-morphism a = (H, g, K), AjzT(1) < Ag and AgR(1) <A. 

(1.52c) For each G-morphism 2 = (H, 2, K), T'(1), R (7) are the restrictions of 
7(7), R(z) to An > Ax. Ax > An respectively. 


Conversely, any family A’ = (A}7);7<¢; of A-algebras, which satisties (1.52a,b), 
defines a unique subfunctor [ideal] A’ of A, by taking (1.52c) as definition of the 
functions 7", R’. . 


If A’ is an ideal of A, we define the quotient functor A" = A/A’ by saying that 
Ay = Ay /Aj for all subgroups H of G, and that for each G-morphism a = (H, g, K), 
T"(n) and R"(7) are given by 


T(t): at Ap real(n)t+Ap, aF Ay, 
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and 
R"(n\: B+ Ap PBR(m)+ Ay. BEAK. 


respectively. 

Every morphism of G-functors 6 : A> A’ has kernel Ker 6, an ideal of A, and 
image m0, a subfunctor of A’; the definitions of these, and of the “canonical” 
ismerphism of G-functors 


6: A/Ker@ > Imé 


are straightforward. The category #f,.(G) has zero objects, namely all “zero G- 
functors” 0: 5(G)~A,, ie. G-functors for which Aj, = 0,,, a zero k-algebra, for 
all H. Any zero G-functor belongs to &,. Exact sequences and short exact sequences 
‘cari be defined in of,(G) in the expected way. 

If A is an object of @,(G), every subfunctor of Ais also an ideal of A. Therefore 
every morphism in ,(G) has both kernel and cokernel; 1, (G) is an Abelian category. 
in §5.6 we describe certain “relatively free” objects in ,(G). 


1.6. Change of coefficient ring 

Let r be a commutative ring with identity element 1,, and % : k > ra ring homo- 
morphism with 1,@= 1,. Then ¢ induces a covariant, additive functor © : Ml, >, 
which takes each k-module P to the r-module Pb = r @ P(r is regarded as left r- 
module by !eft multiplication. and as right k-module k by means of ¢. See e.g. [5] 
p. 29). We extend ® to a covariant, additive functor ® : sf, +9, as follows. If 
P=(P, m) is a -algebra with multiplication m : (a, 8) > a¢B, then (P, m)® is de- 
fined to be (Pe, mb), where m® is the r-bilinear multiplication on Pd obtained 
from the rule 


(a 2a} +(b@B)=ab & (af) (a,bEr, a,pEP). 


The action of & on k-maps between (P, m) and (P’, m’) is defined to coincide with 
the action of ® already defined on these k-maps, regarded as morphisms in Mf, .. 

If A:S(G) >A, is a G-functor, then AD: 5(G) >, is also a G-functor. We 
write Ad =r 2 A in contexts where it is not necessary to mention ¢, ® explicitly. 
It is also clear* that the correspondence A> A® =r @ A between objects of A,(G) 
and #f,(G), can be extended to give a covariant functor from A,(G) to (G): this 
functor takes a morphism (67,),,<¢ in A,(G) to the morphism (0,,P)y7,cc; in ¥f,(G). 


1.7. Change of group 

If Gy, G are finite groups and y : G, > G a group homomorphism, then 7 induces 
a covariant functor S(7) : S(G,) > S(G), which takes each subgroup H, of G, to 
the subgroup Hy of G,, and each G ,-morphism 7, = (H 1» 8)-K},) to the G-morphism 
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1 5(7) = (Hy 7,817. Ky7). If A: S(G) > A, is a G-functor into sf, and ify is a 
monomorphism, then S(y)A: S(G,) > A, is a G,-functor into A... The condition 
that y be a monomorphism, is to ensure that (HY4) VK yy = (Hy 7)817 0 (K 17) for 
any subgroups H,,K, of G, and element g, of G,; this is necessary to make Axiom 
G4 hold for d(y) A. 

If y is a monomorphism, the correspondence A-> <5(‘y)A can be extended to a 
covariant functor of of,(G) into A,(G, ); this functor takes a morphism (@p))y7<G 
in 4,(G) to the morphism (Oy iH <¢,in AAG). 

In the special case that G, isa subgroup of G and ¥ is the inclusion monomorph- 
ism, we write S(y)A=G ; A, and call this G,-functor the restriction of Ato G,. 


1.8, The maps Ty x Re ip Cy 


Let A=(A, T, R) be 2 G-functor into A,. It is possible to express all the maps 
T(r), R(), for all G-morphisms 7, in terms of the following special maps. . 


Definition 1.81. For all subgroups H, K of G such that H < K, ana for all elements 
gin G, define 

(a) Ty x = 1H,1,K): Ay Ag - 

(b) Rep = RUM,ALK): Ap 7 Ap. 

(c) Cry g = TUH. 8, HB) = RCAF, g! HY Ay > Ange - 

By Proposition 1.11 and Axioms G!, G2, we have 


Proposition 1.82. [f 2 = (H, g. K) is a G-morphism, then 
(a) T(t) * Cy pT He k - 
(b) Rin) = Re pe Cre g- - 
In the next proposition, we express the Axioms G1—GS in terms of the maps 


Ty x Ryn Cy,g; this provides a new form for the definition of a G-functor, which, 
although rather lorger than the one we gave i: § 1.3, is often easier to use. 


Proposition 1.83. /f A= (A, T, R) is a G-functor into A,, and if Ty x. Rx Cue 
are defined by Definition 1.81, then the following equations hold for ail subgroups 
D, HK, L of G and all elements g, g' of G. 


(a) TH = id(A ;,), and Tix Trt = THe ifH<skK < lL. 
(b) Ru p= iA yz). and Re wRy p= Kx.p ifK 2H2D. 


(c) CH e “HE, g F Cy ge’ : 
(d) Cin = id(Ay) fh EH. 
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(e) TH wCx.g = CH THe xe - 
() Reng = CK eRxens- 


(3) Ty tRiK = & CH eRue Hex THENK.K 
ifH<L, K <L and TC is an (H, K}-transversal of L. 


(h) Cy g: An > Ang isa multiplicative isomorphism of k-algebras. 


(i) oly K “B a (a°BRe THK and B-aTy x = (BRx y *a) THK vwH< K, 
ae Ay and BEA ¢. 

Conversely, suppose that k-algebras Aj, and k-maps Ty x : Ay > Ag, 
Rew: 4g 7 Ag Cy p: Ay > Age are given, for all subgroups H, K of G such that 
H&K, and all elements g of G, in such a way that 1.83(a)—(i) hold. For each G- 
morphism 7 =(H,g,K) define T(r), R(7) by 1.82(a), (b) respectively. Then A= 
{A, 7, R) is a G-functor into A,. 
Proof. (a), (b), (c) follow from G1, (d) from G3, (e) and (f) by applying 7 and R 
respectively to suitable cases of Proposition 1.11, (g) follows from G4 and G1, (h) 
from Proposition 1.41, and (i) from G5, taking m = (H, 1, K). 

For the converse, the proof consists in verifying that axioms G1--G5 hold, when 


T, R are defined by 1.82, it being given that conditions (a)—(i) hold. We leave this 
to the reader. 


Proposition 1.84. Let A= (A, T, R) be as before, and let H, K, L be subgroups of G 
such that H&L, K SL. Then for alla€ Ay, BEAg, 


OT 1 BT K 1 = p> (CH Rig Henk PRK HENK) THEAKL » 


where T is an (H, K)-transversal of L. 


Proof. Oly 1 BT, = (aly 7Rt KB) Tr : (by J 83(i)) 
= (aC, He H&,HENK Tyenx.x’8) Tr L» (by 1.83(g)) 


= p> (OC Rig Henk’ PRe wenk) THenk.«T KL: (by! 83i)) , 
and the proof is completed by observing that T;,;g7) KK Kt = THenk,.c: by 1-83{a). 
Remarks. 1) The condition that A= (A, 7, R) be cohomological can be written: 


Ruy xT x 4 = (K : H) id(A g), for all subgroups H, K of G such that H<K. 
2) The condition that A= (A, 7, R) be multiplicative is that Ryn: Ag 7 Ay be 
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a multiplicative k-map, for all subgroups H, K of G such that H <K. For we know 
that the C;, , are always multiplicative (Proposition 1.41 or 1.83(h)), for any G- 
functor A. By 1.82(b), the condition that the Ry ;, be multiplicative then ensures 
that all the R(7) are multiplicative. 

3) Let A: S(G) >A, be a G-functor, and H a fixed subgroup of G. For any a 
inA H and g in G, write a& = apy 2: If g lies in N(A), the normalizer of H in G, then 
of is in Az,. Using 1.83(c), (h) we see that this action of N(H) on Ay makes Ay 
into a KN(H)-module, and if A ;; lias an identity element, Aj, is even an M(H)- 
algebra over k in the sense of [15] p. 133. Moreover H acts trivially on Aj, by 
| .83(d), so the action of M(H) can be “lifted” to an action of M(H)/H on Ajy. 
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§ 2. The canunical filtration on a G -functor 


2.1. We make, in this paragrapi, some definitions concerning sets of subgroups of a 

group G. If U, V are subgroups of H, where H is a given subgroup of G, we write 

U <, V to mean that there exists some A in H such that U4 < V.If U, Bare sets 

of subgroups of H, we write U <,, B to mean that for each U in U there exists some 

V in B such that U<, V;and U =, B to mean that U <,, B and B<,, U. It is use- 

ful to express these relations <7, =,, in terms of a “closure operation” jj}, as follows. 
We make the convention that, from now on, “set of subgroups’’ shall always 

mean “non-empty set of subgroups”. 


Definition. If Ul is a set of subgroups of H, define 
iyil= (V<SHIAVUE U such that V <,, U}, 


and call j,, Ut the j,,-closure of U. The set U is said to be j,,-closed if j,,U =U; thus 
U is j,,-closed if and only if U contains, with any subgroup U € U, all the subgroups 
of J and all the conjugates of U in H. 
Proposition 2.11. Let U, & be sets of subgroups of H. Then 

(b) Ty Gy VW = fq. 

(c) U<, Vif and only if j,,UC j,,B: hence U=,, B if and only if 

gt = jg. 
(d) Every j,,-closed U contains the unit subgroup (\} of H. 


(e) The intersection and union of any non-empty set of j,,-closed sets of 
subgroups of H are both j,,-closed sets of subgroups of H. 


We omit the proof of Proposition 2.11, which is elementary. 


Definition. Let H, K, L be subgroups of G such thatH <L, K <L,and let, & 
be sets of subgroups of H, K respectively. Define 


U:L:B={WOVIVEN, VER gel}. * 
Proposition 2.12. With the notation of the last definition, 
i,CU: LB) =7,UN07,B. 


* If U or B consists of a single subgroup, we omit the brackets { } from U: L : 8, e.g. we write 
U:L: Binstead of {U}: 1:8. 
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Proof. If X Ej, (U: L : B). there exist a,b EL and UE U. VER such that 
X27<U5 NV. Hence X <q, U, X &, V.and therefore X¥ €j, Ul 17,8. Conversely, 
if YE, UN), %, there exist a,bEL and VEU, VE Bsuch that Y¥7 <UL Yo < vp. 
Hence Yo < Ub NOVEL: L :& and therefore YEj, (QU: L : &). This com- 
pletes the proof. 


2.2. The canonical filtration 


Definition. Let A= (4, 7. R) be a G-functor into A,.. For each pair (QU, H). where H 
is a subgroup of G and i is a set of subgroups of H, define 


Ayn? 20 A 


Teeny - 
yew et UH 


The family (A y jz), indexed by the set of pairs (U, H) described above, is called the 
canonical filrration on A. 


ienaee lf Uconsists of a single subgroup U, we write 4, 47 = Ay_y. rather than 
{U}.H: 


Proposition 2.21. Let A:S(G) >a, be a G-functor, and (A ,.H#) its canonical filtra- 
tion. Then each A y yy 18 an ideal of Aj, and the following «tatements are true for all 
subgroups D, H, K of G, and ail sets U, 8 of subgroups of H: 


(a) Ann An: 
(b) U <p, B implies Ay yy = Agiy- 
(c) Ayn Awn S Au: noc: 
(0 Analy x Aun PASK. 
(e) Ay wRy pp <Ay-n: (p}.p HD. 
(f) Ay Cy g =Aysn8 forallg inG, and US = (UB|VE UW. 
Proof. Each set AT yy yy (U  M) is an ideal of Ay, by Axiom G5. Therefore A, 5, 


is an ideal of A,,. (a) holds because 7), 5, = id(A,,). by 1.83(a). From 1.83(a) we 
also deduce that 


(g) AunTyx=Aux > 


whenever U < H < K, and this implies (d). By 1.83(e) we get 


th) Aun ng = Avene: 


for any U < H and g in G, and this implies (f). Now (g), (h} together give that U <,, V 
implies 4p 7, <A yp zy, for any subgroups U, V of H, aid (b) follows from this. (c) is 
a direct consequence of Proposition 1.84. Finally (e) follows from 1.83(g). 
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§ 3. Defect bases 


3.1. Let A: S(G) > Hf, be a fixed G-functor, and (Ay, y) the canonical filtration on 
A. In this paragraph we are concerned only with the part of the family (Ay, ,,) for 
which H = G; thus Ul, B will refer to sets of subgroups of G, and we write j= jc. 


Definition. If Ul is a set of subgroups of G, we say that Ag is U-projective if Ay g = 
Az: we also say that A itself is U-projective in this case. 


Lemma 3.11. (a) Ag is {G}-projective. 
(b) 4¢ is U-projective if and only if it is jU-projective. 
(c) If Ag is U-projective, and if U<g &, then Ag is B-projective. 
(d) If Ag? Ag = Ag and if Ag is both U-projective and &-projective, then Ag 
is GUA 7B)}projective. 


Proof. (a) follows from Proposition 2.21(a). From 2.21(b) we deduce that if Ue. B 
then Ay, G =Ag implies Ay g = Ag.and this proves (c). Since U=¢ jU, it also 
proves (b). Finally, if the hypotheses of (d) hold, then by 2.21(c) 


Ag =Ag°Ag =Ay G*AaG SA u-G:8.6 . 


so that Ay: is U:G:B-projective. By (b) and Proposition 2.12, A, is GUO /Bp-pro- 
jective. This proves the lemma. 


Definition. Let T be a set of subgroups of G. Then we say that D is a defect base 
for 4¢, or for the G-functor A, if 

DI: For all U, Ag is U-projective if and only if T <-- U, and 

D2: 3 is j-closed. 


Theorem 1. Let A: 5(() >t, be a G-functor such that Ag: Ag = Ag. ThenAg 
has a unique defect base. 


Proof. Let Il be the set of all j-closed sets Ul of subgroups of G such that Ag is U- 
projective. I] is not empty, since by 3.11(a), (b) it contains j {G}, the set of ail sub- 
groups of G. By 3.11(d) and 2.11(e), the intersection Z of all the members of IT is 
itself a member of I]. If T<,- U for some U, then Ag is U-projective, by 3.1 1(c). 
Conversely, if A ¢ is U-projective for some UV. shen JUEM, so TC/Wie. Tei, 
by 2.11(c). Therefore 3 satisfies D1, henc< 1s a defect base for A. The uniquer.ess 
of Z follows immediately from the definition of defect base. 


Remarks. 1) 1f Ag hos identity element 1, then the condition Ag*A¢ = Ag is 
satisfied. If U1 is any set of subgroups of G, then Ag is U-projective if and only if 
Ig €Ay Gg, since Ay g isan ideal of Ay. 

2) Examples can be constructed to show that, for any given j-closed set U of sub- 
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groups of G, there is a G-functor Awith U as defect base. However, if A is cohomo- 
logical (§ 1.4), then the defect base of Ais strongly restricted. 


Proposition 3.12. Let A: S(G) >a, be a cohomological G-functor such that 
Ag°Ag =Ag, and let n(k,G) be the set of rational orimes p dividing |G | and 
such that p\, is not.aunit ink. Then each member of the defect base T of Ac 
isa p-Subgroup of G, for some p in n(k, G). 


Proof. If U is any subgroup of G, then AyTy g contains AGRG yTy G =(G: AG. 
by Axiom C. If Uis any set of subgroups of G, we nav: 


Au G* Za uTuG ? a (G:U)Ag* AAD AG, 


where A({l} = a (G: U)} 1,. Now take for U the J-visised set consisting of all 


p-subgroups of G, for all p in n(k, G). U contains, for each p in 1(&, G), a Sylow 
p-subgroup G,, of G. The h.c.f. of these (G Gp). and a foréiuri also the h.c.f. of all 
the (GC: U), J & U, is a product of primes q such that gl, 15.4 unit in k. Therefore 
Ay g #WU) Ag = AG. ie. Ag is U-projective. Hence T © U, and the proposition 
is proved. 


3.2. The definition and existence of a defect 'ise for a G-functor A (ie., for Ac) 
depend only on a small number of properties of the family of Heals Ay, ¢ of Ag. 
In the next definition we isolate these properties, so that we shall be able to speak 
of the defect base of a k-algebra A relative to a “G-family” 0: ideals of A. This 
allows us to develop some methods for calcui-sting defect bases. 


Definition. Let A be a k-algebra, G a finite group, and 3(G) the set of all seis of sub- 


groups of G. Suppose that (A y) isa family o7 ideals of A, indexed by 1! in 3(G). 


which satisfies the following conditions, for all UB in 3(G): 


GFI A {G} =A. 

GF2. U<,;; Bimplies A, CAg.- 
Then (A ,,) is called a G-family on A. 

For example, the family (Ay, >) of Ag. where Ag and the Ay ¢ are defined by 
a G-functor A, is a G-family on A ~. To prove this, we have only to notice that 
Conditions GF 1, 2,3 are the special cases H = G of the assertions of Proposition 


£.2 I(a), (b), (c). 
If (A ,) is - G-family on the k-algebra A, we say that A is Ul-projective, relative to 
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(Ay), if Ay =A; we define a defect base X relative to (Ay) to be a set Z of sub- 
groups of G which satisfies conditions analogous to D1, D2. The proofs of Lemma 
3.11 and Theorem | go over, and we have 


Proposition 3.21. Let A be a k-algebra such that A:A = A, and let (A,,) be aG- 
family on A. Then A has a unique defect base T =X(A) relative to (Ay). 


3.3. In this paragraph and the next, we assume that A is an associative k-algebra 
with identity element 1. We write aG instead of a- 8 for the product of elements 
a, 8 in A;rad A denotes the Jacobson radical of A, and (A ,) a fixed G-family on A. 


Proposition 3.31. Let S be a subalgebra * of A. Then (S 1 Ay) is a G-family on S, 
and D(A) 2 D(S). 


Proof. It is trivial that (S A, ) is a G-family on S. The other assertion follows 
from the fact that, for any U © g(G), Ay =A implies A), V5 = 5S. 


Proposition 3.32. Let / be an ideal of A. Then 
(a) (Ay, + I/D is a G-family on A/l, and 2(A) 2T(A/N. 
(b) Uf I lies in rad A, then D(A) =Z(A/D). 


Proof. (a) Ji is trivial that (4 ,, + //D is a G-family on A/J. The other assertion 
follows from the fact that, for any U € 3(G), Ay =.4 implies Ay + 1/1 = A/E. 

(b) in view of (a), it is enough to prove that D(4) © 2(4//) in the present case. 
Let U=2(A//. Since A/I is U-projective, 1 +7€A y + U/l,ie.1+a€A,, for some 
«in /. But then a is in rad A. and so } + @ has an inverse in A. Hence | © A,,. and 
‘herefore A is U-projective. Since U is j-closed, T(4) C U, as required. This com- 
pletes the proof of Proposition 3.32. 


Suppose that e is an idempotent in A. The S = eAe is a subalgebra of A; also 
eAe 1 = ele, for any ideal / of A. So the G-family on eAe = § given by Proposition 
3.31 is(eA,¢). For any U € 3(G), the condition for eAe to be U-projective is that 
e € eA, e, which is equivalent to the condition e € 4 ,,. 


fe eat ety 3.33. if 1 =e,+ 


Cn» where €;,..., €, are idempotents in A, then 
T(A)= 2 (e;Ae;). 


Urey 
Proof. Write 2; = T(e,Ae;), so that by 3.31,2(A) 2,, for all i. Therefore T (A) 2 
t= U2 F,. But we have also e, ; FA zg, for all i, by the remark above. Therefore 


1=),¢, 12g, GAZ, SO that A is D-projective. Since & is j-closed (Proposition 
2.1 1(e)), 'D(A) CF, and this completes the Eptont of Proposition 3.33. 


* We do not assume that 1 ES. 
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Corollary 3.34. /f A =A, ® ...®A,, (direct sum of ideals A; 7 Aj, then 2(A) = 
U" 2 (A)). 


Proof. Take e; to be the identity element of A,, i= 1, ..., 1, art use Proposition 3.33. 
Since A; = e;Ae; for all i, this proves the corollary. 


If e, fare idempotents of A, we shall say that e, fare assuciated in A if the right 
A-todules eA, fA are isomorphic. Jacobson ([16] p. 51) shows tha: e, fare asso- 
ciated in A if and only if there exist elements x, y in A such that 


(1) exf=x, fre=y, xy=e, yx=f. 


It follows that any ideal A ,, of A which contains e, also contains f, and conversely. 
This proves 


Proposition 3.35. if e, fare idempotents which are associated in A, then D(eAe) = 


DUAN). 


We shall say that an idempotent e of A is completely primitive in A if cAe is 
completely primary in the sense of Jacobson [loc. cit. p. 56], i.e. if eAe/rad(eAe) 
is a division algebra. 

In the next proposition and definition, we shall assume that the G-family (4 ,,) 
satisfies, for all Ui in 3(G), 


GF4 Ay =2vEeuAdty} 
Note that GF4 holds for the G-family (A, ¢) defined on Ag by a G-functor A. 


Proposition 3.36. /f ¢ is a completely primitive idempotent of A, then T(eAe) = 
i{D}, for some subgroup D of G, which is determined uniquely up to conjugacy 
in, 


Definition. With the notation of Proposition 3.36, we say that D is a defect group 
of e, or of eAe. 


Proof of Proposition 3.36. Let D =3(eAe). Then e € A 3 =2 Er Ap. * and so 
e€Z ne 7 eApe. if all the eA pe were proper ideals of eAe, they would all lie in 
rad(eAe) (see Jacobson, loc. cit., Prop. 10.1), giving the contradiction e € rad(eAe). 
So there is some D in T for which e € Ap. Therefore eAe is {D}-projective, hence 
TCj'D}. But DED and F is j-closed, so /{D} CD. This completes the proof, for 
it is clear that D is determined uniquely up to conjugacy in G by the equation 


= j{D}. 


*An stands for A {p} 
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In order to apply these results G-functors, we need 


Lemma 3.37. Let A:5(G) >A, be a multiplicative G-functor such that each algebra 
Aj}, is associative, Let e = eg be an idempotent of Ag, and define e,; = eRg = and 
Ay = eA yey. for all subgroups H of G. Then the family (A },) satisfies con.titions 
1.52(a),(b) and so defines a subfunctor A’ of A, whose canonical filtration is 

(yA y eH). 


Proof. Let H, K be subgroups of G such that H <K. Since Rg 4, is multiplicative, 
e,, is an idempotent; since A ,, is associative, Aj, = €5,A jye,, is a subalgebra of A jy. 
Also ey; = ex Rx 3; 80 that 


(ep) 01) Ty x = ex (OTH K ex 


for any & in A,,, by to applications of axiom G5. Verification of 1.52(b), and that 
Aun = eyAy yey for all Ul, H, now present no difficulty. 


Notation. We write eAe for the G-functor A’ described in Lemma 3.37. 


Proposition 3.38. Let A:5(G) >A, be a multiplicative G-functor such that each 
algebra A}, is associative and has identity element 14,. Let 


(2) Io =e, t.. te, 


be a decomposition of \¢ as sum of mutually orthogonal idempotents e,, .... €, Of 
A>. Then 


n 
(a) T(A)= UD (Ee, Ae;) , 
{= 


and if e;, e; are associated in Ag, then'D(e; Ae;) =Z(e, Ae) (f= 1,..., 7). 


(b) If for each i (i = 1, ...,n) e; is completely primitive in Ac, and if D; is a defect 
group of e;, then 


D(A)=/ (Dy, Dy - 


Proof. (a) follows directly from 3.37, 3.33 and 3.35. In (b), the existence of the 
defect groups D; comes from 3.36, and the last equation is from (a), and the fact 
that Ut, /{D;} = i{D). ....D, }. 


Remarks. 1) If e,, e; are associated, then we can take D; = D, in (b). 2) If 4g satis- 
fies the minimum condition for right ideals (and in particular, if Ag is finite-dimen- 
sional over a field k) then there always exists a decomposition (2) in which all the 
e; are completely primitive in A 7. See also § 4.3. 
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3.4, Let A be an associative k-algebra with identity element 1, and (A ,,) a G-family 
on A. We show in this paragsaph that, if k is a Noetherian domain of finite dimension, 
it is possible to reduce the problem of calculating (4) ¢o the case where & is a field: 
this is done by the usual arithmetic “localization”. If A is also finitely generated as 
k-module, this means that we can reduce to the case where A is a finite-dimensional 
algebra over a field, and then apply the methods of §3.3 io “localize” still further, 
to the case of a completely primary algebra eAe (i.e. e completely primitive in A). 

For the moment let & be any commutative ring with identity 1,. Letr,@: kr 
be as given in § 1.6, and let &: A, +o, be the functor described there. In contexts 
where it is not necessary to mention ¢, @ explicitly, we write Pb = 7%, P, for any 
k-algebra P. 


Proposition 3.41. (a) With the notation above, (r @, A Ww isa G-family on r®, A, 
and D(A) >Z(ro, A). 

(b) ({4]. Lemma 1) Jf k Grand @ : k > is the inclusion map, and if r has a k- 
basis { r,,} containing ry = 1, as one of its elements, then D(A) = T(r, A). 


Proof. (a) It is trivial that (9, Ay ) isa G-family on r®, A. The other assertion 
follows from the fact that, for any I € $(G),Ay =A implies r®, A), = 7, A. 

(b) By (a), it is enough to prove that D(A) ©D(r 9 A). Let U =D(r ®, A). Then 
1,8, 1, the identity element of r®, A, lies inr & Ay, ie. 


(1) 1, [= 2, S.a, . 


for some a, in A,,. But since r is the direct sum of the k-modules rk, therefore 
r®, A, is the direct sum of the r, @, A, . Comparing the coefficients of 7g in (1). 
we find | = aq © A,,. Hence A is U-projective, and since Ll is j-closed, this gives 
314) CU, and Proposition 3.41 is proved. 


Remark. Proposition 3.41(b) shows that if 7 is an extension field of a field k, then 
D(A) = Dre, A). 


Proposition 3.42. Let A, (A ,) be as before, and assume that k is an integral domain. 
Let X be the field of fractions of k. Then 
(a) If Dy= DKe, A), there exists vE k, v #0, such that vi E Ay. 
(b) [fk is Noetherian, and if p,,.... p,, ave the minimal prime ideals belonging to 
the principal ideal (v) in k, then 
D(A) =Dq Ud, ae US m ; 
where D, =D((k/p,;) ®, A), fori=1,....m 


Proof. (a) Since K ®, A is Dg-projective, ly &, 1 EK & Ag, ss that lp & 1= 
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> (u,;/v;) @y a; (finite sum), for certain u;, vy (v;# 0) in kK and a, in Azo. Mult iply- 
ing by the product v of the Uj. and identifying k ®, A with 4 in the usual way, we 
have vl = 9) u(vv,! )a, EG Ay a. 

(b) (For properties of the set of prime ideals belonging to an ideal in a Noetherian 
ring, see e.g. [2] Chapters 4 and 7.) The intersection p, 1... p,, is the “radical” 
r((v)) of (v) (in the sense of ideal theory, see [2] p. 8); moreover there is some 
positive integer s such that r((v))* <(v) ({2] p. 83). Therefore (p, .. p,,)) & (v). 

For each p,, we identify (‘:/p;) ®, A with A/p,A. To say that (k/p,)®, A is?,- 
projective, is to say that Ay =A mod 0,4. So there exists a; in Az, such that 
1+a;€p,A. Therefore 


m 


(1) TT (+08 0p) ~ PylA SUA S Az, 


by (a}. Let T=T,) UT, U...UTD,. Then Az PAy,tAz, +. + Ay, and if we 

take (1) modulo 4, we find that | € A». Therefore A is D-projective, and since T 
is j-closed, T(A) CLV. But D(A) contains Tp, ....T,,,. by Proposition 3.4 I(a), hence 

P(A) DT. We have now 2(A) =D, which proves Proposition 3.42. 


Since v # 0, each of the prime ideals p; is non-zero. So if the dimension dim k 
(see [2] Chapter 11) is < 1, each p, is maximal, and k/p; is 2 field. This happens, 
in particular, if k is a Dedekind domain. More generally we have 


Proposiiion 3.43. Let A, (A },) be as in Proposition 3.42, and suppose that k is a 
Noetheriar: domain of finite dimension. Then there exists a finite index set N, and 
for each v © Mba field K ,, and a ring-homomorphism 9, : k > K,, such that 


T(A)= U BK, eA). 
vEN k 


Proof. This is by induction on d = dim &. For d= 0 (i.e. k a field) and d= J, the 
statement is true, as we have seen. Suppose then d > | and the statement proved 
for dimensions < d. Since v ¥ 0 (v the element appearing in Proposition 3.42), the 
p, all have “height 1°, i.e. each k/p, is a Noetherian domain of dimension d ~— 1 
(Krull’s principal ideal theorem, {2] p. 122). By induction hypothesis, there exists 
for each i= 1, ..., ma finite index set N;. and for each »v € N;, a field K, and a ring- 
homomorphism 9, ; : k/p; > K,, such that 


2 t= : = U > ), c= tym. 
(2) z; Ti(k/pj)@ A) ven, NY aay, ((k/p;) A), i I,....m 


Take N to be the union of the sets {0}, N pr: V,,, which we may assume disjoint. 
For v = 0, we define Ky = K and $: k > K, the inclusion. For v€ N,, define K,, as 
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above, and ¢,, to be the composite map @,, : k LI 7 peas ! K. There is a natural iso- 
morphism 


K, @A=K, ® (kip) ® A), 


” by ” Oui 


where we have indicated explicitly the maps used to make the tensor products. Using 
these natural isomorphisms, we get the assertion of Proposition 3.43 by combining 
(2) with Proposition 3.42(b). 

Proposit:ons 3.41, 3.42, 3.43 have immediate applications to G-functors. If 
A: KG) sf, is a G-functor with canonical filtration (A, ,,), then the G-functor 
r& A:S(G) ~A, has canonical filtration (r ® Ay, j,): So, for example, we deduce 
from 3.41 (a) that 2 A) 2 3(r 8, A). We leave to thie reader the task of LL out 
corresponding versions of 3.41(b), 3.42, 3.43. 


3.5. Injectivity 
In this paragraph A: d(G) >A, isa fixed G-functor, such that A; has identity 
element I.. The next definition gives a partial dual to that of projectivity (§3.1). 


De. inition. If Ul is a set of subgroups of G, we say that 4, is U-injective if the map 
Rg 1. ah Oak, x is injective. Here Rg ,, isa map of A¢ into the external direct 
sum Opec yA y. 


Proposition 3.51. /f A, is U-projective, then it is U-injective. 


Proof. If A; is U-protective, then }g €Ay Gg. be. 1g = DayTy ¢ (ay are m Ay. 
sum over all U € U). If now 6 € Ker Re ,,, we have by Axiom G5 8 = 8+ 1,; = 

2 B "ay: Tug = (Ry yu *ar) Ty Go 0, since BR y; U = 0 for all UE WU. There- 
fore Ag BS li-injective. 


Proposition 3.52. The statements of Lemma 3.1 1(a), (b), (c) hold, with “‘projective” 
replaced by “injective”. 
Proof. This is an easy exercise for the reader. 


The next Proposition displays the duality of injectivity and projectivity very 
clearly. 


Proposition 3.53. Ler A, A :5(G) >t, be G-functors, let 6: A> A’ be a morph- 
ism of G-functors (§1.5), and let U, & be sets of subgroups of G. Then 


(a) If Ay is U-injective, and if 8,;: Ay > A u is injective for all U EU, then 
8¢: Ag > Ag is injective. 


60 J.A.Green, Axiomatic representation theory for finite groups 


(b) If AG is B-projective, and if Oy: Ay > Ay is surjective for all VE®, then 
6¢:: Ag 7 AG Is surjective. 


Proof. (a) Suppose that 0, is injective, for all U € WU; suppose also that a € Ker 6c. 
Then aR y9y = ¢Re y = 0, hence aRg yy = 0, for all VEU. Because Ag is 
U-injective, this implies a= 0. Therefore 6¢ is an injective map. 

(b) Suppose that 6 » is surjective, for all VE WB; suppose also that 6 € A ¢. Since 
AG is &B-projective, there exists By € Ay (V € B) such that 8 = Z By Ty ¢. There 
exists, for each VE, an element ay G Ay such that By = ayé » (V ER). There- 
fore B= Tayé yp Ty Gg =(ZayTy G)0g Elm Og. This proves that 0g is surjective. 


Corollary 3.54. Let A, A’ :5(G) >, be G-functors such that Ac. AG have identity 
elements Ig, 1G respectively. Let @: A-> A be a morphism of G-functors such that 
169g = 1g. Ler, B be sets of subgroups of G such that Ag is U-injective and B- 
projective, and suppose that 8u is injective for all UEU, and that 6; is surjective 
for all VE®. Then 6¢ : Ag AG is an isomorphism. 


Proof. 9. is injective by Proposition 3.53(a). Therefore we have only to prove that 
@;; is surjective, and by Proposition 3.53(b) this will follow if we show that A; is 
B-projective. Since Ag is¥-projective, lg = LayT yg for some ay EA y (VEX). 
Apply 6° to this equation. We get Ig = = ZayTy Gbg =z (ayo Ty. c» and the 
last element is in Ay c: Therefore AG is B-projective, and the corollary is proved. 
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§ 4. The transfer theorem 


4.1. In §4.2 we shall prove the “transfer theorem” (Theorem 2) which shows how, 
for any G-functor A, and for a given subgroup H of G, the maps Ty ¢, Rg y induce 
maps which are “nearly” isomorphisms of k-algebras, between certain quotients of 
the filtration ideals in Aj, and A. There ave no restrictions on A; in particular we 
do not need the hypothesis A ‘Ag = Ac of Theorem 1. Thus Theorem 2 applies 
when A is a G-functor into MU,. However our main applications { § 4.3) are signifi- 
cant only when the multiplication in the algebras A,,, A¢ is non-trivial. 

ror the rest of this section, A: S(G) > A, is a fixed G-functor, and D, H are 
subgroups of G with D <H. Let 


X= {DFOD|ZgEG\H}, | 
and 

Y= (DINH|gEG\H}. 
Thus & is a set of subgroups of D, and 9) is a set of subgroups of H. 
Lemma 4.11. /f BE A pw then there exists X € Ay iH Such that 


BTy GRen =Bt A. 


Proof. Since 8 € Ap yy = ApTp 37. there exists some a@ € Ap for which B = aTp p. 
Then 8TH G = aT, DG: 89 by Axiom G4 


BT y GREW = Tp, GRe.Hn F ZX an Ros pennT pent » 


where I is a (D, H)-transversal of G. The term g= 1 in this sum is @7p ,, = 8, and 
the sum 2) of the remaining terms lies in 


CaM Angsnu! penu.H = Ay,H - 


Lemma 4.12.Ap GRon Any + Ay y- 


Proof. By 2.21(e). An GRgo 4 =Ap:-G:H, 7+ and the last term can be written as 


2 A + lA ay Py Pere 
gH D&NH.H gEG\H D&NH,H D.H YH 


since for g in H, Angnu.H = Angu =Apnn- 
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Lemma 4.13. Ax GRGH <Ay H 
Proof. Suppose X € X, so that X¥ = D&O D for some g in G \H. If now x is any 
element of G, then at least one of gx, x lies in G \H, hence X*¥ NH = D§*¥ O DX OH 
is contained in a member of 9). Therefore X: G : H <,,¥), and the lemma follows 
from 2.21(e), (b). 
Lemma 4.14.Any "Ay y SA, HU and Ay ‘Any SAx y- 
Proof. Suppose Y € Y), so that Y = D® OH for some g in G \H. If now his any 
element of H, then gh7! lies in G \H. Hence D0 Y <,, DM Desh ‘EX. and the 
first assertion of the lemma follows from 2.21(c), (b). The second assertion is proved 
similarly. 
4.2. Since X is a set of subgroups of D, and X <9), 
Ax Hn SAp HOA, H > 
by 2.21(b). Write =Any NAy and let 
9: An H/Ax 4 > Apn/Q 
by the surjective k-map induced by the inclusion Ay 4, <Q just mentioned. Let 
S:(Apy tag yWAy ny > Ad H/Q 
be the natural isomorphism. Both q, s are, of course, multiplicative k-maps. 
Theorem 2. Let A: S(G) >A, be a G-functor, and let D. H,X.%), Q, q, 5 be as 
defined above. Then 
(i) Ty G induces a surjective k-map 
t: Ap y/Ay y > Ap.G/Ay,c: 
and Rg y, induces a surjective k-map 
r: Ap GlAyg>ApatAywlAgn» 
and 


(4.21) trs=q. 


(ii) f, rare both multiplicative, ie. they are both epimorphisms of k-algebras in 
the usual sense. 
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(iii) Kerf lies in Q/A y 4,, which is an ideal of Ap 47/A x 44 which is annihilated 
by multiplication on either side bv Ap y/Ay yy. Therefore Ker ¢ lies in the radical 
Of Ap y/A tH: 

(iv) Kerr fies a1 (Q/Ay 47) 0, which ts an ideal of A p.GiAy ¢ which is annihilated 
by multiplication on either side by Ap ¢/Ax, ¢. Therefore Ker r lies in the radical of 
An GlAy¢- 

Proof. (i) ¢, r are well-defined, because Ay Ty G = Ay Gg (2-2 1¢d)) and 
Ax oko S Any (Lemma 4.13). Also ¢ is surjective because An yliy Gg = An «:- 


Next we prove (4.21). fx =8 +A, 4, is any element Of An 7/A yy then BEAD 
and we apply Lemma 4.11 to get 


xir= BT y GRow tA tht Ay yy 
hence xtrs = 6 + QO = xq. This proves (4.21). Since s is bijective, tr = qs~! is surjective, 
hence r is surjective. This completes the proof of (i). 
(ii) Let 8, 8 E Ap jy. By 4.11, 4.14, 
BB Ty GRe.) = BB mod Ay yy - 
Apply Ty, g to both sides of this, and use Axiom G5. We get 


(1) BT Gg BT y G ZB BYTy G mod Ay Gg. 


This shows that ¢ is multiplicative. Now using Lemma 4.11, with @ of that lemma 
replaced by 8-6’, 8, 8’ in turn, we find 


(B-BYTy GRew = 8B B:= 6TH GRen 8 Ty GRG M08 Ay 4 - 
On the other hand, if we apply Rg ,, to (1) and use Lemma 4.1 3: 
(8° BT GRe.w = 6Ty,G¢°B Tyg) Ro. Mod Ay 4 - 


Now let , ’ be any two elements of Ap ¢. There exist 8, 8’ in Ap j, such that 
Y= BTy GY =6'Ty G - Putting these into the congruences just found gives 


(YY Rewy = Ren Ron Mod Ay yp - 


It follows that 7 is multiplicative. 
(iii) Eq. (4.21) implies that Ker ¢ < Ker q, and by the definition of g, Ker q = 
Q/A x yy. The remaining statements of (iii) follow from Lemma 4.14. 
(iv) Suppose that y € Ker r, and that x is any element of 4p ;,/A x 4, such that 
xt = y. By (4.21), xq = xtrs = yrs = 0, ie. x €Q/A y 4. Therefore Ker r< (Q/A x py). 
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The other statements of (iv) follow from (iii) and the fact that fis surjective. 


Remarks. \) if Q = Ay j,. then by (iii), (iv) both 4, ¢ are isomorphisms -- as also fs 
q. trivially. In particular this happens if D is a Sylow p-subgroup of G (for some 
prime p) and H = N,.(D). For in this case X =). 

2) Unless H 2 Ng (Dd). D isa member of X ‘ and Any =A %.H> Apc = A, G 
so that the statements of Theorem 2 are all trivial, For this reason, nothing of value 
is lost if we assume that H 2 N,-(D). 

3) The maps ¢, 7 and q are all “near-isomorphisms”; where we say that a multi- 
plicative epimorphism @: A ~ B (A.B k-algebras) is a near-isomorphism if 
A> Ker 0 = Ker @-A = 0. For the applications in §4.3, such maps are “tas good as” 
isomorphisms. by the following lemma. 


Lemma 4.22. Let 0: A > B he a near-isomorphism of associative k-algebras A, B. 
Let E(A). ECB) be the sets of idempotents in A, B respectively. Then 
(a) 0 induces a bijection F(A) > E(B). 
(b) /fe € EVA), then e is completely primitive in A if and only if e@ is completely 
primitive in B. 
(c) Elements e, f'= E(A) are associated in A tf and only Uf e0, f0 are associated 
in B. 


Proof. (a) is an elementary consequence of the tact that for any a€@ A.n & Ker é@, 
we have (a +1)? = a~. We leave the details to the reader. (b) See Remark 3, §4.3, 
below. (c) This follows from [16], p. 53, Prop. | and the fact that Ker @ < rad A. 


4.3. In this paragraph we apply Theorem 2 to a G-fenctor A: S(G) >A, which 
satisfies the following. 


Hypothesis 4.31. A is multiplicative. and for each subgroup H of G 
(a) Ag, is an associative k-algebra with identity element 1 ,,. 
(b) iGRon = Ly: 
(c) 1), has at least one primitive decomposition in A py, Viz. 


LY? ast fe iets Pear 


where fy, ..., f,, are mutually orthogonal idempotents which are completely 
primitive in A ;,. 


Remarks. 1) The last condition is assured if A ;, is finitely-generated as kK-module, 
and if k isa complete local principal ideal domain. 

2) Let A be any associative k-algebra with identity element | which admits a 
primitive decomposition 1 =f, + ...+ f,, in A. It is shown in [16] pp. 58, 59, that 
the Krull-Schmidt Theorem holds in the form: if 1 = fj + ... +f, is another primitive 
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decomposition of 1 in A (we recall that. by our definition. the f, Si are completely 
primitive), then a =”) and the f can be so numbered that, for a suitable invertible 
element uv of A, uly uz ie (y= 1. ....7). Moreover. a small modifieation of the 
arguments indicated in [16]. hiwe that every idempotent f ot can be expressed 
as the sum of a set (posstbly empty) of mutually orthogonal primitive idempotents 
of A - which then must all lie in £46 In particular, every primitive idempotent in 
A is completely primitiv in A. 

3) Let @ . 4 +B bea multiplicative epimorphism between the associative k- 
algebras A, B, and let e be a completely primitive idempotent in 4. Then either 
ef = 0, or ef is completely primitive in B. For 0 induces an epimorphism 
A: eAefrad(cAe) ~ (8) Bled Vrad((e0) B(cO)). Either 6 = 0. in which case €9 = 0, 
or @ is an isomorphism, in vehich case e@ is completely primitive in B. When Ker 0 
hes in rad 4. as happens fo: example when @ is a “near-isomorphism”’, then the 
second case must hald. 

4} As special case of 3), we see that if 8 is an ideal of A. ether ¢ hes in S. or 
¢e+Sis completely primitive in A As: 


Now suppose that A’ d(G) 79, satisfies Hypothesis 4.31. Let 


(1} Le Pee ee POs 
be any primitive decomposition of 1. in Ap and put J = (4... By Propose 
tions 43.36, 3.37, each e, has a defect group D;. which is a subgroup of G determined 
up fo conjugacy in G by 


(2) Ble Aged 21g id,} - 


Lemma 4.32. For given j in J, and any set Ue f subgroups of Ge, isin Ay ¢; hand 
only if D; <q U, for some U in Ul. 


Proof. By the definition of a defect base. v, © Ay ¢; $* eA; ¢, 1s U-projective 
= j¢, {D,} © U. The lemma follows. 


Let D be a fixed subgroup of G. By taking U= {D} in the last lemma we have at 
once 


Lemma 4.33. For given j in J, e; © Ap (; and only YD, &; D. 


We write D; =; D to mean that D,, D are conjugate in G, and also D; <; D to 
mean that D; &; D and D, #g D. Let 


Jo* {7EI1D, FG D}, J; = ifEJID;, <, D} . 
and 
Jy = (JEI|D; KG DY. 
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Then J is the union of these three mutually disjoint sets (some of which may be 
empty). According to Lemma 4.33, {e,|/€Jg UJ, } is the set of e, in the decom- 
position (1) which he in Ap ;;. The set { F [f & J} we call the D-section of the de- 
composition (1); itis the set of those e, whose defect group is conjugate in G to the 
given subgroup D. 

Now take any subgroup H of G such that H > N,,(D}. and apply the map R¢; 4 
(which is multiplicative, by assumption) to (1): 


(3) ln = VG RGn = pz, ORG an: 

& 
For each j in J, choose a suitable index set K; (possibly empty) and a primitive de- 
composition in Aj; of the idempotent eRe; yy 


(4) ORen 24 f,, Of, primitive in Ay). 
eed 


Putting (3). (4) together gives a primitive decomposition of ty, in A gy: 


he 
jEJ (2K, a 


Each J, ; has a defect group D, ,. which is a subgroup of H determined up to con- 
jugacy in ‘HH by 


Here Us, ApJ, ;) is the defect base relative to the H-family of ideals (fiidn nha 

indexed by U ins(H) it is therefore the defect base of the H-functor 

hi ity) Seis where HA is the H-functor obtained from A by restriction to H(§ 1.7). 
Since D isa superOUun of H, we may define the D-section of (5), viz. the set of 

those f; ; for which D, ; =;, D. The main feature of our final Proposition 4.34 is that 

if Ap Gg =AG. whielt: rneans that A_; is D-projective, then the D-sections of (1) and 

of (5) are in bijective correspondence. 


Proposition 4.34. Let A: S(G) +f , be a G-functor satisfying Hypothesis 4.31, and 
let (1) be a primitive decomposition of \¢, in Ag. Let D be a fixed subgroup of G, 
and define the sets Jy, J,, Jy as above. Let H be a subgroup of G which contains 
N,(D), and define the primitive decompositions (4 ), (5) in Ay, Finally tet X, 2) be 
the sets of subgroups defined in § 4.1. Then 

(a) For each j in Jg there is exactly one element i in K; such that D, ; =, D. 
Arranging notation so that this i= 0, we have 


(7) (Ron = hq Mod Ay 7. 
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: | ar 
and f,;E Ay y for alli€K,, i #0. 
Moreover 


(8) fioly.G = e, mod Ay g: 
(b) The correspondence 
(95 er fio GEdq) 


defines a bijection between the D-section { cc F [/€Jq } of (1) and the set 

(fF liEIQ UI, FEK;, Dy AyD}. Therefore if Ag ts D-projective, ie. if J4= 

shen (9) defines a bijection between the D-section of (1) and the D-section of (5 is 
(c) If}, k EJSy then e;, ey are associated in Ag if and only if f, 9, Ik,t g are asso- 

ciated in A H: 


Proof. (a) Since H > N_.(D), all the members of ¥ are ‘proper subgroups of D. 
Therefore if fEJg, e; EAp ¢ and e; € Ay ¢, and soe,+ Ay g is a non-zero, hence 
primitive, idempotent of Ap g/Ay gc. The map rot Theorem 2 takes 


Qt Ay Gg 76 Ren t Ann Le i + Ayn): 
j 


Since r is a near-isomorphism, this last sum is a primitive idempotent; therefore 
exactly one of the terms J, , + Ay 4, is non-zero. Take (= O for this term, we meek 
e; WRG H + Ay He “Ij 0 + Ay, Ho which is equivalent to (7). Since e; iRG. H EAp Hn* 
a AH (Lemma 4.12), ho =fo¢Rou E Ap tAyn = Aip iow, y- By Lemma 
4.32 *, D, 1.0 Sy U, for some UE {D} VY. But fig € Ay py, © that Dy 9 Sy Dz 
and f; q é Ap y- Therefore we have 


r . 5 
ejtAy g*hotAg n> fot@- 


Theorem 2 gives trs = q, and, by Lemma 4.22, that 4, 7, s, q all induce bijections on 
idempotents, Since q takes f; q +Axy 4 > Sj,.9 + Q. we deduce that ¢ takes f; 9 + 
Ax 7 & t Ax Gc, which is ‘equivalent to (8). To complete the proof of ( 1), we 
must show that D, (0 7H D. We already know that D; 9 <q D. If D; 9 #y, D. we can 
take D, j,0 = D* <D. Then f 0 EApe H.»SO that f, ty G CApea Tae “Ane. G° 
and then by (8),€; € Ape +Ax Gg =A{p*} Ux,G- But then Lemma 4.2 vans 
the contradiction that D=D; Sy U, where U = D* or UE X. 

(b) In view of (a), we have only to show that if D, ; <, D, for some j EJ,i€K,, 
then j €J,. This follows from Lemma 4.35, below. 


* In this application of Lemma 4.32, H takes the place of G. 
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(c) Since ¢ is a near-isomorphism, Lemma 4.22(c) and equation (8) show that 
ep tAy Grey t Ay G are associated in Ap (;/Ay g if and only if fig t+ Ay x, 
tk.ot Ay Hare associated in Ap 4/Ax y- Thus it is enough to prove that ife, f 
are completely primitive idempotents in an algebra A, both lying inside an ideal / 
of A, and both outside an ideal S of A, S </, then e, f are associated in 4 if and 
only if e +S, f +S are associated in 1/S. We may assume | = A, Since Jacobson’s 
conditions 3.3(1) imply that the x, » which occur there must be in /. Evidently, 
if e, f are associated in A, then e + S, f+ S are associated in A/S. Suppose con- 
versely that e+ S, f+S are associated in A/S, so that x, v exist in A such that 
3.3(1) hold mod S. As in the proof of [16] Prop. 1, p. 53, we may assume that 
exf=x and fye = y. Now xy =e +s for some s in § 9 ede. But § ON e4e isa 
proper ideal of eAe, since e ¢ S, hence lies in rad (eAe), which is contained in 
rad A. Similarly, yx = f+ ¢ for t in rad( fAf) < rad A. Now the argument in the 
proof of [16] Prop. t, p. 53, shows that e, f are associated in A. 


Lemma 4.35. /f D; ; =, D for some j EJ, i€ K;, then D; 4g D. 


Proof. From (4) we have 
Kii= Ron Gui- 


Now ej E Ap, c. So that eRon € AD):G:HH by 2.21(e). By assumption, 
f,i€Ap.y- Therefore 2.21(c) gives 


fii ©4p,:¢:H.HAD.H <Ay y- 


where ll = (D,:G:H):H:D = {(DIVHY' OD Ig EG, hEH}. 
tl Lemma 4.32 this implies that’ D=D, ; i Sy DF h 7D, for some g © G, h EH. But 
per 1D <q D,, hence D <g Dj. 


Remarks. (1) Lemma 4.35 makes possible a sharpening of the statement of 4.34(b); 
the correspondence (9) will give a bijection between the D-sections of (1), (5) respec- 
tively, if D is maximal among the defect groups D,(jE J), i.e. if there exists no 

/€J such that D; > D. 

(2) In general, there may well exist 7 EJ, i€K; such that D, ; = D. Then f, ; 
must lie in A p 77, and f; ; + Ay py is a primitive idempotent of A p.H/Ax n- There- 
fore ¢ maps f; ; + Ay y toa primitive idempotent of Ap ,,/Ay g, but this need not 
be any of the idempotents ey tAy clk EJo). 
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In these examples G is 2 given finite group. We use the notation of § 1.8, and 
dei.ne each G-functor A= (A, 7, R) in terms of the maps Ty Ke Rew Cre HK 
are always subgroups of G, H = K; g is an element of G. The verifications of the 
Conditions |.83(a)4i) are not given. Z, Q@ and C denote the rings of rational integers, 
rational numbers, and complex numbers respectively. We observe that all the G- 
functors in § §5.1--5.5 are multiplicative. 


$.1. Character rings 

We define the character ring functor on G to be the following G-functor 
A: S(G)~A;, : for each H, 4 ,, is the character ring (ring of generalized characters, 
[6] p. 272) of H: Ty ¢ maps y © Ay to the induced character YA EC Ags Re y 
maps x € Ax to its restriction xy = xly EG Ay. Cy , maps y € Ay, to the character 
WEE A ig defined by y*(u) = (gue™ Ny (u € HE). Conditions 1.83(a)4i) follow from 
well-known theorems (see [6] chapter V1). 

The defect base T( A) is the set & of all elementary subgroups ( [6] p. 284) of G: 
this is a classical theorem * of R. Brauer. The methods given in § §3.3, 3.4 for cal- 
culating defect bases for general G-functors are based on the proofs of Roquette 
{22] and Brauer and Tate [4], and it is therefore not surprising that these ingre- 
dients can be reassembled, and in several ways, to prove that T(A) = when A is 
the character ring functor on G. We sketch one such proof here. 

Artin’s theorem [6] p. 279, shows that 


(1) IGI1g Gg Gs 


where © is the set of all cyclic subgroups of G. Therefore © 2 3 (Kg @ A)= 
2(Kg @ A), where Kg = Q, the rational field. But if UE 5(G) and Kg A is U- 
projective, then it is U-injective (3.51), and this is easily seen to imply j7; Ul 2. 
Therefore D(Kg ® Ac) = € .** Now (1) shows that we may take v = |G | in Pro- 
position 3.42(a), and so from 3.42(b) we deduce 


Ft 
(2) a(Aj= UT(K;8 4G) : 
i= 


where pj, ..., Py», are the prime divisors of |G|, and K; = Z/(p,) (= 1, .... m). By 
3.41(b) we can replace each K; in (2) by its algebraic closure A. Take fixed 
iG {1, .., a}, and write p = p;. Let {G, ,| vé N,} (N; is an index set) be the 


* Sce (6] chapter VI. for literature on this and other “induction theorems”. The usual proof 
of Brauer’s theorem proves only that A is € -projective, i.e. T = & (A). But it has been known 
for a long time that © = D(A) (see e.g. | 10}). 

** This could be proved directly by using Proposition 3.41(b) to replace Kp by the complex 
field. 
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set of the p-regular classes of G. For each v EN, let S,, ,, be the “p-superclass” 
(Roquette {22] ) consisting of all g in G whose p- -ceguiar part lies in G., p- Then 

K; ® A, can be identified with the algebra of all functions from G inte K, which 
are constant on each p-superclass Sp jv EN,). Hence 1 € K, @ Ay has primitive 
decomposition | = 2.4, &p,y> where €, , 1s the idempotent function which takes 
value | on S), , and zero outside S The classical argument of Brauer ((6] §40) 
can be adapted to prove that each defect group (§3.3) of Cn,y has the form 

Dav = Xp.yr Py ys where x, , FE Gp, » and Py 8a Sylow p-subgroup of Cr (Xp, 
Then 3.3 gives 


D(K;@ AG) = TK; 2% Ag) zig [Dp ylvEN;}. 
Now we put this into (2), fori = 1, ...,m, and obtain 
(A) =C Vigi Dy. ylvEN i= l,...m}=& 


§.2. Relative Grothendieck rings . 

Let r be a commutative ring, and H a fixed subgroup of G. Lam and Reiner 
{19, 20, 21] define the relative Grothendieck ring a(G,H) to be the Abelian group 
generated by symbols [M], one for each rG-isomorphism class of (right, unital, 
finitely-generated) rG-modules, with defining relations {L] — [Mf] + [NV] = 0 for 
every short exact sequence 0 > L > M > sv ~ 0 of rG-modules which is 7H-split. 
Multiplication is defined from [ZL] [Af] = [L &, M] in the usual way. 

Now let Y be a fixed normal subgroup uf G. We define the Grothendieck ring 
functor for r,G relative to Y to be the following G-functor A: S(G)-> sf : for 
each H, Ap =a(H,HOY)., Ty g takes [4], L anrH-module, to {L*}, where 
LK = 1%, ,, rK is the induced module; R x. takes [(M], M an rK-module, to {M,,], 
where M;, is the restriction of M to H; (yy , takes [LZ] to [L*], where L® is the 
rH®-module made from the rH-module L through the isomorphism u t* gug” ot 
(u & H8). It is necessary to check the consistency of these definitions. For example, 
we must show that any H 1 Y-split short exact sequence of rH-modules is gon- 
verted by induction to K into aK ™ Y-split short exact sequence of rK-modules. 
This can be done by a modification of the argument used by Lam and Reiner to 
prove [20] Prop. 2.1. Consistency of Rx 4, Cy. g iS casy to prove. 


Special cases. If we take r=C, Y= {1} we get a G functor isomorphic to the 
character ring functor on G. If r is any algebraically closed field, Y = {1}, then 
Aj, is isomorphic to the ring of Brauer characters of H over r. For arbitrary r, and 
Y =G, Ay, is the representation algebra of [13]. For further generalizations, see 
Dress {7, 8]. 

The transfer theorem [14] Theorem 1, is not a special case of Theorem 2 of this 
paper, because the filtration (@,,(H)) used in [14] is not canonical. a,,(H) is spanned, 
not by all [LJ] for which Z is an rH-module induced from some rU-module, UE U, 
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but by the direct summands of such modules: evidently a ,,(H) contains the cano- 
nical 4y, ,,. The “transfer of modules” (Theorem 2 of [14] ) is, however, deducible 
from a special case of our present Theorem 2, by means of Proposition 4.34, see 
$5.5. 


§.3. Cohomology 

Let A be a G-algebra over A (see §5.5). We define two cohomology ring functors 
for G with coefficients in A, namely the following G-functors A, A: S(G) > A; : 
for each H, Aj, is the ordinary cohomology ring H*(H, A), and A y is the Tate co- 
homology ring H*(H, A) ({S} Chapter XH); 7), ¢ is the Eckmann transfer [9], 
Rx the restriction map, and C), , the conjugation map c,, as defined in {5] pp. 
254, 255 -- these are for Tate cohomoijogy, but apply also to ordinary cohomoiogy. 
The same is true of the formulae appearing in [S] pp 255-258, which show that 
our conditions 1.83(a)—(i) hold for A and A: moreover these are both cohomo- 
logical functors (§ 1.4). For the rest of this paragraph we confine ourselves to the 
functor A; analogous results hold for A. 

A,, = H*(H, A) has a grading, for each H. This grading is preserved by all the 
maps Ty x Ry 1+ Cyg- Write An = H"(H, A)(n 2 0). Since An An < aren for 
all m, n 0, AZ, can be regarded as a k-subalgebra of A;,. The family (AP) yee 
defines a subfunctor A® of A, and it is easy to check that A® is isomorphic to the 
G-functor f(A) defined in §5.5 *. 


Proposition §.31. (A) = D(A°) = T(f(A)). 
Proof, We have only to prove the first equality; the second comes from A° = f(A). 
Let U € 38(G). Then Ais U-projective @ 16 E Ay G = 1g EAL G = A° is 
U-projective, since 1, € At. and the maps 7,. (°, respect grading. This completes 
the proof. 

Theorem 2 gives directly, when applied to the cohomology ring functors, trans- 
fer theorems for cohomology. We look at one special case. Let D be a Sylow p-sub- 


group of G, for some prime p. Take H = N-(D), then X = Y)(see Remark 1, §4.2) 
and we have the isomorphism 


() C2 AnnlAy n> ApGlAxe - 
Let us also assume that & satisfies the 
Hypothesis §.32. k is a field of characteristic p, or kK is a complete local prit cipal 


ideal domain with maximal ideal m such that k/m has characteristic p. 


* For Tate cohomology, AR, = HIA {i}. in the notation of $5.5. 
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By (3.12), every member of (A) is a p-subgroup of G. Hence A¢ is {D} -projec- 
tive, i.e. Ap ¢; = Ag;- Similarly Ap yz = Azz. Taking components of fixed degree 
n2Oin(1) we get 


aiahn 
AyiAy HAG (Ay iG? 


from which D.L. Johnson's transfer theorem [17] is easily deduced. 


5.4. K-theory 
We define the K* functor on G to be the following G-functor A’: S(G) ~AXz | 
_for each H, Aj, = K*(B;,), where By, is a classifying space for H, and K* is the 
Atiyah-Hirzebruch functor described in [1]. If H < K, we take a classifying space 
By for K, then factorize the universal covering Ey > By as Ey 7 Eg/H 4, f Br. so 
ie By = Eqift (space of H-orbits on Fg ) is a classifying space for A. The map 
S:By> Bx iS a finite covering, and we define Ty Kus. Rr H =f" asin [1]. 
Define Cy . * c. where C: Byg > By, is induced by the isomorphism H® > H 
which taker ut gug- Mu € H8). 

Atiyah [1 | gives a connection between the ordinary cohomology ring functor 
for G with coefficients in Z, and the character ring functor on G, which we denote 
A, as in 5.1. This is done through the intermediary of the K* functor A’ on G, and 
it is interesting * to describe the “functorial” part (i.e. the easy part!) of the argu- 
ment [i] §§ 7-11, which connects A with A’. 

For each H, Aj, has the topology defined by taking as system of neighbourhoods 
of zero the powers 4 Dn2I of the ‘ ‘augmentation ideal” Jy, = (Ww EAg | WI) = OF. 
it follows from [1] emia 6.7 that Ty ~~ yg, Cg ate all continuous **, and 
therefore if A H denotes the completion o1 A H. ‘with respect to this topology, they 
induce maps Ty, x, etc. which make A=(A, T, R) into a G-functor in such a way 
that the family of natural maps Aj, > Aj, provides a surjective morphism A + A 
of G-functors. By 3.32(a), (A) 2 D(A}, and since D(A) = C (see §5.1), Ais 
-projective. It is not hard to see ({1] Lemma 8.3) that A, like A, is G-injective. 

There is a naturally defined morphism a : A> A’ which factorizes through 
A-~ A to give a morphism &: A > A’ ({1] §7). Atiyah shows ({1] $8) that Be 
is injective for all CEG, and ({1] § 10) that G, is surjective for all FE. Since 
&; maps 1; to 1(,, we may apply Corollary 3.54 to see that Qe; : Ac G 7 Ag isan 
isomorphism -- this is the main part of [1] Theorem 7.2. It follows ‘that &: AoA 
is an isomorphism of G-functors. 


5.5. (s-algebras 
A G-algebra over k ({15] §4) is a k-algebra with identity element 1, on which G 


* Lam gives a very similar discussion in [18] pp. 115-116. 
°s : oF ce nit } T is not contained in /,., but Atiyah’s Lemma 6.7 shows that for given 


: a. 
2 1, there exists 7 = nm) 2 1 such that Tintin <"k- 
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acts as a group of k-algebra automorphisms: g € G acts on a EA to give of EA, 

and this G-action makes A into a right AG-module, and (aB¥ = a*p* for all 

a,8€A and g€G. We define the G-functor f(A) associated with the G-algebra A 

to be the following ee into A,: foreach H, Ay, = {aE Al a=a,allhEH}: 

Thy x takesa€ Az, to X "summed over an H-transversal ju} of A; Rey is the 

inclusion map (A x a Ge takes a € A, to a8 E A pg. Conditions 1.83(a)--(i) 

are easily checked (see [15] pp. “139, 140). Moreover f(A) is a cohomological G- 

functor (§ 1.4), for if BE Ag, then BRe yy Ty g = 2B =(K : H)B. It is evidently 

multiplicative. These functors associated with G-algebras provide our first example 

in which the k-algebras A,, need be neither commutative nor associative. 
Particularly important examples of G-algebras occur (a) in the “vertex theory 

of kG-modules, and (b) in Brauer’s Theory of blocks of modular representations. 


e9 


(5.5a) Let Mf be a kG-module. Make 4 = End, M into a G- salbevte by defining. 
for? GA, g EG, the k-map 6 € A to take each m € M to ((me7!)6)g. Following 
Dress [8] we say Af is U-projective for given ll €5(G). if Ay; = End, ¢(Af) is U- 
projective, ie. if | = E,, G =Ayg- . The defect base PA, syHl (f(A )) defines Dress’s 
U(Af) ({8} p. 1034). tM is completely inleconiposable i.e. if I~ is a completely 
primitive idempotent of 4,;, then 1, has a defect group D, a subgroup of D deter- 
mined up to conjugacy in G by T(4;;) =/, (D}. D isa vertex of M([U1, 12]; see 
[15] §5). 

If M is finitely generated and if A satisfies Hypothesis 5.32. for some prime p, 
then A = f(A) satisfies Hypothesis 4.31, and the argument in §4.3 can be inter- 
preted as follows. Let 


(1) M=M,2..¢M, , (AM, indecomposable kG-modules), 
and for each ;EJ = (1,0... 03 

(3) ( My = pA M, i: (M, ; indecomposable kKH-modules) , 
and so 

(5) My, = Ah M, j 


is a complete decomposition of Mj,. Proposition 4.34 shows that for each Af; in (1) 
of vertex D, there is exactly one M; g of vertex D among a M, ,(@i& K,), the 

other M, ; (i € K,, # # 0) being all })-projective. Also (M, oo" = 'M, @ (an X-projective 
kG-module). Finally, if M is D-projective, then M, +> M, g isa bijective cofrespon- 
dence between the set of terms of vertex D in (1), and the set of terms of vertex D 
in (5), and two such terms M,. M, in (1) are isomorphic kG-modules if and only if 
M; 9: Mx. are isomorphic kKH-modules *. In particular if AM is itself an indecompo- 


* This last statement comes from 4.34(c), since for example M; = Me, My = Mex are isomorphic 
kG-modules if and only if e;, e, are associated in A ¢. 
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sable KG-module of vertex D, we may recover from this the module correspondence 
given in [14] Theorem 2. 


(5.5b) The group algebra A = KG becomes a G-algebra, defining a* to be gag 
(a€&A,gEG). Ag is the centre of A = kG, and Ay, cis spanned as kK-module by 
the sums (C;) of the H- re C in G (elements g, g are in the same H-class if there 
exists h € H with g = h-!g'h); in particular Ag = Ag .g is spanned by the sums 
(CG ) of the G-classes (conjugacy classes) C of G. 

it k satisfies Hypothesis $5.32 and if the polynomial rNIGi _ 1 factorises linearly 
over k, then each primitive idempotent e; of Ag: corresponds to a uniquely defined 


i 
p-block B,, and a defect group D; of e; is the same as a defect group of 5, in 


Brauer’s original usage (see, e.g. ( 3}). This connection is discussed in [ 1s]. 
For the moment let 4 be any G-algebra over k, let D be a fixed p-subgroun of 
G, and H = N_(D). We use the notation of §§4.1, 4.2. If is a field, it is easy to 
find k-bases for the ideals which appear in Theorem 2, whenever A is 4 G- aleve 
with a permutation base {15] §5, and to show that in this case Ap py NAy 47 = 
Ay yy: 80 by Remark | of §4.2, the maps t, r, q are all isomorphisms. Let 3 be the 
set of all proper subgroups of D. Since H = N;(D), ¥ © 3. We may replace X by 3 
in Theorem 2, and we have an isomorphism 


rs: Ap G/A3,¢ *Ap,nl/A3.n - 


In our case (A = kG, Kk a field satisfying Hypothesis 5.32) we find that for any 
UES(H), Ay yy has as k-basis the set of all the (C;) for which {D;}<, U (see [15] 
85). hence that Ap H/A3 4 has k-basis ((C;) + A 3 1D) = D}: here DB’ is the 

“class-defect group” of C;, defined up to conjugacy in H as a Sylow p- éaiberoup of 
Ci(g), 8 € C;. We may define similarly ideals Bp, He By yw in the centre B,, of the 
H-algebra B = KH: Bp 44; /B. 3.H has k-basis {(C; Wt Bs |D, = =H D}. where (C,. )are 
the sums of elements in the ‘H-classes of H. Now if an ‘Heclass C, has class-defect 
group D, then there is some g € C; MC,.(D), hence C; lies in H. Therefore the set of 
such C;. coincides with the set of H-classes Cc, of H which have class-defect group D; 
so the inclusion B < A induces an isomorphism of k-algebras, 


h: Bp y/B3.4 > Apn/A3,H - 


Hence we have ithe isomorphism 


-1. 


This is equivalent to Brauer’s homomorphism [3] in the present case; it gives a proof 
of Brauer’s “first main theorem”, because the set of blocks ‘8, of G with defect group 
D is in bijective correspondence with the set oF primitive idempotents of the commu- 


tative algebra A, (;/A 2g, and hence, by rsh}, with the set of blocks b, of H with 
defect group D. 
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5.6. Free G-functors 

In this paragraph we outline a theory of a kind of “relatively free” G-functors. 
We confine ourselves, for simplicity, to functors into the module category ,. 

First we define a G-semifunctor B=(B, R) over k to be a contravariant functor 
B:S9(G) +, where Sq(G) is the category with the same objects as S(G), but 
whose morphisms are restricted to the inclusions (H, 1, K) in SG). Thus to each 
H, B assigns a k-module &,,, and to each pair H, K (H <K),R assigns a k-map 
Rein Bx > By in such a way that conditions like 1.83(b) hold. A natural map 
between such G-semifunctors is called a morphism of G-semifunctors over ky we get 
then the category WCAG ) of G-semifunctors over k. There is a “forgetful functor™ 
from M,(G) into MCG), which takes A :5(G) + M,. 4 G-functor, to Ag: S9(G) 
> M,, namely A regarded as G-semifunctor. We shall define a functor MC? >, 
which is adjoint to the forgetful functor. 

For each morphism a = (H, g, K) inod(G), define a symbol [H, g, K], in sucha 
way that [M. 2, K] = {H'. 2’, K’] if and only if H =H’, K =K‘ and g”'s' EK. Let 
B -S_p(G) > Ne y be a given G-semifunctor. For each subgroup H of G, define Ay, 
tu be the direct sum © Bp * [D, x. H], summed over all distinct symbols [D, x, H] 
with DX <H, and where each term Bp & [D, x, H] is the set of symbols 
6 & [D, x, H] (8 € Bp), made into a k-module by the requirement that f h BS 
{D, x, H] be a k-map. Then we define the relatively free G-functor (B) generated by 
B to be the following G-functor A= (B):S(G) >, : for each H, Aj, is the k- 
— just described: the maps Ty, x. Ry pe Cy g (K 2H 2 F, g © G) are defined 

y 


Ty x: 8 @(D, x, H} 8 ©[D, x, K]. | 

Ry eB (Dx. He SBR ppagete! SIDOFE ©. gx F). 
summed over g in a(D, Fx )-transversal of H* ‘ ‘ 

Cg: 8 &(D, x. H] te BO[D, xg, HF] , 
for all 8 in Bp, and DX <H. 


Proposition 5.61. (a) (B) is a G-functor into M,. 
(b) {608 : B> B is a morphism of G-semifunctors, then the maps 
(0): 2B 8 [D, x. H] PE 0p 2 (Dx, H]. (BEB. DE <H), 


defins a morphism (6): (B) > (B'), and the correspondence B > (B), 6 > (0) 
defines a functor from WCAG) > 1G(G). 
(c) If A:S(G) >, is a G-functor, then the maps 
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Vy: Da@[D, x, H] pL aT(D,x,H) (aEAp, D <H) 


define a surjective morphism p : (Ag) A. 

(d) For any G-semifunctor B :So(G) > %,, (B) is a relative projective object in 
M,(G), relative to the class of “R-split epirnorphisms” ; an R-split epimorphism is 
defined to be a surjective morphism @ : X> Y of G-functors, such that there exists 
a morphism 7: Y,, > X, of G-sernifunctors for which 78 = idy. 

{e) (Adjoint property of (B), Ag.) For a given G-semifunctor B: S)(G) > My. 
define the monomorphism p : B> (B), of semifunctors by u,,: Bre B @[H. 1, H } 
(H <G, B © Bz). Then if A is any G-functor A: 5(G) >, and if 8 : B> Ag is 
any morphism of G-semifunctors, there is a unique morphism 0 . (B)-~> A of G- 
functors such that 0 = 16 (id). 


The proof of this proposition is omitted. By taking for B suitable ‘free G-semi- 
functors”. we can make “free G-functors” (B). We leave this as an exercise for the 
reader. 
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We assume the reader is familiar with the definition and elementary properties 
of the (group) complexity of a finite semigroup or of a finite state sequential 
machine. See (1] chapters 6 and 9, or (6], or [7]. 

All semigroups considered are finite unless it is expiicitly stated otherwise. We 
also assume the reader is acquainted with the terminology and results of [1] chap- 
ters 1, 5~9. 

Herein, we derive the strongest lower bounds #(5) (defined below) achieved to 
date for the (group) complexity, #,(5), of the finite semigroup S, #,(S) < # (5). 
in all examples and cases known to the authors #,(S) = 4,(S) and we conjecture 
(with some hope) #{S) = #,.(S) for all finite semigroups S. The conjecture is known 
to be true if S is a union of groups (see chapter 9 of [1]) or more generally if S is 
regular and § ? is combinatorial. Furthermore it is true if S has at most two non- 
zero 9 classes. #,(5) is defined as follows. T is said to be a “7,” semigroup tiff 
T is generated by achainlL, >L,>...>L, of certain of its &-classes. Here as 
usual L, > L, iff SL.5 SIL, EG T) is the subsemigroup of T generated by its 
idempotents. Then #,(S) is, by definition, the largest non-negative integer #r so that 
there exists a chain of subsemigroups 


S27, 2. EG(T,) 2 T, 2 EG(T,) 2 ...2 T,, 2 EG(T,) 


where 7, is a non-combinatoriai “7, semigroup for j = 1, ....n. We then prove 
#(S) S #,(S) for all finite semigroups S. 

On the road to proving this inequality we also prove that all inverse semigroups 
have (group) complexity < 1. We also show that if the irreducible semigroup 


* This research was sponsored in part by the United States Air Force, Office of Scientific 
Research, Grant t.o. AF-AFOSR-68-1477. ‘ 
¢ Alfred P.Sloan Research Fellow. 
tt A variation of type / semigroup introduced in Definition 9.2.4.(i) of [1]. In fact this paper 
is a generalization to arbitrary finite semigroups of 6 = 6, proved in chapter 9 of [1]. 
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U, = {a, by is not a subsemigroup of S (or as we will say S is an “R,” semigroup 
since there is at most one idempotent in any ‘R class), then again #-(S) <1. 

We say that the semigroup S commutes over groups iff for each group G, there 
exists a group G’ and a combinatorial semigroup C’ so that GwS divides C’wG’. We 
also show that “R,” semigroups are exactly the semigroups which commute over 
groups. Thus inverse semigroups commute over groups since they are “R ," semi- 
groups. 

As an application to automata theory we conclude that any cascade combination 
of Abelian machines (machine equals finite state sequential machine) can be per- 
formed by a cascade of a single group machine followed by a single combinatorial 
machine. This follows from the above, since Abelian semigroups are “R ,"" semi- 
groups and “‘R,”’ is closed under wreath products and division. 

Finally, given a collection of machines °( whose semigroups are monoids (i.e. 
have identities) then exactly one of ihe following occur: 

(1) Every cascade combination cf members of 7 has complexity zero, or equiv- 
alently, all the semigroups of members of ff are combinatorial, 

(2) Cascade combirations of members of (4 having arbitrary large c: plexity 
exist; 

(3) Every cascade combination of members of WC has complexity < 1 and some 
member of ° has complexity I, or equivalently, the semigroup of each member of 
“Mis an “R,” semigroup, and at least one is non-combinatorial. 

In particular, if the complexity of cascade combinations of a collection of 
machines is bounded by &, then k is less than or equal to 1. 
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§ 1. Complexity of inverse semigroups 


In the fc!lowing all semigroups are assumed to have finite order. 

We recall that an inverse semigroup S 1s a semigroup for which each element s€ES§ 
has a unique semigroup inverse denoted s~!. That is, s = ss~!s and s7! = s-!ss-!, (See 
{2] chapter ! or [1] chapter 7.) An inverse semigroup is reguiar,each £ class has a 
unique idempotent, each ‘R class has a unique idempotent, and the number of “R 
classes equals the number of £ classes in each 9 class. The reader can refer to [1| 
chapters 5-9 for an exposition of the definition and concepts employed next. 


1.1. Proposition. Let S be an inverse semigroup of order n. Let S,, be the symmetric 
group on v letters, let X, = {1,...,”}, and let U, = (OV. Then 


S ((U, U5) w(X,, S,) 
and therefore C(S) S (2, G). In particular, #:(S) S 1. 


Proof. It is well known(see [2] Theorem 1.20)that S is isomorphic to a subsemi- 
group of the symmetric inverse semigroup on n letters denoted SISp(X,,). SISp(X,,) 
is the set of all partial 1:1 maps on a letters (see either [2] chapter 1 or [1] chapter 
1,Ex. 1.4). 

We define an onto homomorphism ¢ from (U3, U3) w (X,,. 5,,) = F(X, U2) Xy S, 
into SISp(X,,) as follows: Let fE FLX, U2), gES,,. Then Af g) = FE SIS2(X,,) 
where the domain of f is the set (7€ X,, : f() = 7} and 


Ad) = (Og for all iin the domain of f- 


It is easy to verify that y is an onto homomorphism. Thus S| SISp(X,,)1(U>, U2) w 
(X,,,S,,) and C(S) < (2, G). 


The above proposition vindicates the intuition that “inverse semigroups are 
‘nearly’ groups’. 


1.2. Notation. Let G be a group. Denote by “R CW (n, G) the semigroup of nX n 
matrices with entries in G® that are both row monomial and column monomial. That 
is, matrices which have at most one non-zero entry in each row and each column. 
Clearly  @ “WE (a, G) is an inverse semigroup since for [a,,] ER C MW (4.6), 
(a) is the unique semigroup inverse of [a,,] , where 0-! = 0 by convention. 


1.3. Proposition. Let S$ be an RM semigroup (see [1] chapter 8, Definition 2.14) 
whose distinguished ideal / is an inverse semigroup. Then S is an LM semigroup 
with respect to /. Furthermore, S is a subsemigroup of an inverse semigroup, so 
C{S) S (2, G) and #,(5) $1. 
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Proof. / is O-simple and regular, so give J a Rees matrix representationW%°(G;A,B;C) 
where G is a maximal subgroup of J=/ — {0}, the non-zero J class of S in J. Since 
by assumption / is inverse, |A| = |B| and C is the identity matrix. Given this repre- 
sentation of J, we now can represent S faithfully as a semigroup of n X n row 
monomia! matrices over G, where n = |B| (see section 2 of chapter 8 of [1]). We 
will show that each element of S (as a matrix) is also column monomial. 

Let s ES and let R, be the row monomial matrix associated with s. Also, for 
each s € S, tiere exists a column monomial matrix L, over G that describes how s 
acts on / by left multiplication. This representation need not in general be faithful. 

The matrix form of the “linked equation” (see Fact 2.14 and Problem X2.15 of 
chapter 7 of [1] ) says that for each sES 


R,C=CL,. 


Bui C is the 1 X n identity matrix so R, = L, and R, is therefore both row and 
column monomial. Thus the representation s > L, is faithful and S is an LM semi- 
group. 

Thus S has 4 faithful representation as a subsemigroup of the inverse semigroup 
R CW (n, G) and thus C(S) < (2, G) by Proposition 1.1. 


1.4, Rernark. (a) Notice “R CM (n, {1}) = SISp(X,,) and R CM (n, G) satisfies 
the hypothesis of Proposition 1.3 for all 2 and G, by taking / to be all those n X n 
matrices with at most one non-zero entry in the entire matrix. 

(b) Let S satisfy the hypothesis of Proposition 1.3 and further suppose / is a non- 
combinatorial ideal (e.g. R C Uf (n,G), n2 1, G # {1}). Then (1.3) proves that 
S is a GM semigroup and (G, 1) < CS) <(C, 2); thus if § is not a group, we have 
C(S) = (Cv G, 2) or (C, 2). Contrast this with the fact that if S is aGM semigroup 
with respect to the ideal /, and S is not a group but / is a union of groups, then 
C(S) = (G, k) for some k 2 2. (See chapter 9 of [1] .) 


We have shown that #,(inverse semigroups) < 1. We will strengthen this in the 
next section by showing that even semidirect or wreath products of inverse semi- 
groups still have complexity < 1. 
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§ 2. “R,"’ Semigroups 


2.1. Definition and remarks. (a) An “R ,” semigroup is a semigroup in which no two 
distict idempotents are ‘¥ equivalent, i.e. each R class contains at most one idem- 
potent. For example, inverse semigroups are “R ,” semigroups. Also, all Abelian 
semigroups are “R ,” semigroups. 

(b) By U, we denote the semigroup {a, b }’. Clearly, S is an “R ;° semigroup iff 
U; Z S$. But in [1] chapter 5, in the proof of Lemma 3.6, it is shown that U a) 
iff U, |S, and that U,; € IRR. That is to say, if Uy | (X, S5)w (X1,5;) then U,1S, 
or U; | S3. It is then easily concluded that the property “R ,” is closed under 
wreath products and division. 


Consider any regular 9 class J of an “R ,” semigroup S. If J® is given a Rees 
matrix representation, then the structure matrix C of J° can be normalized to zeros 
and 1’s (1 being the identity of the structure group) since each column of C has at 
most one non-zero entry. (See [1] chapter 7.) Furthermore, if we apply the home- 
morphism RM, (and hence GM, and RLM,) to S, the image of J U F(J), i.e. the 
distinguished ideal of RM ,(5S), will be an inverse semigroup. To see this, it is neces- 
sary to recall that RM, (and hence GM, and RLM,) identifies columns of the 
structure matrix of J° that are proportional (on the right). (See [1] 8.2.22.) A 
little reflection will show that the only form (after perhaps permuting rows and 
columns) that a structure matrix for J° can take (since it is an “R,”” semigroup) is 
that shown in fig. 1, so that under RM, the structure matrix must collapse down 
to an identity matrix. 
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Fig. 1. 8 X A structure matrix of J. 


Thus we have proved the following (by Proposition 1.3). 


2.2. Lemma. If an RM semigroup is an “‘R ,”” semigroup, then it is a subsemigroup of 
an inverse semigroup. 


Recall ({1] chapter 6) that if § is a subdirect product of semigroups S$), ..., 5, 
(w.itten S<SS, X ... X S,,) then C(S) = Lub (C(S,): i= 1, ..., 2} and #¢(S) = 
max {#-(5S;): i= 1,...,2}. We refer to this fact ap Axiom I for complexity. 


~ = 
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2.3. Theorem. (a) The class of “R,” semigroups is closed under division, semidirect 
and wreath products. 
(b) Let S be an “R,” semigroup. Then C(S) S$ (2, G). 


Proof. The assertion of (a) was proved in 2.1(b). We now prove (b) by induction on 
|S {. Assume (b) is true for all semigroups whose order is less than n, and let |5| = 

If S is not subdirectly indecomposable, thenS << SS, X ...X S,, where |S; < Sl. 
i= 1,..., 1, so by induction and Axiom I for complexity C(S) < < (2,G). 

Thus we can assume S is subdirectly indecomposable. By Proposition 8.2.12 of 
{1}, S is either aGM, RLM, or LLM semigroup or S has a unique 0-minimal ideal / 
that is null. If S is GM or RLM, then S is an RM semigroup, so by Lemma 2.2, 
C(S)<(2,G 

The proof of the theorem for the remaining cases will be handled by a series of 
lemmas that utilize the machine methods of [1] chapter 5. We will construct the 
machine SJ out of other machines whose semigroups are of known complexity in 
such a way as to prove the theorem. The first lemma shows that it is enough to be 
able to construct 4 machine f that computes as S/ except at zero. More precisely, 
we have 


2.4. Lemma. Let § be a semigroup with a zero, and suppose there exists a machine 
f: 2S —>S such that if S{(a) # 0 for aE TS, then f(a) = Sa). Then 


CIS) SA, QECY). 
Proof. Consider the machine equation 

Sf=(S#Y° KP 2g, (STIX fyear (1) 
where S* jis the set S — {0}, and 


A:S~SXS with A(s) =(s, ) 


and , 
k:(SU {*pxS-os 

with 
k[*,(s;, t1)} = 3) 

and 


K(S,_3 fy) Spe ST FG Sh 
We verify equation (1); for notation, let a, =(s),...,5,), K=1,....m, and let 
ty = f(a,). Consider the sequence a, and suppose k, 1 <k <n, is the smallest 
integer such that S/(a,) = 0. Then Sha) = = f(a,) = t; fori=1,...,k—~1, by assump- 
tion. Thus ¢;_ 18; = 6 = Sf (a;) for i= 2,...,k—1, and therefore equation (Di is correct 
for inputs a), ..., @,_1. Now, since ty _ = Sia, _ 1), we have t,_ Sp = S/(a,_1)5, = 
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Sf(a,) = 0. Then equation (1) gives 0 for input a, and all inputs thereafter tepatd> 


lace af tha wahiac nf fin) 7 >-b Thine amratian f 1 ie wars efiaAd Nias: racine th 
IiVj3 UW LE Vaiules we | J \“ Fs i aa > k. anus equation L% By sO VU ified. iow uSsINE we rela- 


tions between machine equations and wreath products of chapter 5 of [1] we have 


for some combinatorial semigroup C, since (S#¥°, Tre and S” are combinatorial. 
Thus 


c(sy Si, CE) ecg). 


2.5. Remark. Let S be an “R,” RM semigroup with distinguished ideal J =°(G:A,B;C). 
By Proposition 1.3 we can consider S as a semigroup of row monomial matrices (1X1) 
over G®. Define a map ¥ : S+G,,, the group of units of ‘R WC (n, G), (i.e. the ele- 
ments of “RW (n, G) with exactly one entry in each row and column) as follows: 
Take the matrix s and extend it arbitrarily to a matrix of G,,, calling that element 
y(s). That is, enter into each zero row of s a group entry in such a way as to obtain 
an clement of G,,. This can be done since s © S is column monomial by Proposition 
IS. 

Notice that [((G X B) U {0}, S} and [(G X B) U {0},G,] are faithful transfor- 
mation semigroups. 


2.6. Lemma. Given the above situation, let (g, b)€ G X B ands, s,, 5, €S. Then 
(a) If fg, b)s # 0, then (g, b)s = (g, 5) W(s). 
(b) Let (g, b)s,s #0, then (g, b) W(s, 52) = Cg, b) W(s; ) (52) = (g, BY Sy 53. 


Proof. (a) follows from the way ¥ : S>G,, was defined. For (b), if (g, b)s;s) #0, 
then (g, b)s, # 0 so by (a) (g, b)5, = (g, b) Y(s,). Now again by (a), (g, 6) Y(s, 59) = 
(g, b)syS> = (Cg, b) W(sy)] 52 = Cg, b) Wis) VCs). 


We now introduce the righ? ictivator of a J class, a construction by which global 
questions concerning a null % class of a semigroup can sometimes be reduced to the 
study of a regular 9 class. 


2.7. Fact. LetJ be a 9 class of a semigroup S. Let a/) = {sES : JsNJ #O}. Then 
(a) ne ) is a union of 9 classes of S and if J, and J> are 9 classes ct S such that 
© a) and J) SJ, then Jy= Cc oJ). 
(b) Ae has a unique (<) minimal 9 class which is regular. 


Proof. To prove (a), we note ihat the complement of a(J) in S, that is {js ES :JsNJ=0}, 
is an ideal. Thus, the complement, and hence a(J/) are unions of 9 classes. The second 
statement follows easily, since a(J) is the complement of an ideal. 

(b) Let J, bea (S) minimal 9 class of a(/). We show first that for each j € J, there 
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exists sEJ, such that js EJ. Let sEJ;. - Then there exists i €J such that js EJ. If 
i £ j, then there exists x © S such that j = xj’. Now js = xj ‘sEJ so j's E J. Suppose 
j' ® j. Then there exists y € S such that j =/'y, and js = /'ys EJ. Then ys € atJ), 
and so ys EJ, by minimality and i‘(vs) € J. Thus every element of J is “kept up” 
by multiplication by some element of J;. 

Let jE J and s€J, be such that js © J. Then by the above there exists rE J, 
such that jst © J which implies st © J, by minimality. Thus J, is regular. 

Finally, suppose J, and J, are two distinct minimal 9 classes of a(/). Then 
J,J_ VS) =O. Letj EJ and s, EJ, be such that js; € J. Since J, is minimal, 
there exists $y EJ such that js, 52 J, so $)52€ af J), a contradiction. Thus a(/) 
has a unique minimal 9 class that is regular. 


2.8. Definition. The right activator of J, RA(J), is the unique (©) minimal 9 class 
of § contained in a(J/). By Fact 2.7, RAV) is well defined and regular. Of course, 
RA(J) =.’ iff./ is regular. 


2.9. Lemma. Let Jb: a J class of a semigroup § and let J, = RA(J). Then 
(a) For each j € J, there exists an (idempotent) element e EJ, such that j = Je. 
(b) Define the (not necessarily faithful) transformation semigroups (J°, 5) and 
Vy, S) in the usual way. For each j € J, choose an element ej EJ, such that; = fe;. 
Make (J°, S) faithful by applying RM J, '° S. Then for all © J and s ES we have 


j-s = j(e;-RMy, (s)) 
where if ej -RM (5) =(Q Es}: it is understood that ie; RM 1 {) =QE/°, 
Proof. (a) Let ) EJ. Then there exists s€J, such that js € J. Then js ® j, so there 


exists t © S such that (/s)f = j. By minimality of J,, st €J,. Let e = st, or if an 
idempotent is desired, note that 


7 = (st) = (st)? =... = st)" , 


so there exists an integer m such that (st)" is an idempotent belonging to J;. 
(b) If e;RM y, (s) = OE J}, then es ES —afJ), by the minimality of J, in a{J). 
Hence js = ile; s)= 0. If e; RM J, (s) &J,, then Ke;RM y, (s)) = Ke;s) = js. 


2.40. Remark. Let j € J and let e be an idempotent in J, such that j = je. Let R [x] 
denote the “R class containing x. Then for each x ES, (R[x]°, S) is a (not neces- 
sarily faithfu!) transformation semigroup, where the action is defined in the usual 
way. Then 


(Rfe}°, 5)‘ > (RLS, S) 
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where Id : § +> S is the identity map. 6 : R[e]° >> R{[j}° is defined by 6(s) = js 
for s€ R[e] and 6(0) = 0. Furthermore @(x) = 0 iff x = 0. 


Proof. Letx ER{e]. Thenx RR e, so jx R je =/. In other words jx = (x) ER[/]. 
Therefore 0 is well-defined and 6(x) = 0 iff x = 0. To show @ is onto, let j'E R[j]. 
Then there exists s€ §! such that /’ = js, soj' = js = jes and es EJ ; by minimality. 
But es Re, so O(es) = jes = /' and @ is onto. We must verify that for all x € R{e]° 
and for all s © S, O(x)s = O(xs). If x = 0, then xs = 0, so 6(x)s = @(xs) in that case. 
ifx €Rfe] and xs = 0, then xs ES — a(J), i.e. xs annihilates J. Thus 6(x)s = (jx)s = 
j(xs) = 0= €(xs). IfxsE Re], then x E R[e] and (xs) = jsx = (jx) s = O(x)s. 


Part (b) of Lemma 2.9 is a particular application of the above. 

We are now ready to finish the proof of the theorem. The critical idea is that the 
action of § onJ (the miaimal J class in the two remaining cases) can be computed 
by the action of RM yy ) onJ, = RAV), and since S is an “R," semigroup, the _ 
action of RA, , : (S) on J, can be computed (up to zero) by a group, by Lemma 2.6. 
Then we are in position to finish by using Lemma 2.4. 


Proof of Theorem 2.3. The cases that remain are (1) S is an LLM semigroup with 
distinguished ideal / and (2) S has a unique O-minimal null ideal /. (n both cases, 
let J = 7 — {0} be the non-zero J class of § contained in /. Let J, = RAV). 
RM J, (5) is an “R,” RM semigroup, so let Y : RM,(S) > G, a group, be defined as 
in Remark 2.5. Let 6 = ‘RM y, and let 7 : S >> S/I be the natural epimorphism 
associated with /. Finally, for each j EJ let ej € J, be chosen so that je;=j, asin 
Lemma 2.%(b). 

Now define the machine f : 25 > S by 


fens x Gfx Gh nhs x GPx si) ent (2) 
where ¥ = S X G X S// and 
I. h, : SX with h,(s) = (5, 6(s), n(s)). 


2. hy: (XU {#})X ¥>S!x GX G with 


(t,/,g) if #9, 
hy{*.(s,g, O] = 
(s.g, gif t=0 , 


(ta, 1,8) if tf #0 
h(Sy, 81. fy), (Sar 82» t2)) = § (ty S2. 82.82) tft, = Oand t, #0 
(1, I, 23) if tp = Oand t, = 0. 


3. h, :S'X GX GS with 
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S ifx=J 
h3(s,x,g)=\ 0 ifx #/J ands=0 
s(e,x7! g) ifx #/ and s # O(in this case s GJ). 


Now, by induction, C(S8//) < (2, G), so by equation (2) and chapter 5 of [1], 
C5) $2, G). 

But we claim that the machine f has the property that if S/(a) # 0, then f(a) = 
Sf(a). Then by Lemma 2.4 


C(S) SC, C) @C(f) = (2, G). 


While this claim can be proved by induction on the length of a sequence of SS, 
we beli:ve it is more instructive to give a hueristic discussion of why the machine f 
works, leaving the verification of the claim to the reader. 

Let a, =(S),..., 5.) € ZS, k=1,2,.., . Putting a sequence a, into f, we see that as 
long as the product s, --. 5, = = Sh (a,) does not fall into /, the machine S/L will give 
the correct answer. Suppose s, --- s, €/ but s; --- 5, € /. Then the delay machine, 
hy25 x" computss the actual value of S,-- S, in J, and this value is saved forever by 
the machine S’’S. At the same time, the output, g, of the machine G/ is saved by 
the G’’S machine. Since $)-S, =SE/Z the outputs of G/ at time n+ 1 and after 
celcemie what happens to s inder multiplication by s,,,, if ss,,, #0. That is, 
sle- 8” (28,41) = Spay = 51°" Spay if 8) 5,4, #0. From this discussion of f, 
it is not hard to verify that if S/(a) # 0, then f(a) = S/(a) for alla € LS. This 
proves Theorem 2.3. 


We can now state some interesting and important corollaries of Theorem 2.3. 
We first need some definitions. 


2.11. Definition. (a) S commutes over groups, denoted S € © @ iff for all groups 
G, 


GwS|C'wG’ 


for some combinatorial semigroup C and some group G’. 

(b) Let 5 denote a collection, possibly infinite, of finite semigroups. Then 
#G(5) = max {#,(S) : SES} € [0, +o]. We say od is bounded iff #,(S) = 1 < +o. 
W(-§) denotes the wreath product and divisor closure of od. See [1] 5.2.17. 


2.12. Corollary. (a) C @ equals the “R,”’ semigroups. 

(b) Let 5 be a collection of monoids which are not all combinatorial semigroups, 
So #¢(d) # 0. Then the following statements are equivalent. 

(i) #¢(W5)) = 1. 

(ii) #¢(W(5)) is bounded. 


§ 2. "R1" semigroups 89 


fii) SOC. 
(iv) Each member of dis an “R," semigroup. 
(v) U;= {a,b} lis nota subsemigroup of any member of od. 


Proof. (a) Let S be an “R,” semigroup, and consider G w S. Since all groups are 
“R,”, Gw S is also an “R,” semigroup. Thus by Theorem 2.3 C(G w S) S(2,G), 
s0 G w S|C'w G’. Thus each “R,” semigroup commutes over groups. Conversely 
if U, |S then Gw U,|GwS. But by [1] Theorem 6.2.10(a), (GwU,) =(2, ©), 
and thus G w U, never divides C’ w G’. Thus U, |S implies S € @ @. This proves 
(a). 

(b) Let S be a monoid. Then we first notice that {a,b }" = U,1S iff {a,b}"! = 
U;|S. Further U, SS iff US, i= 1, 2,3, by [1], in the proof of 5.3.6. Thus 
(v) «= (iv). By (a) (iii) = (iv). Theorem 2.3 gives us (iv) = (i), and trivially 
(i) + (ii). Thus we must show (ii) + (v). Thus suppose U; |S for some S Eo. Then 
we must show #{'(5)) is unbounded. By assumption there exists for so.ne S,;Ed 
a non-trivial group G such that G|S,. Thus (by chapter 5 of [1]), 
T, 7=Gw U;« Gw U3 w...w G w Uy (length 2n) belongs to W5), and by Theorem 
6,.2.10(b) of (1}, #,(7,,) = 2. Thus #-(W(5)) is unbounded. 


2.13. Remark. (a) The restriction to monoids in the second part of the previous 
corollary was necessary, for there is a collection of semigroups closed under wreath 
products whose #,, is bounded by I that contain non-“R ,” semigroups. For in- 
stance, WG U U,), the wreath product-divisor closure of all groups Q and U, = 

{a, b}’. The semigroup U, = {0 ¥ does not divide any member of W(GU U,) 
because U/, € IRR, and it is easy to see that any semigroup not divisible by U5 is 

a nilpotent extension of a simple semigroup, or equivalently, a semigroup whose 
only regular 9 class is its kernel. These semigroups are easily shown to nave 

#- S1. For a proof, see [3] section 7. 

Thus, we have #,. of WG U U,) bounded by | and #, of WG U U,) bounded 
by I (since every member of W(QU U>) is an “R ,” semigroup), and of course we 
know that #,, of WG VU U3) is unbounded and, in fact, consists of all finite semi- 
groups. We imagine that 4 of W(g U U, U U2) is bounded by I, i.e., we conjecture 
that #,. of the collection of semigroups not divisible by U, (closed under wreath 
products) is bounded by 1. 

(b) Let S be an “R,” semigroup. Then EG(S), the subsemigroup generated by 
the idempotents of S, is combinatorial. 


Proof. By Theorem 2.3 SC’ w G’. Then EG(S)[EG(C'w G’) (using Fact 1.1.12 
of [1]). But since EG(G’) = {1}, EG(C w G') © F(G’, C’), a combinatorial semi- 
group (see Lemma 6.2.7 of [1] ). Thus EG(S) is combinatoriai. 

A direct proof, independent of Theorem 2.3 is also possible. 
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(c) From Lemma 2.2 we have that if S is an “R,” semigroup, then S ++ SGM 
with SGM a subdirect product of subsemigroups of inverse semigroups. Clearly 
SS GM. and by Lemma 1.3 and Axiom I for complexity, #-(SO™) < 1. 

Now if the “Fundamental Lemma of Complexity” were true (see chapter 9 of 
[1] ) it would imply that S 3> T implies #,(S) = #,(7) (see [1] 9.3.4) which 
would then immediately imply (by (1.3) Ae (2.2)) that #.(“R ,” semigroups) S 1. 
Essentially (2.3) amounts to proving the Fundamental Lemma of Complexity for 
“R,” semigroups, which we do with the aid of the right activator. 

Currently Rhodes is writing up and checking a proof of the Fundamental Lemma. 
The proof uses the Zeiger construction of [4], appropriately modified, and the classi- 
fication of epimorphisms given in [5]. 


And in terms of finite automata theory we have 
2.14. Corollary (“Without flip-flops little can be done”). Let M be an arbitrary cas- 
cade composition of machines whose semigroups do not contain {a, b}’ (for a good 
example, say Abelian). Then M can be replaced by a cascade of a group machine fol- 


lowed by a combinatoria! machine. 


Proof. Use the previous results and see chapters 3 and 6 of [1] for details. 
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In this section we show the existence of a function #, from all finite semigroups, 
J, into the non-negative integers, NV, that is a lower bound for #,. That is, #,(S) < 
#,,(S) for all S cS, For every type of semigroup for which we can compute #,. to 
date, we find that #, = #;, so we hope to be able eventually to prove #, = #¢ in 
general. We have already shown that #, = #,(S) for all S which are union of groups. 
See (3.7)(b). 


3.1. Definition, S is a “7” semigroup * iff T is generated by achainL, >L4>... 
> L,, of its £ classes. Here as usual L, > L, iff S'L, DS!'L). 

We observe that Fp(X,,) isa “7,” semigroup since it is generated by its group of 
units together with any idempotent of rank 7 -- 1. 


3.2. Definition. Let § be a finite szmigroup and consider chains of subsemigroups 
of S, (S,, EGGS, ), $2, EG(S4), ..., S,,. EG(S,,)] where S, is a non-combinatorial 
“7, semigroup contained in §, S5 is a non-combinatorial “7,” semigroup con- 
tained in EG(S, ), ..., 5, is a non-combinatorial “7, semigroup contained in 
EG(S,, _,). Let n be the length of such a series. 

Define a function #, :5 + N by #(S) = maximum of the lengths of all such 
chains of subsemigroups of S. 


3.3. Lemma. Let p : S->» T where T is a “7 ,"" semigroup generated by L; >... >L,. 
Then there exists a subsemigroup S’ of S that is “7,” and y(S’) = T. Conversely, if 
S is a “7,” semigroup, then T is a “7,” semigroup. 


Proof. Let S, be a subsemigroup of smallest order subject to the condition A(S,) = T. 
Consider ¢ as the restriction of y to S, from this point on. 

Choose Lj to be an £2 class of S; such that p(L}) = £,; Lj exists by Fact 7.2.1 
of [1]. Now suppose £ classes L}; . L7 of S,; have been chosen such that ! <jSn, 
GL AL, KN, sooo and L) >... > L;. Then consider 2 5, = {Liyy: Liat is an 
£ class of S$), ALj44) S Lys and £7 > Lj. }. We first show that Lis is non- 
empty. 

Let © T be chosen so that tL, L,,, #@. Let ES, such that y(¢’) = ¢. Then 
ae'L;) = at’) AL?) =tL, and tL, OLj,, #9. Thus y- (Lj )N FL; #0. Now 
oe ML ja) is a union of B classes of S, and any £ class of y~ KL jy) that meets 
tL’ belongs to £ ;,,- Thus 2, is non-empty. 

t Li.) be a(S) minimal member of L,,,. Then L7 > L7,, and o(L7,,) S Lisp. 
But SIL*, isa left ideal, so (S}L%.,) = ThAL},;) = T'L;,,, but by minimality of 
Ly, e(SYL%y ~ Ly) OLjay =O. Thus AL3,,)= Ly, 
Thus we can choose L} >... > L so that o(L,) = L,. But then if S> is the sub- 


* A variation of type-/ of chapter 9 of {1}. 
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semigroup generated by L| U...UL® (Sz =(L) U... UL,)), we have 
AS2)= ((LF) YU... UAL) = CL, VU... UL,) = F. Thus by minimality of $,, 5,=5, 
so §, isa “7,” semigroup. Thus take S’= $,. The converse is clear. 


3.4. Lemma. Let S be a combinatorial 7," semigroup. Then S is an “R,” semi- 
group (and hence S commutes over groups.) 


Proof. (An application of the “Principle of Induction for Combinatorial Semigroups”. 
See 5.5 of [1] .) Since S is combinatorial, S | uy" ) for some n= 1. cu!" Ves 
Uyw ... w U3 (n times).) Assume S «- 7 S US"), where T is a “7,” semigroup 
guaranteed by Lemma 3.3. It is sufficient to prove that T is an “R,” semigroup. 
Irductonn. ITE U;, then T= {0} or { oy . the only “7,” semigroups that are 
subsemigroups of U;. Thus is this case 7 is an “R ,” semigroup. 

Assume the lemma is tre for n, that is, if TS uy) then 7 is “R,". Suppose 
TS UY) = UL w Uy & FU, UX?) Xy Uz, and suppose (fg, 7g) and (J. 7) 
are R equivalent idempotents of T. Let p, : F(U3, US”) Xy Us >> U; be the 
projection homomorphism. Then p;(7) G U3 isa “7,” semigroup, so py (fp. 79) = 
P\(fy-04), i-€. 79 = Fy. p(T) can either be one point or can be isomorphic to {0}/, 
ie..p,(T)= (1, a} {a, b}”!, for example. Consider first the case when p,(T) is 
one point, say a. Then every element of T is of the form ( f, a), where fE F(U3, uy). 
So we can consider the homomorphism p : T> F(U;, usr )) defined by ¥(f, a) = 
¥(aKXf) =f. Then y(7) © F(U3, uy" ) is “T," and hence is “R 1” by induction and 
the fact that F(U3, US") = Us? x UY? x US. Now 9f, = Wg. 2) R Wf. @) = 
“f, since y is a homomorphism, and thus "fo * "ft since ¥(T) is “R,". Now 


(fy: 2) = (fy. fy @) = (Ff. 4) = (yf, = Uy a)? = fy. 


i.e., (fo: a) =(f,, 2), so in this case T is “R,”. 

Secondly, consider the case when p(T) = { oy and P(Sg>%o) = Py; r,) =). 
Then each element of T has for a first coordinate either 0 or /. The map y : T> 
FU. uy) ) defined by (fx) = Y(O) fis again a homomorphism. Hence the 
previous argument can be used again, proving that T is “R,”. 

Finally, suppose p,(7) = {0}' and p(fy, 5) =P, Us.) = 1. Again each element 
of T has first coordinate either 0 or /. Let L,,...,L,, bé the & classes of T that 
generate T, and let Ly,..., Ly be the £ classes whose elements have / in the first 
coordinate. Also, let T= {(f, x) €T : x =/}, a subsemigroup. Obviously (but 
critically) 7” = (L,,...,L,> In fact, it is also obvious (but critical) that each 
Lj, i=1,..,kisan L class of T’,so 7’ isa “7,” semigroup. Now p,(T>) is one 
e'2ment, so proceed as in the first case to conclude that 7 and hence S is an “R,” 
semigroup. 


3.5, Lemma. Let S be a non-combinatorial “7,” semigroup. Then 
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(a) CUS) = (n, G) for some n = 1 or CCS) = (2, Cv G) 
(b) #(9) >it #7: [EG(S)} . (3.1) 


Proof. (a) Suppose C(S) = (1, C), 22 2 or (n, CvG), n= 3. Then there exists 
(X>, T) and (X,, C) such that § «- S, © (X5, T) w (X;, C) where C(T) = (n — 1,G), 
Cis a combinatorial semigroup, and S$, isa “7,” semigroup (by Lemma 3.3). 
Furthermore, let py : (Xz, 7) w (X,.C) > C be the projection homomorphism. 
Then we can assume p (5, ) = C, for if not, ie.. if p)(5,) CC, then S,; © (X 4. T) w 
(X,, py(S4)). But p,(S,) = Cis a combinatorial “7,” semigroup, hence an “R,” 
semigroup by the preceding lemma. 

Now there are two cases. Let n > 3. Then write (X>, T} w(¥;, C) as 


(V3, T) w(¥4,G) w (X,,€) 
where C(T’) = (a — 2, C) and (¥,.G) is a transformation group. But since C is “R,”. 
(Y,,G) w (X,, C) is “R,”, and hence has complexity (2,G). Thus C(S) < ( — 2, C)® 
(2, G) = (n — 1, G), 4 contradiction. 
Secondly, if C(S) = (2, C), then 
S| (X>, G) w(X,,C) . 
But by the previous argument, 
C{(X2,G) w (X;. Cy} =(2,G). 
Therefore C(S) < (2, G), a contradiction. Hence (a) is proved. 
(b) Recall that if EG(S) # {0}, C[EG(S)} =(n, ©) for some n > 1. (Use 6.2.7 
of [1].) Let § be a non-combinatorial “7,” semigroup. Assume C{S) = (, G), 2 1 
and C[EG(S)] = (m.C), m = 1. Since 
C{EG(S)] SCS), 
we have m+ 1 <n. In all cases we find that 
#(S) 2 1+ #,[EG(S)] . (3.1) 
if C(S) = (2, Cv G), then C[EG(S)} < (1, C). So again eq. (3.1) holds. 
We are now ready to state and prove the theorem of this section, that 4, (Def. 
3.2) is always a lower bound for #7. 


3.6. Theorem. #(S) < #,(S) for all finite semigroups S. 


Proof. If S is combinatorial, i.e. #,.(S) = 0, then S has no “7,” subsemigroups that 
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are non-combinatorial. Therefore. #,(S) = 0. Let S be non-combinatorial and 
assume #/(S) =n, where 1 > 1. Let the chain of subsemigroups 


[S,. EG(S,)..... EG(S,, 1).S,. EG(S,,)] 


be a chain that achieves #),. Now by Lemma 3.5(b), #,(S,) >1+ 4. (EG(S,)]. 
i=1,...,n, and since §,,, C EG(S,)). 4¢(S;..) S #y [EG(S))] . Then 


#.(S)2 1+ #6(Sig yh, G21 ne dL 


Therefore 


#(S,)2 1+ (82) 2 1+ 1+ #e(S3) 2... 


#(S; 7 (n ~ [+ #(S,,) ‘ 
But #,-(S,,) 2 1, since S,, is non-combinatorial. Hence 


#¢(S) 2 #¢(S,) 2 n = #5). 


3.7. Discussion and remarks. We conjecture that #,(S) = #,(S) for all finite semi- 
groups. Some evidence to date is the following: 
(a) aAF p (X,,)) * Fo (Fp(X,,)) =n 1 


and 
HAF, (X,)) = HF (X,)) =n-1. 


To see this let §,, = Fp(X,,) or F,(X,,). Then S,, is aT,” semigroup since S,, is 
generated by its group of units G, together with any idempotent e,_, of rank n-- 1. 
Further EG(S,,) =(S,, - G,)U {1}, so S,_ ,SEG(S,,). Thus by induction, n — 1 < 
#(5S,,) S #,(S,,). But by Zeiger (see [8] section 5) #-(Fp(X,,)) <n — | and by 
Allen [9], #¢(F,(X,)) Sa — 1. 

For Fr(X,,). that #{Fp(X,,)) = #¢(Fp(X,,)), was first proved in [8] section 5. 

We caution the reader that unlike the semigroup Fp(X,,), #¢(S) and #-(7(S)) 
can differ by arbitrary amounts, even when S is a union of groups as examples of 
Zalcstein and Allen show. See [9] and [11]. 

(b) #(S) = #(S) for all § which are unions of groups. 


Proof. Essentially the proof of (i) of Theorem 9.2.5 of [1] yields (b). Specifically, 

in the proof of Lemma 9.2.29 we can clearly choose y,,, ...,.v; so that yr = y, and 
Vy > > yy. Let G; be the maximal subgroup containing y, and let J; be the 9 class 
6 tabagG) Then 
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Xn a 'n 
Xn} =F Gy Gy 


Pe Paes tas eeeer ewes reseeeeetasiotue 


And T= X,,U...U X,. But 7 is generated by L[y,] =G, >LLy,_1] =J_-1Gy_1 
Jn Wn 2 ehh | Ady G, = ¥,- Thus 7 is a “7,” semigroup, since each 
L|yv,] is left simple (and thus is contained in an L class of T). Now,(b) follows from 
the proof in [1]. 

(c) Using the result mentioned in (2.13)(d) the authors can show that #;(S) = 
#,-(S) if S is regular and S 7 is combinatorial and for other classes of semigroups. 
The details will be presented elsewhere. Tilson’s Thesis [10] contains further resuits 
and techniques for shoving #5) = #-(S). 


Added in proof: For a continuation of this paper see the forthcoming paper “Improved 
Lower Bounds for the Complexity of Finite Semigroups” by the authors, to appear 

in Advances in Mathematics, in which an example S$ is given with #,(S) $ #A{S). 
However, then stronger lower bounds for complexity will be derived in this future 
paper. 
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§ 1. Introduction 


For the purposes of this paper we understand by a closed category the following 
collection of data: 


(i) acategory V; 
(ii) functors®: ¥X K> Vand [,]: V°PK V> Vv; 
(iii) an object / of F; 
(iv) natural isomorphisms 
a*A4p¢: (AB B)@C-AB(BOC), 


b=b,:AQI~A, 


C= Cap: AQBrBOA ? 


(v) natural transformations (in the generalized sense of [1]}) 
d=dyp:A a [B, A ® B) ; 
€=e,4p: [A,B] BAB. 


The axioms to be satisfied by these data are that, for all.4, B, C, D & V, the follow- 
ing diagrams should commute: 
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Cl é 4 
((A ® B)® C)® D ——> (A ® B)® (C® D) —— A B (B® (C@D)) 
a®i Peete 
H 
(A ® (B® C)® D ——____—> 4 © ((B® C)@D) 
C2 : 
(A @®B)@Il-—-—-—> A B (BB) 
. va 
b ra 
“ a 1Q>p 
ASB 
c3 ' : 
A@B B@A 
“my, jc 
i Ss t 
A@®B 
C4 2 
(A @B)@C—— A @(BOC)-—- > (BROBA 
| 
ctl | | a 
¢ + 
(B® A)OC—-> BB (A ®C) ———> BR(C@A) 
a 1Qe 
C5 d 
(2, A] ——— [B, [B, A] ® B] 
a [le] 
[B, A] 
C6 d@1 
AQB—— |B, A@B]@B 
™y 


~\ 


A@B 
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Such a closed category, which we denote by the single letter V, is not essentially 
different from what was cailed in [2] a “symmetric monoidal closed category”. In 
particular we have a natural isomorphism 


nm: VA@B, C)> VA, [B, C]) 
where m(j) is the composite 


(1.1) A ~~~» [B,A@B] —— [B,C] 
d ths 


’ 


and n'{g) is the composite 
(1.2) A®SB-——> [B.C] @B—-C: 
g@ e 


indeed the commutativity of C5 and C6 is exactly the condition that the natur.:! 
transformations 7 and a7! defined by (1.1) and (1.2) should be mutually inverse. 

if we omit | , ],d, and e from the data and C5 and C6 from the axioms, we 
obtain the description of what we shall call a monoidal category. (This was called 
a “symmetric monoidal category” in [2], but we shall consider no other kind.) 
The axioms C1--C4 are exactly (see {9} and [5]) what is needed to ensure that the 
natural isomorphisms a, b, c are coherent in the sense of [9]. Roughly speaking, 
this means that any diagram will commute if (as in the diagrams C1 --C4) each arrow 
is a natural isomorphism manufactured from 1, a, b, c, a7! b-!, co! by taking re- 
peated ©-products. Another example of such a diagram would be 


(1@ A)® B———— 
| 


{ 


c®) | 


(A@N@B———+ A @ B-—-—> (ABB)B! 
b@1 pv! 


1@(A @B) 


C 


hpcem eine me 


Note that coherence asserts equality of natural transformations, and not of morphisms 
in V except insofar as these are components of natural transformations; thus it does 
not assert that c: A@ A>AQ@A and 1: AMA>A®A coincide, these being compo- 
nents of quite different natural transformations c: A® B> B@A and 1:AQ@B-A@B. 
The question naturally arises whether the analogous coherence result holds for a 
closed category: does a diagrarn commute if each arrow is a natural transformation 
manufactured from I, a, b,c, a7!, =}, e!, d, e by the use of ® and | , ]? Evidence 
that something of this kind is true was provided by the partial results in this direc- 
tion due to Epstein {3} (cf. also MacDonald [8]), and by the mass of diagrams proved 
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to be commutative in [2]. Nevertheless the answer to the question as asked is 
negative. Write kK, : A > [[A, /], J] for the natural transformation given by the 
composite 


A-— [[4,1],4@ [A J] ] — 4, 1), (4,1 @ 4] — [AAD 
d {I,c] {1.e] 
then it is easy to see that the diagram 


KAN 
(4.4) ———> [14 


és. 
. 


ay 
™, 
~ 


a mune 


1 os | 
(1.3) {A, J] 


commutes; however the diagram 


(14.0.1, ——— f n 
es | KrA, 1 
i Y 
(1.4) (47.47 


does not commute in general. For if (1.4) commuted as well as (1.3), kj 4, 7) would 
be an isomorphism; but this is not so when V is the category of real vector spaces 
with the usual ® and [ , J, in which case k, is the usual embedding of a vector space 
into its double dual. 

It is the chief purpose of the present paper to show that we do get a coherence 
result of the desired kind provided that we impose a restriction on the functors 
which form the “vertices” of the diagram: in the formation of these functors we 
must never write [7, S] where S (like / in the example above) is a constant functor, 
unless T too is a constant functor. Both of the diagrams (1.3) and (1.4), then, escape 
this modified coherence result, as they stand; but (1.3) can equally well be written 
with 2 variable B in place of J, and then the result applies. Diagram (1.4) ceases to 
make sense, as a diagram of natural transformations, if we replace / by a variable B, 
and in fact as we have seen does not commute in general; but we could replace A in 
(1.4) by the constant /, and then our result apolies and in this special case (1.4) 
commutes. The full statement of our results is given in§ 2 below. 

The method we have used is inspired by the work of Lambek [6, 7] , who deals 
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with a similar problem for a structure closely related to a closed category but differ- 
ing from it in certain essential ways. (In particular, Lambek’s structures lack the 
“symmetry isomorphism” c, and this does seem to make an essential difference.) 
From his work we have learnt the possibility of replacing composition of morphisms 
in a closed category by other processes of combination more adapted tc proofs by 
induction. By his own account, Lambek himself came tc recognize this possibility 
by generalizing the work of Gentzen, whose scheme for eliminating the “cut” in 
certain logical systems (see [4] ) is essentially a special case of the above elimination 
of composition. An essential step in our §6 below, the proof that what we there 
call “constructible morphisms” are closed under composition, does not yield to a 
direct inductive argument — one must go round about and prove instead our Propo- 
sition 6.4; and this trick too we learnt from Lambek’s work. These essential insights 
leave us heavily in Lambek’s debt. For the rest, however, our results differ consider- 
ably from those of Lambek, being expressed in the context of the generalized natural 
transformations introduced in [1], with which the reader is supposed to be familiar. 
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For a particular closed category V, the functors 7, S: VX VP xX V > V, given 
by T(A, B.C) = A® [B, C] and S(A, B, C) = [[A, 8]. C], might fortuitously coin- 
cide; they do so, in fact, if V is the category with one object and one morphism 
(and also in less trival cases). Since for our inductive arguments it is essential that 
each such functor be assigned a rank, and since the above two functors are to have 
different ranks, it is clear that rank should be an attribute not of the functor as such 
but of its formal expression. We proceed to introduce these formal expressions 
under the name of shapes. 

We define shapes, without reference to any particular closed category, by the 
following inductive rules: 

S! / is a shape. 

S2 1 is a shape. 

$3 If T and S are shapes there is a shape 7@ 5. 

S4 If T and S are shapes there is a shape [7, S]. 

Shapes, therefore, are formal expressions involving /, 1,@, and [ , |, with paren- 
theses where necessary; for instance {1,/] ® [1,(1 @ /)® 1] is a shape. 

We define a variable-set to be a totally-ordered finite set Y, provided with a 
function called variance from X to the two-element set {covariant, contravariant}. 
Define the ordinal sum X + Y of two variable-sets ¥ and Y to be the disjoint union 
X + Y of X and Y, so ordered that X and Y retain their orders and that every x € X 
precedes every y € Y, and with the variance of t © X + Y being its variance in X or 
in Y as the case may be. Define the twisted sum X ¥ Y to be the same totally- 
ordered set as XY + Y, but with the variance of r © X ¥ Y being its variance in Y 
when f & Y and the opposite of its variance in X when t € X. 

With each shape 7 is associated a variable-set (7) called the set of variables of 
T. This is defined inductively by the rules: 

V1 u(/) is the empty set. 

V2 u(1) is a chosen one-element set {#}, with * covariant. 

V3 u(T® S) = of T) + v(S). | 

V4 ss WT, S]) = oT) ¥ uf). 

In many confexts it is convenient to suppose that v(7), if it has n elements, is 
actually the set {1, 2, ..., 2}. We can accomplish this under the above conventions 
if we take {*} to be {1}, and if we agree that the disjoint union of {1,...,} and 
{1,...,mt) is {1,...,2+m)} with the given sets embedded as the complementary 
sets {],....m} and {n+1,...,1 +m} . We also, however, want to speak of W(7) and 
u(S) as being disjoint complementary subsets of v(7) + u(S); the reader will recognize 
that we are then speaking of the images of v(T) and u(S) in u(T) + v(S). 

if T and S are shapes we define a graph £: TS to be a fixed-point-free involu- 
tion on the disjoint union u(7) + u(S), with the property that mates under ¢ have 
opposite variances in the twisted sum u(T) + u(S). Given graphs £: T > S and 
n: SR, we define a composite graph nt: T > R as follows: different elements 
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x, y € oT) + (R) are mates under né if and only if there is a sequence x = fp, ¢). -.., 
t, = y, with each tf, € u(7) + u(S) + u(R), such that, for each i, f;_ ; and f; are mates 
either under & or under 7. Then né is indeed a graph, and this law of composition 

is associative. Moreover for each shape 7 there is an evident identity graph 1: T > T, 
so that shapes and graphs form a category G. 

Two graphs £: T > §,n: SR are said to be compatibie if there is no sequence 
ty, 1), -. 19, (F 2 1) of elements of u(S) such that 7,_, and f4, are mates under ~ 
for 1 Sir, t5; and ty;,) are mates under n for 1] <i<r—1, and 2, and ¢, are 
mates under 7. 

The definitions of composition of graphs and of compatibility of graphs become 
more perspicuous if we consider a graph &: T > S to be a graph in the literal sense, 
with the disjoint union v{7) + u(S) as its vertex-set, and with one edge (or linkage) 
joining each pair of mates under £. The linkages in the graph nf are then what we 
get by following alternately the linkages of = and of n, ignoring any closed loops 
that may arise; and £ and 1 are compatible when in fact no closed loops do arise. 
All this is treated in detail in [1}. 

Ift: T+T' and n: SS" are graphs, we can define a graph £® n: T@S > 
T'@S' by taking the linkages in v(7) + u(5S) + u(T’) + v(S’) to be those of £ to- 
gether with those of n. Similarly we can define a graph [£, n]: [7’.S] > [7. S’]. 

It is easy to verify that ® and [| , } are thereby made into functors G X G > G and 
G°?X G >G respectively. 
For any shapes 7, 5, R there are evident graphs 


a: (T@S)\@R-+T@(S@R), 
8: T@Il-T, 

7: T@S~>S®T, 

6: T>[S,T@S] , 

e: (7.S}@T>8, 


it is easy to verify that these are natural transformations (natural isomorphisms in 
the case of a, 8, y), and that G@ becomes a closed category if we take these as its 
a, b, c, d, e. 
Now let 7 be any closed category. For each shape T, with u(7) = {4), .... i} 
say (as an ordered set), we define a functor [7|:. Vi, X Vi, X ... x Vi, > V, where 
¥;, is V or V°P according as i, is covariant or contravariant in u(7). (If (7) is 
empty then n = 0 and we understand V; X ... X ¥;,, to mean the unit category / 
with one object and one morphism.) The inductive definition of | T| is the following: 


Fi | 7 | is the constant functor /: [> V.. 
F2 | 1] is the identity functor 1: V>V. 
F3 | 7@ S| is the composite functor 


Vj,X..X Wi X Vj XX Vi. ———+ VX V-—> F,, 
i een im inxis| ® 
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where (7) = { i), .... #, } and u(S) = (J1, --->F yy t- 
F4 \{7. S]| is the composite functor 


OF dc oP wX Veo VP XV E, 
Ei BOE, Ey Sat ITPPXIS| : (1 
where u(7) and u(S) are as in F3. 
Let T and S be shapes, with o(7) = {i;,..., i, } and u(S) = {7,, ..-.J,,}- Then, as 
in [1] ,a natural transformation f: | T\ > \S\ consists of a graph £: T ~ S, called 
the graph Vf of f, and morphisms 


flAj,. Soe Ai,» Aj, ihe Aj,): IT(Aj,. wae Aj,,) a SIA; : Aj) 


of V, called the components of f, here A, = A, whenever x and v are mates under 

£, and for each such pair of mates there is a naturality condition to be satisfied by 
these components. (In practice one suppresses, in writing the components of J, one 
of each pair of equal arguments in f(A;,...., Ai,» Aj,+ +» Aj), and one often writes 
the remaining arguments as subscripts. Thus one writes €4: [A,B] @ A > B or 

e( A,B), and not e(A, B, A, B).) If. g: |S{>1R| is another natural transformation, 
of graph n: S > R, and if n and & are compatible, we can define as in [1] a compo- 
site natural transformation gf: |7| > |R| of graph nt: T+ R; the component 


(sfKAj,. vir Ags Ak yy oo Ax,): ITI(A;,, .y Aj, ) IR (Ak... Ax,)) 
of gf is the composite of the componerts 


f(Ai,. ics Ai, Aj, ecu Aj,,) 


and 
BtA;, ‘ Aj Ak, Joey Ax,) ;. 


where A, =A, if x and y are either mates under & or mates under 7. In fact we can 
in the present circumstances define the composite gf, of graph né, even when 7 and 
£ are not compatible, for we have here a recourse not available in the more general 
situation of [1]: we define the components of gf just as above, setting Aj, = / for 
any j, © u(S) which occurs in one of the closed loops. That the composite so formed 
is still natural is clear, as we have merely modified f and g by specializing some of 
the arguments before composing them as in [1]. This law of composition is asso- 
ciative, and there is an evident identity natural transformation |: {7 {—> | 7| o1 graph 
1: TT. 

We can define, therefore, a new category N(V) depending upon V. The objects 
of N(¥), like those of G, are to be all the shapes; a morphism f: T > S in N(V) is 
to be a natural transformation f: |7| > |S}, which we shall often call “‘a natural 
transformation f: T + S”; and composition in V(V) is to be the above composition 
of natural transformations. We can call (V) “the category of shapes and natural 
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transformations for /’; and we shall often abbreviate V() to N when V is clear 
from the context. There is an evident functor [: NW > @ which is the identity on 
objects and which takes each natural transformation f to its graph If. 

From natural transformations f: TT’ and g: S > S’ of graphs & and 7 we get 
a natural transformation f® g: T@S > T'® S' of graph & ® n by taking the compo- 
nents of f® g to be the ®-products of the components of f and those of g. Similarly 
we get a natural transformation [f, g]: [7'.S] > [T, S'] of graph [&.n] . It is easy 
to verify that @ and [| , } are thereby made into functors N X N ~ N and N°P X N > 
N: clearly !: 4 > G commutes with ® and [, ]. 

For any shapes 7, 5S, R we get a natural transformation a7cp : (T® S)@R > 
T® (S @ R) of graph arog : (T@S)® R + T@ (S @ R) by taking the component 


arsplAj,. ho, Ai, Aj. ner Aj, Ax, ar Ax,) 
Of dzyp to be the component 
Q(T | (Aj, 1 Aig)  LSMAZ + Ag)  WRVAK,. Ag) 


of a. Then it follows easily that the morphism aycp of N is the (7, S, R)-compo- 
nent of a natural isomorphism between the functors (-®—)@— and ~@(--®—) of 
NX NXN into N. This natural isomorphism we again call a, and we often write a. 
(T @S)@R > TO(S@R), abbreviating as usual azsgp toa In the same way we 
define natural isomorphisms b: T@1-~> T, c: T@S >S@T and natural transfor- 
mations d: T + [S, T@ 5S], e: [T, S} ® T ~S, of respective graphs 8, y, 5, €: and 
we verify that a, b, c, d, e give to.N the structure of a closed category. 

We now have closed categories N = V(V) and G, and a functor [: N > G which 
is the identity on objects, which commutes with ® and [ , ], and which sends g, 5, 
c, d, e toa, 8, 7,6, €. In order to mak@igjatements that will embrace at once the 
closed categories NV and G, we shall suppose, throughout this paper, that H is some 
closed category with the same objects as G, and that f°: H > G is a functor which 
is the identity on objects, which commutes with ® and [ , ], and which sends 
a, b, c, d, e toa, B, y, 5, e. The cases of interest are that where H = V(V) and I is as 
above, and that where H = G and f= 1. 

Given any such H, we define a subcategory of H, whose objects are all shapes, 
and whose morphisms shall be called the allowable morphisms of H. These are to be 
the smaflest class of morphisms of H satisfying the following five conditions (in 
which 7, S, R, ... denote arbitrary shapes): 

AMI. For any 7, S, R each of the following morphisms is in the class: 

1:T?T 
a:(T@S@R=T@(S@R), 
a!: T@(S@R)-(TOHOWR, 
b: T@I-T, 
b!:T+T@/, 
ce: T@S+SOT. 
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AM2. For any 7, S each of the following morphisms is in the class: 
d. T>[(S,T@S], 
e: (7, 8S] @TS. 


AM3. If f: TT" andg: SS" are in the class so isf@ g: TOS +>T'@S. 
AM4. If f: 7+ 7" and g: SS" are in the class so is [f, g]: (7'. S] ~ [7.S']. 
AMS. If f: 7>S andg: SR are in the class so is gf: T>R. 


The aliowable morphisms of G are called the allowable graphs, and those of 
M(V) are called the allowable natural transformations (for V). It is evident that the 
functor I: V > G takes allowable natural transformations to allowable graphs, since 
those natural transformations f€ N for which [fis allowable clearly satisfy 
AM1~—AMS. 

The first two of our principal results dea! with the case Hf = G@, and are: 


Theorem 2.1. There is an algorithm for deciding whether a graph §: T > S is 
allowable. 


Theorem 2.2. /f the graphs §: T>S, 1: S >R are allowable, they are compatible. 
The proofs will be given in §7 and in §6 respectively. 


Since we shall be interested only in allowable natural transformations, we see 
from Theorem 2.2 that there was no real need to introduce the composition of in- 
compatible ones; it was merely a convenience so that N could be described as a 
category. Our third principal result is: 


Theorem 2.3. Let V be any closed category. If t: T - S is an allowable graph, there 
is in N(V) at least one allowable natural transformation f. T > S of graph . 


Proof. Those allowable graphs & which are images under I of allowable natural 
transformations satisfy AM1—AMS5, and therefore constitute the totality of allow- 
able graphs. 

For our final main result we pick out a subset of the shapes called the proper 
shapes. Call a shape 7 constant if its set of variables u(7) is empty. Then the proper 
shapes are defined inductively by: 


PS! J is a proper shape. 

PS2 1 is a proper shape. 

PS3 If 7 and S are proper shapes so is T@ S. 

PS4 If T and S are proper shapes so is [7, S}], unless S is constant and T 


is not constant. 
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Our final principal result then is: 

Theorem 2.4. Let V be any closed category, and let f, f': T > S be two allowable 

natural transformations in N(V) with the same graph & = Tf= Uf". Then, provided 


that the shapes T and S are proper, we have f = f.. 


The proof will be given in §7. 
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§3. The monoidal case 


We are going to build on the known coherence theorem for the monoidal case, 
proved in [9] and simplified a little in [5]. The purpose of this section is to re-state 
. this result in terms entirely analogous to those used in §2 above, so that it is easily 
available for our use. 

We have seen that we get the description of a monoidal category from that of a 
closed category by omitting the data { , },d, e and the axioms C5 and C6. All the 
concepts introduced in § 2 have analogues in the monoidal case, as follows. 

The shapes we need here are those defined by the inductive rules S1, $2, S3 of 
§ 2, omitting S4; we call these the integral shapes (for it is reasonable to think of @ 
as a kind of multiplication, and of { , ] as a kind of division). For integral T the 
rules V1, V2, V3 suffice to describe the set of variables u(7); clearly each element 
of u(7) is covariant. Because of this, a pair of mates under a graph £: T > S , where 
T and S are integral, consists of an element of u(7) and an element of u(S); thus we 
may identify the graph & with the corresponding bijection of (7) onto v(S). It is 
_ especially for integral T (where there are no complications of variance) that it is 
' convenient tc identify u(7), when it has n elernents, with the ordered set {1, 2, ..., 
n}; and we shall do so freely. The integral shapes and the graphs connecting them 
form a full subcategory Gp of G; we can look upon @ as a functor Gp @ Gp > Go, 
and the graphs a: (T@S)®R>T@O(S@R), 8: T@I>T, ¥: T@S+SOT 
turn Gy into a monoidal category. 

If V is any monoidal category, each integral shape 7 determines a functor 
[T1: VX ...X V> V by the rules F1, F2, F3 of §2. Since we can again speak of a 
natural transformation f: |7'|— |S| of graph £: TS, we have a category NV,(V), 
whose objects are the integral shapes and whose morphisms f: T > S are the natural 
transformations f: |7| > |S| of arbitrary graph. Like the category V(V) of §2, 
No(V) becomes a monoidal category with the obvious definitions of f® g and of 
a, b, c, and there is a functor [: Np(V) > Go which is the identity on objects and 
which sends each natural transformation to its graph. The functor ! commutes with 
® and sends a, b, c, to a, B, ¥. 

In this monoidal case we shall need to compare the Np({V)'s for different mono- 
idal categories V. If ¥ and Y’ are monoidal categories, a strict monoidal functor 
4: VV’ shall mean a functor that commutes with ® and for which Aa = 47’, 

Ab = b', and Ac = c’ (where, for example, this last asseftion means that Ac, p = 
Ca, ag): In particular, ©: No(V) > Go is a strict monoidal functor. It is easily seen 
that a strict mon@idal functor A: V > V’ induces a strict monoidal functor 

No(A) : No(¥) > No(V¥’), which is the identity on objects and which sends the 
natural transformation f: T+ S to the natural transformation whose components 
are the images under A of those of f. It is further clear that the composite of 

Pr’: No(V') > Go with No(d) is TP: No(Y) > Go. 

For any monoidal category V we define the central morphisms of V to be the 
smallest class of morphisms of V satisfying the conditions AM1, AM3, and AMS of 
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§2, where 7, S, R, ... now denote arbitrary objects of V; since the isomorphisms of 
V satisfy AM1, AM3 and AMS, every central morphism is an isomorphism. These 
central morphisms constitute a subcategory Cent V of V with the same objects as V; 
clearly Cent V is itself a monoidal category, and the inclusion Cent V > V isa strict 
monoidal functor. It is clear that any strict monoidal functor A: V > V’ carries 
central morphisms of V into central morphisms of V’. 

The analogue of Theorem 2.2 for the monoidal case is trivially true, for any 
graphs £: T > S andy: S > R are clearly compatible when 7, S and R are integral. 
The analogues of Theorems 2.1, 2.3 and 2.4 are contained in the following result, 
which expresses essentially what was proved in [9]: 


Theorem 3.1. Let V be any monoidal category. If T and S are integral shapes, then 
any graph §. T > § is central in Gp, and there is in Cent No( V) one and only one 
natural transformation f: T > S of graph &. 


In other words we have Cent Vg( > = Cent Go = Go. We shall write [Elp: T> S 
for the unique morphism of Cent No(V) with FI Ely = = £. it is im.nediate that 
Inély = Inly ily, and thai |&@ nlp = Ely. . ® |n|y-; and further that lal) =a, 
Bly = 6, lvly -=¢. Moreover if A: V -> V' is a strict monoidal functor, it is clear 
that Vo(4) ae [Ely to Lely. 
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§ 4. Central morphisms in NV(V) and in G 


This section will use Theorem 3.1 to handle, for a closed category V’, that part 
of the coherence problem involving only a, 6 and c. In other words, we shall deal 
here with the central morphisms of N(V). These, like the composite 


(T®@ [S, RJ) @/-—> T@([S, R] @H—- TS {S,R], 
a 1@pd 


involve in general non-integral shapes. We bring them within the ambit of Theorem 
3.1 by showing that the central morphisms of N(V) and of @ admit an alternative 
description: they arise from the morphisms of Gp by the substitution of “@-irre- 
ducible” or “prime” shapes for the variables. 

We suppose then that V is a closed category, and as in §2 we use H to denote 
either A(V) or G, with ’: H > G sending f to its graph in the first case and being 
the identity in the second case. Since H, being a closed category, is a monoidal 
category, we can speak as in §3 of the central morphisms of H; it is immediate 
from the definition of these that they are a subset of the allowable morphisms of 
H. Since T': N(V) > G is a strict monoidal functor, it takes a central morphism of 
N(V) (which we shall call a central natural transformation) to a central morphism 
of G (which we shall call a central graph). As V will be fixed, we shall abbreviate 
N(V) toN. 

If P is any integral shape we have as in §3, since H is a monoidal category, a 
functor |P|: HX ... X H +H. Thus for arbitrary shapes X,, ..., X,, (where 7 is 
the number of elements of u(P)) we get a shape |P|(X,, ..., ¥,,), and for arbitrary 
morphisms f;: X; > X; in H we get a morphism |Pi(f). .... f,,): [PUCX), -.. X,) > 
[PI(X},.... X,,) in. It is evident that |P|(X}, .... X,,) is the same shape whether 
we take Hf to be N or G, and that P(|PI(/,, .... f,)) = PIS), «- iy ,.): 

Now let P, Q be integral shapes. A graph £: P> Q may be identified with a bi- 
jection of u(P) onto u(Q) and hence, if u(P) and v(Q) have n elements, with a per- 
mutation = of {1, ..., n}. As in §3 we have a unique [| ly: PQ in Cent No(A) 
of graph &. We can write its typical component as 


4B) EN Hy oe Kg) APU Kgs ones Xe) 7 1OUX os Xp) 3 


it is a morphism of H. 


Proposition 4.1. For any graph §: P > Q between integral shapes P, Q and for any 
Shapes X,,..., X,, the morphism (4:1) of H is central. 


Proof. Consider the family of all those graphs £ in Go for which (4.1) is indeed 
central in H for all X,, ..., X n> it suffices to show that this family satisfies AMI. 
AM3 and AM5, for then it contains Cent Gg which, by Theorem 3.1, is all of Go. 
Now this family satisfies AMI because lock yy =a, etc.; it satisfies AM3 because _ 
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the components of |£ ® nl 7 = 1E|z7 @ (nly are the tensor products of the compo- 
nents of ||, and those of | 7|,,; and it satisfies AMS because the components of 
InEly = In lE tay are the composites of certain components of |7|,, and of |E1j,. 

Since, as we saw in §3, No(I) takes || nto lElg. it follows from the definition 
in §3 of No(P) that 


(4.2) POEL VX os XD) = EG (Xp eX - 


It is easy to calculate lEIG(Xy,-.. X,) First, it is clear by induction that the 
variable-set u( {PI(X}, .... x )) is su(X,) +..+ u(X,,). 


Proposition 4.2. The graph 

LEN G(X ye ee My) APU K ep, os Meg) @IQIK,  Xy) 
is the involution on the -et | 

u(X, yt .. + U Ay) + X,) t ... + X,,) 
corresponding to the evident bijection induced by & of 

X,,) +... +U(X,,) with uX))+... X,,)- 


Proof. Again it suffices to show that the family of those — in Gp for which this is 
true satisfies AM1, AM3, and AMS; the verifications are immediate. 

We now proceed to show that all the central morphisms of H are obtainable in 
the form (4.1). Define the prime shapes to be the shape | and all shapes of the 
form [7, S]. It follows easily from the inductive definition of shapes that any shape 
T can be expressed uniquely in the form T = |Pi(X,...., X,,) where P is an integral 
shape and X,, ..., X,, are prime shapes. We call this the prime factorization of T, 
and call X,, .... X,, the list of prime factors of T. Note that may be 0, so that this 
list may be empty; namely when T is a constant integral shape. In general, if T is an 
integral shape, its prime factorization is T=|71(1, 1, ..., 1). Observe that if the 
prime factorizations of T and S are T = ik (X,, .... X,) and S={Q@i(¥, .-.. Yan) 
then that of T@ S is |P@Q/(X,,.....X,. Vy. Yon ). 


Proposition 4.3. Let f: T > S be a central morphism of H, and let the prime factori- 

zations of T and of S be T = (|P\(X,,.... X,) and S =|Q\(Y,, .... Yj). Then m =n, 

and there is a permutation & of {1, ....n}such that X, = Y,; for each i and such that 
fF Ely), ere fe PUY gps es Yen) >IQi(Y,,... ¥,)- 


Proof. Consider the family of all those morphisms of H that are of the form 
I pp(Zy, or Sp): WZ ps Zp p) > IK UZ), ... Z,) 
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for integral shapes J, K and prime shapes Z,. It suffices to show that this family 
satisfies AM1, AM3 and AMS, and therefore contains all central morphisms of H. 
When we advert to the relation between the prime factorization of T® S and those 
of T and of S, the verifications are immediate from the facts that | a| y= 4, ete., 
[7 ol py = bealpy © iSpy, and nly > Slay irl 

Since a shape T is integral exactly when its prime factors are all 1, and is constant 
exactly when its prime factors are all constant, we have 


Corollary 4.4. If f: T > S is a central morphism in H and if either one of T, S is inte- 
gral (resp. constant}, so is the other. 


In view of Proposition 4.2 we also have 


Corollary 4.5. If 6: TS is a central graph, each pair of mates under consists of 
an element of v(T) and an element of u(S). 


Returning to Proposition 4.3, we may observe that the permutation & therein is 
not in general unicuely determined by f. For instance if T and S are both [{/, /] ® 
[/,/], so that P= Q=1@1 and ¥, = Y, = X,=Y, = {/,/], then it will follow from 
Proposition 4.8 below that [£1,,(Y,, Y>) is 1: TS for both permutations ¢ of 
{1,2}. However: : 


Proposition 4.6. If in Proposition 4.3 permutations & and ¢' both satisfy the stated 
conditions, we have ' = \£ where d is a permutation of (1, ...,n} for which M#i 
implies that Y; and Y, ; are equal constant shapes. 


Proof. Since X,-1 ; = Y; and also X,-1, = Y,4.-1; = Y,; we have Y; = Y, ;. Since 
ElA(Y. Y= EMrneee vs Y,) we have by (4.2) that [EiC(¥)...., Y,)= 
[g" ig(Y..... Y,,), aad we conclude from Proposition 4.2 that £7 = &/ unless 

u( Y, ) is empty, that is, \/ = unless Y; is constant. 


For the desired main result of this section, we need to show that the permuta- 
tions d of the type described in Proposition 4.6 are exactly those for which 
lAly(1), --. Y,,) = 1. First we prove: 


Lemma 4.7. [f T is @ constant shape there is an isomorphism ky: T +1 in H which, 
together with its inverse, is allowable. 


Proof. From the natural isomorphism 


H(A, 1) 


H eran I 
H(b, 1) Ber) fr H(A, (1,1) 


we deduce, by the Yoneda Lemma, the existence of an isomorphism h: (L,/] +1 
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Using (1.1) and (1.2) we find that A and h-! are the respective composites 
Ll il ae [—> [L, 181) —— [19 , 
[ 1 nad f [ ] ray (14) 


so that both are allowable. We now define 7 inductively for constant shapes T by 
setting k, = 1, by taking Kyp@zs to be the composite 


oe 
kyr@k 


Te ks 
and by taking &) 7 5) to be the composite 


(7, S] 


rad rea 
[k5}, ks! 


Proposition 4.8. Let Q be an integral shape, Let Y,, ..., Y,, be prime shapes, and let 
d be a permutation of {1,....n} for which M+ i implies that Y; and Y, ; are equal 
constant shapes. Then (ip (Vy, Yn) = VOU ans + Yan) 7 QUO p - Ynd 


Proof. We can express A as a product of transpositions; since |up|y, = [ly lvl yy we 
may suppose that ) is such a transposition. Replacing A by a suitable conjugate 
udu! we may suppose that ) is the transposition interchanging | and 2 and leaving 
fixed 3, ...,n, while Y, = Y4 are equal constant shapes. In Go, Q is isomorphic to 

(1 @ 1)@R for some integral R, and since {yp @ 314, = july @ | we may suppose that 
Q is in fact the shape 1 @ 1. But then JA},, =¢, and it remains to prove that ¢cyy = 1: 
Y@Y~>YQY if Y isa constant shape. Using the isomorphism ky of Lemma 4.7 
we have by the naturality of c a commutative diagram 


¢ 


YY 
Ol TQ F 


ky @ry | | ky @ky 
{oi > 1 07/ 
CHT 


since c,,= 1 by Theorem 3.1, it follows that cyy = 1. 


Theorem 4.9. Let V be a closed category. Then each central graph 9: T + S in G is 
If for a unique central natural transformation f:T > S in N(V). 


Proof. Let T = |P|(X,,....X,,), 5=(Q\(Vj;,.... Y,,,) be the prime factorizations. 
Applying Proposition 4.3 with H =G, we conclude that m = n, and that for some 
permutation £ we have X; = Y,,; and ¢= |£ic(Y}..... Y,,)- Setting f= 1&1 w(Y}, --- 
Y,,), Which is central by Proposition 4.1, we see by (4. 2) that f= 9¢, thus proving 
the existence of f. 
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To prove the uniqueness of f, let f' : T +S be another central natural transfor- 
mation with Pf‘ = ¢. Applying Proposition 4.3 with H = N, we conclude that 
fi=le IW, ... Y,,) for some permutation &' with X; = Y,.;. Now (4.2) gives | 
@=Pf = lk'| 6 , +» Y,,); and Proposition 4.6 with H= =G shows that A = ¢'¢7! 
has the soperics described therein. We conclude from Proposition 4.8 with H = NV 
that [Al y(V1, .... Y,) = 1. Thus, since |AEly = 1Aly lly, we have Ely (Vy. 
YF lély(Y, er /Y,)s orf =f. 


We conclude this section with two useful propositions that could in fact have 
been proved immediately after Proposition 4.3. In the situation of that proposition, 
we may call & the association of the prime factors of T and of S, and then call Y, F 
the prime factor of S associated, via f, with the prime factor X; of T. This language 
is a little imprecise. because of the non-uniqueness of £; we sometimes have a choice 
of association. The statements of the results below allow for this choice. 


Proposition 4.10. Let f. A@ B > C® D bea central morphism of H. For some 
choice of association, let each prime factor of A, considered as ¢ prime factor of 
A®B, be associated via f with a prime factor of C. Then there are a shape E and 
central morphisms g: A @ E > C and h: B ~ E® D such that f is the composite 


A@®B-—~A®(E® D)-—-—> (A BF) ——- > COD. 
1Dh a”! 2g®l 


Proof. Let the prime faciorizations be A = [P|(X), .... X,,), B=IQUYy..-. Vy) 
C=IRI(Z,,....2;),D = 1S1(V), .... Vy). We must have n +m =1+k, and the 
hypothesis of the proposition means that f= | &| H(Z).. proves Sp Vy... Vy) for some 
permutation £ of {1, ..., nt} that maps the subset (1, ....2} into rhe subset 
(1, ....2}. Let jy, ....4)_, be those elements of {1, ...,/}, in ascending order, that 
are not in the image under £ of {1,...,2}. Set F= (Z; a4, )@...OZj,_ ,. any way 
of inserting parentheses will do. Let p be the permutation of {1,..., 2} given by 
pi=kifori<n, p(nti)=j; fori <l-- n. Let p be the permutation of {1,..., 4 +m} 
which is equal to p on {1, ...,/} and which is the identity on {/+1,....2 +m}. Let 
G be the permutation p~'£ of {1, ...,2+m)}; clearly @ is the identity on {1, ..., 1}. 
Let o be the permutation of {1, ..., #1} given by of = 6(n +4) —n. Define g as 
Lely (2)... |, Z)) and has lol y(Zj, rere Zip Vy ee Vy). Then 1@A= lal (Xy, 
Kae Zp yon Zig Vase V;,): al =lol| Xp Xy Z,, 24 Vy. a 
y, y=il IyiX10 x V,);andg@ 1 = = [Diy (Zr o Zp Vys ens Vp): It follows that 
ae (1@A)= pol, (Z,, ..-. 2; Zz, 4... Vad EL (21, V,)=f, as te- 


Proposition 4.11. Lez f: | P, Q] ® B + [R, S|] @ D be a central morphism of H, and 
for some choice of association let the prime factor [P,Q] of |P,Q] ® B be asso- 
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ciated via f with the prime factor [R, S| of [R,S] @ D. Then P=R, Q =S, and there 
isa central morphism k: B > D such that f= 18k: [P.Q|@B- [P,Q] @D. 


Proof. Since associated prime factors must be equal, we have P=R and Q=S. We 
apply Proposition 4.10 with A = [P,Q] and C= [R, S]; in this case E=/, and g is 
clearly b: [P,Q] ®/ > [P, Q]. Writing & for the composite 


i a a ia 


At c 


it follows from Theorem 3.1 that f= 1@ k. 
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§5. Processes of construction 


In the next section we shall show that the allowable natural transformations and 
the allowable graphs can be classified by a numerical rank, and that those of higher 
rank can be built up from those of lower rank, modulo central ones, by the use of 
three simple processes now to be described. 

We consider a closed category H, which will in our ‘aiplicwtioné be either G or 
N(YV). The first process of construction is the formation of the tensor product 
S®eg:A@B-+C@D of two given morphisms f: A > C and g: B > D. Observe that 


(5.1) hf @ kg =(h®k)(f@ g) 


whenever Af and gk are defined. The second process of construction is the formation 
of the morphism 7(f): A > [B, C] as in §1 from a given morphism f: A @ B > C. 
Since 7 is natural we have commutativity in 


ey 
Me, 


NR BD 
ne, 


= 


n(f) 
where f(g ® 1) is the obvious composite A'® B ~ A @ B ~ C. The third process of 
construction begins with morphisms f: A > B and g: C® D > E and produces the 
composite 


[B, C] * 


(5.3) (1B. C] @ A) @D ——-s ([B, C] @B)@D ——— > C@D —- E. 
[B,C] @ A) Gane (1B, C] @ 8) @ D ——— : 


Rather than introduce a special symbol for the composite (5.3), we find it conve- 
nient to denote the com; osite 


(5.4 B,C| @ A ———> [B,C] | ee 
)  (B.C1@4 ——— |, C]@B—— 


oy (f): [B,C] ®A > C, so that (5.3) may be written as g((/)® 1). The symbol 
(f) is of course ambiguous, inasmuch as the value of C must be understood from 
the context. It is clear that ¢ > is natural, in the sense that, for 


A’ -——+ A +B B' ,, C -—> C 
u f u w 


we have commutativity in 
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(f) 
a 8A mC 
(5.5) {v, w] @u ! w 
[B’,C'}@A’ c' 
(ufu) 


We need the following two lemmas giving connections between these processes. 


Lemma $5.1. Let f: A @ B > Cand g: D> 1. Then the image under x of the compo- 
site 


(A ®D)®B—— (A @B)®D— C®! —--—— C " 
lu fBe b 
where u is the evident central morphism a"! (1 @c)a, is the composite 


A@D 


(2, C1] @/ [B,C] . 


m(N@e 
Proof. Set 2(f) = A, so that f= e(h @ 1) by the definition of 2. Then 
WAS ghu=b(e(h@ lI) @gu=b(e@ ipa Xl @gyu , 
which is ebu((hA @ g) @ 1) by the naturality of b and of u. The bu in this last ex- 
pression is, by Theorem 3.1, the unique central morphism 5 ® |: ((B, C] @/)@B-> 
[B,C] @ B. Thus, by the definition of 7 again, 


b(f@ g)u = e(b@BiK(h @g)@ 1) =| (b(AWg)). 


Lemma 5.2. For f: A > B and g: C® BD, we have 
g(IB/A=(fP)(n(e)@l):C@A-D. 
Proof. By (5.1) and the definition of 7, 
(£>(m(g) @ 1) = e(1 @f)(alg) @ 1)) = e(n(g)@ INL Sf) = sl Sf). 
The remainder of this section concerns compatibility of graphs, for the closed 


category G. We mostly omit the proofs, which are entirely evident but tedious to 
put into words. 
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Lemma 5.3. Let §:Q>R,n:R 7S, 6: ST be graphs in G; then the following 
assertions are equivalent: 


(i) ¢ is compatible with n and §n is compatible with &; 


(ii) 7 is compatible with € and § is compatible with né. 


When the assertions of Lemma 5.3 are true, we say that the three graphs £, n, § are 
compatible. The concept clearly extends to any number of graphs £.: 7, , > 7,. 


Lemma 5.4. (a) Graphs &: R > S and n: S ~ T are compatible if either is central 

(b) If two graphs §: R + S andy: S > T are compatible while the graphs 
p:R'>R,0:S>S',t: TT" are central, then the graphs ofp: R' > S' and 
mo !: S'+T' are compatible. 


Proof. Immediate from Corollary 4.5. 


Lemma 5.5. /n the situation of (5.1) above, if H=G, h® k is compatible with [® g 
ifand only if h is compatibie with f and k compatible with g. 


Lemma 5.6. In the situation of (5.2) above, if H = G. zhen n({) is compatible with 
g if and only if f is compatible with g@ 1. 


Lemma 5.7. Let f: A >B, g: C@D7>E,k: EMF >G inG, Ifk is compatible with 
gs@ii(CQD)@F ESF, it is compatible with (g® 1K N@ 1)@ 1): 
((B.C] BA)BD)®@F-EOF. 


Lemma 5.8. Let f: A >B, g:C®D-E£,u: A'>A,v: D +DinG. Uf fis compatible 
with u and if g is compatible with 1@v then g((f)® 1): ([B, C] @A)@D > Eis 
compatible with (1 ® u)® v: ([B, C] ® A')® D' > ([B, C] @ A) @D. 


Lemma 5.9. Let H =G, let f and g be as in Lemma 5.2, and leth: D@ EF. Then 
ifh: DO E>F. Then ifh: DO E> F, g@1:(C@B)BE-~DBE, and (l@f/)@ 1: 
(C@A)@®E>(C®B)@E are compatible, so are h((f)® 1): ([B, D] @ANBE>F 
and (1(g)®@ 1)@ 1: (C@A)@E > ({B, D] BABE. 
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§6. Constructibility of allowable morphisms 


We place ourselves once again in the general situation [: H > G envisaged in §2 
and §4; we recall that the cases of interest are H = N(V) and H =G. The object of 
this section is to show that the allowable morphisms may be built up, modulo central 
morphisms, by the three processes described in §5. It is convenient to introduce the 
temporary name of constructible morphisms for those allowable morphisms that can 
be so built up; our aim is then to show that all allowable morphisms are constructible. 
We also give in this section the proof of Theorem 2.2. 

We therefore define the constructible morphisms of H to be the smallest class of 
morphisms of H satisfying the following five conditions: 


CMI Every central morphism is in the class. 

CM2 If f: T +S is in the class and if uw: 7’ + T and vu: S>S' are central then 
vfu: T’ > S’ is in the class. 

CM3 If f: A +Cand g: B~ D are in the class so is f®2: A @B>C®D. 

CM4 sf f: 4 @ B+ Cis in the class so is a(f): A + [B, C). 

CMS iff: A->BP andg: C4 D-—E are in the class so is g((f)>@ 1): 


‘({B,C] BADOD—E. 


In view of the definitions (1.1) of 7 and (5.4) of ( ), it is evident that the allowable 
morphisms satisfy CM1-—CMS, so that the constructible morphisms are a subclass of 
the allowable ones. 

We call an allowable morphism f: 7 > S in H trivial if both T and S are constant 
integral shapes. 


Lemma 6.1. A trivial constructible morphism in H is central. 


Proof. Consider the subclass of the constructible morphisms consisting of the follow- 
ing morphisms f: T > S: if T and S are both constant integral shapes, f is to be cen- 
tral; otherwise, f is to be constructible. This subclass clearly satisfies CM1,CM4 and 
CMS. It satisfies CM2 because, by Corollary 4.4, if 7 and S' are constant integral 
shapes so are 7 and §; and then ufis is central if f is. It satisfies CM3 because if 4 @ B 
and ('® D are constant integral shapes so are A, B, C and D; and then f® g is central 
if f and g are. Hence this subclass contains all constructible morphisms. 


Proposition 6.2. For each constructible h. T > S in H. at least one of the following 
is true: 
(i) h is central 
(ii) h is of the form 
T A@B-—-——~C@D 
x s@g y 


S 


120 G.M. Kelly, S.MacLane, Coherence in closed categories 


where f and g are constructible and non-trivial, and x and y are central. 
(iii) h is of the form 
T ————> [B,C] -—— S 
nf) y 
where f is constructible and y is central. 
(iv) h is of the form 


T > ({B, C] GA)OD Cea +8 
x (98 1 4 


where g and f are constructible.and x is central. 


Proof. Consider those constructible morphisms that are of one of the above forms 
(i)(iv}; we show that this class satisfies CM1—CMS and therefore consists of all 
constructible morphisms. That it satisfies CM!, CM4 and CM5 is clear. _ 

To see that CM2 is satisfied, let u: T’ + T and v: S > S’ be central. Then if h is 
central, so is uhu. If h is as in (ii) above, uvhu is (vy f® g\xu), which is of the same 
form. If A is as in (iii} above, uhu is (vy) 2(f(u @ 1)), which is of the same form, 
S(u @ 1) being constructible by CM2 since u@ 1 is central. If A is as in (iv) above, 
vhu is (us (<f) ® 1)(xu), which is of the same form, ug being constructible by CM2. 

That CM3 is satisfied is clear unless f or g is trivial. If g is trivial it is central by 
Lemma 6.1. In this case B, /, D are constant integral shapes, and the empty graphs 
BI and / ~>D give, by Proposition 4.1, central morphisms u: B > 7 and v: 1 > D 
in H. Then by Theorem 4.9 we have g = uu. It follows at once from the naturality 
of b that {@ g is then the composite 


1@u 


since (1 @ v)b-! and b(1 @ w) are central, and since CM2 is satisfied, this lies in the 
class because f does. Finally if f is trivial then, by the naturality of c, f®g is the 
composite ; 


A®B——+A@!/—+ A —+ C—-> C®/ —C@D; 
b f b 1@v 


A@B-——B@A tenon 


¢c 


which is in the class since CM2 is satisfied and since, by what we have just proved, 
g® f is in the class. 


Remark. For brevity, morphisms h of the forms (ii), (iii), (iv) of Proposition 6.2 
will be said to be respectively of type ®, of type nm, and of type ¢ ). 


For the purposes of our inductive proofs we introduce for each shape T a non- 
negative integer (7) called its rank, defined by the following inductive rules: 


R1 r(H=0. 
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R2 r(ij=il. 
R3 r(T @S)=7(T) + r(S). 
R4 r({7, S]) = r(7) + r(S)+ 1. 


Note that 7(7) = 0 if and only if T is a constant integral shape. 
Lemma 6.3. /f f: T > S is central then r(T) = r(S). 


Proof. Those central morphisms fur which this is true clearly satisfy AMI, AM3 and 
AMS, and therefore constitute the totality of central morphisms. 


The non-trivial step in the proof that all the allowable morphisms are constructible 
is the proof that the constructible morphisms are closed under composition. In fact, 
because of the exigencies of the inductive argument, we prove the variant of closure- 
under-composition given in Proposition 6.4 below. Moreover, because the same in- 
ductive argument applies, we prove at the same time the corresponding fact abcut 
compatibility, which will lead to a proof of Theorem 2.2. 


Proposition 6.4. /f the morphisms h: T + S and k: S® U > V of Hare constructible, 
So is the composite morphism 


T@®U——S®U-—-—— I. 
h@1 k 
Moreover, if H = Q, the graphs k and h® | are compatible. 


Proof. The proof is by a double induction; we suppose the results to be true for all 
pairs of construciiole morphisms h': T' -> S’ and k': S’'@ U' > V' for which 

r(T’) + r(S') + r(U') + r(V') <r(T) + r(S) + r(U) + r(V); we also suppose them to 
be true for any pair kh’, k’ for which r(7') + 7(S') + r(U’) + r(V') = (7) + (S) + 
r(U) + r(V), provided that 7(T’) + r(S’) <r(T) + r(S). 


By Proposition 6.2, each of h and k is central, or of type ®, or of type 7, orof 
type ( >; we distinguish cases accordingly. We shall use Lemma 5.4, the Axiom CM2, 
and Lemma 6.3 freely without further explicit mention to “ignore” or to “absorb” 
central morphisms wherever convenient. 


Case I: eitherh or k is central. \f h is central, so is h@ 1; the results follow from 
CM2 and from Lemma 5.4. 


Case 2: h is of type ( >. Let h be g((f)® 1)x as in Proposition 6.2 (iv). Then the 
desired composite is 


k(h® 1) =k(g@ 1) (KAS 1) @ IY %@ I) 
= (k(g® Ia" K(f) ®@ 1Malx ® 1)), 
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which is again of type ¢ ), provided only that k(g@® 1)a! is constructible. Since a! 


is central, we need the constructibility of the composite 
(C@D)@U—-- S@®U--—- > V 
g®l k 


this follows by the ir Juctive hypothesis since 7, whose rank is equal by Lemma 6.3 
to that of ({B, C] ®@ A) @ D, has been replaced by C® D, clearly of lower rank. 
The same induction shows that K and g@ 1 are compatible; so by Lemma 5.7 
and Lemma 5.4, k is compatible with (g @ 1IN((f)@ 1)@ 1x @ IP=A@I. 
Case 3: h is of type ®. Let h be y( f @ g)x as in Proposition 6.2 (ii). We are to 


consider the composite k(A ® 1); without loss of generality we may suppose that 
x = 1 and absorb y ® I into &. Then we have 


kh ® 1) =kK((f@g)®@ 1) = ka (f@ (g@ 1))a 


= ka (f® 1)(1@(g@ Ia. 


so that finally k(A @ 1) is the composite 


(6.1) (A@B)@OU-—-BR(A BU -———DE(ABU) —~—- ——~ 
wa gB@1 ka *"(f@ yw! 


where the w’s stand for two instances of the central morphism aca! Now the com- 
posite 


A®(D@®U)-—— C® ey 
ey Oe) - 


is constructible by the induction hypothesis, because U has been replaced by D@ U 


(this is the reason for formulating Proposition 6.4 for k(h ® 1) instead of just kh) 
and we have 


H(T) + r(S) + AU) + r(V) = 74 @ B) + r(C@ D)+r(U) + r(V) 


> (A) + (C) + (D@U) + r(V) 


unless r(B) = 0; in the latter case we get equality, but then r(D) > 0 since g is non- 
trivial, and 
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r(T) + r(S) =r(4 @ B) + r(C®D) >r(A)+r(C), 


so that the second half of the induction hypothesis applies. Since wr! js central, 
ki = ka“ !(¢® 1) w7! is constructible; and since wa is central, (6.1) will be construc- 
tible if the composite k'(g @ 1) is. But now the induction hypothesis shows that 
k'(g® 1) is indeed constructible, by essentially the same calculation with ranks 
as above, with g replacing f 

The same inductions show that kaq! is compatible with f® 1, so that k is com- 
patible with a” *( f@® 1)w7! and that k’ is compatible with g@ |, and hence with 
(¢@ 1)wa. Therefore, by Lemma 5.3, kK is compatible with av ly f& Dw l(g@ 1)wa 
=h@ 1. 


Case 4: k is of type nm. Thus k = yn(f) for central y and constructible f. We can 
take y = 1, so that k= a(f): S@ U > V = [B, C] for some constructible 
f. (S@® US B->C. By (5.2) we have 


kth ® 1) = n( {KA @ 1) = (f(A @ 1) @1)); 


this is constructible if (((A @ 1) @ 1) is, and hence if (A ® 1)@ Da"! E fa*(h@®1) 
is. This last is the composite 


T®(U® B)--—-> S@ (U®B)-—= °C," 
h@®i fa 


which is constructible by induction, since ((U @ B) + r(C) < r(U) + r({B, CJ). 
The same induction proves fa -t compatible with 4 ® 1, hence f with a7 '!(4@ 1)a 
=(h@® 1)@ t;: and thence, by Lemma 5.6, 2(f) with A ® 1. 


Case 5: h is of type x and k of type ®. There are central morphisms x, y and z 
suct: that 4 = z2(m) for some constructible m: T@ P > Q and k = y(f@ g)x for 
some constructible and non-trivial f and g. We may take y= 1 and absorb 2@ 1 
into x, so that the composite k(h ® 1) to be considered has the form 


7T@®U-—— [P,Q] @U—-- ASB B-—-> CED=FP. 
h®@} x {@z 
Interchanging A and B if necessary, we can assume that the central morphism x as- 
sociates [P, Q] with a prime factor of A. Then Proposition 4.10 gives a shape R 
such that x has the form of a composite 


[P,Q] ® U-——> [P,Q] @(R®B)-—-,- (IP, QO] @R)@B ——-4OB , 
1s a r®1 
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for suitable central s and fr. Since (1 ® sh @ 1) =(4@ 11 @ s) we can drop s and 
write U = R ® B, while ¢ can be absorbed into f. The composite k(4 @ 1) to be con- 
sidered now has the form 


T@(R@B)— [P. Q] @(R@B)-—— ([P. Creer ae 
This may be rewritten as 
(£® g)a"(h® 1) =(£@ g(A® 1) @ 1a! =(fHB1)@g)a"', 
which will be constructible by CM2 and CM3 if the composite 
TOR oe [P,Q] @R aoe 


is. That this is indeed sc follows by induction, since g is non-trivial and therefore 
AU) + AV) =riR@B)+AKC@D)>r(R) + r(C). 

The induction argument also shows that f is compatible with 4 ® 1, whence, by 
Lemmas 5.5 and 5.4, f® g is compatible — (h® 1)@ va! = a '(h@ i); 
finally, by Lemma 5.4 again, k = (f@ ga! is compatible with 4@ 1. 


Case 6: his of type n and k is of type ( >. Thus there are central morphisms z 
and x such that A = za(m) and « = g((f)® 1)x for constructible morphisms 


m.T@®P>Q, f:A7>B, g:C@D->V. 


By absorbing z @ | in x, we may suppose that S = [P, Q} and that z = 1. Then the 
composite to be considered has the form 


tO ae ile. Q} oU——— (1B, C] Be ei V 
We distinguish i aus according as [P, Q] is associated via the central 
morphism x with [B, C], with a prime factor of A, or with a prime factor of D. 
(We recall that these possibilities need not be mutually exclusive, if [P,Q] is con- 
stant.) 


Subcase 1: [P,Q] is associated with [B,C]. By Proposition 4.11,P = B, Q=C, 
and x is the composite 


[B, C] se are [B,C] (A @D)—? (B,C) @A)@D 


for a suitable central s. Since (1 @ s) (4 @ 1) =(4® 1)(1 @ s) we may, arguing as in 


Case 5, suppose that U = A @ D and s = 1. The composite to be considered then has 
the form 
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T®(A@D) oe [B, C] @ (A @ D) —-> ([B, C] ®A)@D ——~> 


V 
BC f)@ 1) 


(rn) 


Now a! (n(m) ® 1) = (a(t) @ 1)@ 1) a7! by naturality, while by Lemma 5.2 we 
_ have (f) (x(m)@ 1) = m(1 @ f). The composite thus becomes 


k(h ®1)=g(m(1@f® a7! = g(me(f@ 1)c@ Na"! . 


This formula involves two successive composites, first a composite h’, 


A®T-—— BQ T—- C=Q9 
f@1 


me 


and second the compcsite 


(T®A)@D——-- C@D V. 
hc@t 


& 


Both are of the form considered in our induction. The induction assumption does 
apply to both because the original rank, with U = 4 ® D and S = [P,Q] = [B.C], is 


rT+rStrU+rVi=rT + rVtrB+rC+rA+rD +1, 
and this clearly exceeds either of the ranks rA + 7B +r7+rC orrT +rA +rD+1rC+rV 
involved in the two composites above. 

The same induction shows that g is compatible with h'c @ | and mc is compatible 
with f® 1; so that by Lemmas 5.3, 5.4 and 5.5 g(m ® 1) is compatible with (1@ /)@ 1. 
it follows from Lemma 5.9 and Lemma 5.4 that g{(f)® 1) is compatible with 
((x(m) @ 1) @ 1) a7! = a7! (nm) ® 1), so that k = g((f)® 1)a7! is compatible with 
h® 1 = n(m) @ 1, as required. 


Subcase 2: [P,Q] =S is associated with a prime factor of A. By Proposition 4.10, 
there is a shape R such that a(c ® 1)x is the composite 


S@® U-—— §@(R @((B, C] @ D)) 
1®s 


—=> (S@ R)®@ ([B, C] @D) TOL ® ((B, C] ® D) 
a t 
for suitable central s and r. By the naturality of a and c, therefore, x is the composite 


S@ U——> $@ (R @ ([B, C] ®@ D)) 
1@s 


——> ({B,C] @(S ——> (|B, C! 
7 (B.C] ® ($@ R)) @D ——+ (1B, C} @ A)@D 
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where w is the central natural transformation w = (c @ la la! Once again, since 

(1B sh @® 1)=(A@® 1K1@s), we may suppose that s = | and U=R ® ([B, C] ® D). 
Moreover, since (f)(1 ® t) = (fr) by (5.5) (the naturality of ¢ >), we may absorb ¢ in 
fand hence suppose that A = S@ RK and c= 1. The desired composite k(/: ® 1) thus 
has the form 


BCf>@ 1) w(h@® 1) =e(Kf)@ INK(1 @ (A@ 1))@ Iw 
= g((f(A® 1))@ 1)w, 

by the naturality of w and of ¢ >. It thus suffices by CM5 to prove the composite 

T®R——-S®QR-—--—B 

h@®1 f 
constructible. But this is of the form considered in the induction, and since r(U) > 
r(R) + r(B) the inductive hypothesis applies. 
By the same inductive argument f is compatible with A ® 1; by Lemmas 5.8 and 

‘5.4, therefore, o(()® 1) is compatible with ((1 @ (2 @ 1))@ 1) w = wh @® 1): finally, 
by Lemma 5.4 again, k = g((f) ® 1) w is compatible with k@ 1. 


Subcase 3: {P,Q} =S is associated with a prime factor of D. By Proposition 4.10, 
there is a shape R such that cx is the composite 


$@® U—> S$ ® (R ® ([B, C] @A)) 
1@s 


—z> (S@R)® ((B, C] ® A) mc ({B, C] @ A) 
a t 
for suitable central s and ¢. By the naturality of c, therefore, x is the composite 


S@ U———S@(R @({B, C] @ A)) 
1@s 


———> ([B, C] ® A)@(S@R) ——>- ([B, C] BA) @D, 
u 1@+¢ 


where u is the central natural transformation u = ca~!. Since (18 sKh® l)= 
(4 @® 1\(1 ® s) we may again suppose that s = 1, so that U=R ®([B, C] @ A). 
Since ((f)@ 1)(1 @ 2) = (1 @ 2y(f)@ 1), we may absorb } ® ¢ ing and hence sup- 
pose that f= 1 and D=S®R. The desired composite k(h ® 1) is then 
EK/@ I) u(h@ 1) = 2K/@ IKI @(h® I) u 
= 2(18 (48 INCK/@ lu 
= guth® iu (Py @ tyu, 
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using (5.1) and the naturality of uw. It thus suffices by CMS to prove the construc- 
tibility of gu(h @® 1)u7!, and therefore of gu(h® 1). This is the composite 


TO@(RBC)—-—— S@B(R®Q—— FV, 
h®1 gu 


which is constructible by the inductive hypothesis since r(R @ C) <r(L). 

By the same inductive argument gu is compatible with h@® I, so that g is com- 
patible with u( @ Du! =18 (h ® 1). By Lemmas 5.8 and 5.4, therefore, 
e((f)® f) is compatible with (1 @ (4 @ 1))u =u(h® 1): so tha: finally & = 
g((f)®@ 1)ua is compatible with A ® 1. 

This concludes the proof of Proposition 6.4. 


Theorem 6.5. The constructible morphisms of H are exactly the allowable ones. 


Proof. We have already observed that the allowable morphisms cleariy satisfy CM!— 
CMS, so that every constructible morphism is allowable. It remains to show that 
the constructible morphisms satisfy AM1--AMS. 

They satisfy AM] becaus’1,a, b,c, a7), b=! are central. As for AM2,d: T > 
[S, T@ S$] is 1(1) where 1: 7@ S + 7@S, so that d is constructible by CM4; and 
e: (7, 5S] ® T +S is (1), which by the naturality of b is the composite 


{7. S$] @T Sr ATS] BTS! nee Gos 


(1)@1 
so that e is constructible by CM2 and CMS. AM3 is trivially satisfied, as it coincides 
with CM3. In AM4, let f: 7 7" and g: S +S’ be constructible. Then the composite 


T,S]@T ——>({T.5] @N@®i——SeIl— S$’ 
[7,5] = (7. 5} @7) BOF ; 
is constructible by CM2 and CMS; but this composite is g(f) by the naturality of b. 
It follows from CM4 that n(g(/) is constructible; but 7(g(f)) = m(ge( 1 ® f)) is equal 
by the naturality of 7 to [g, /] x(e) = [g, /]1 = [¢.f]} . Thus AM4 is satisfied. 

There remains AM5. Let f: 7 +S and g: S +R be constructible. Then the com- 
posite 
(6.2) S@l-—-S-——->R 

| b p 


is constructible by CM2, whence the composite 


(6.3) T@Il——~S@I———>R 

f@i gb 
is constructible by Proposition 6.4; by CM2 again, the composite of (6.3) with 
b-!: T+ T@®J is also constructible, and by the naturality of & this composite is 


af. 
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Proof of Theorem 2.2. Let f: TS, g: SR be allowable graphs in G. By Theorem 
6.5, they are constructible. The composite (6.2) is then also consiructible, so that in 
(6.3) gb is compatible with f® | by Proposition 6.4. We conclude from Lemma 5.4 
that ¢ is compatible with b(/@ Nb l=f 
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§7. Proofs of Theorem 2.1 and Theorem 2.4 


We still use H to denote N(V) or G, with [: H >G as before. For the purposes 
of this section we need a slight refinement of Proposition 6.2. Let us call an integral 
shape P reduced if it is either the shape / or else is constructed by the rules S2 and 
S3 alone; that ‘s, it contains no /’s unless it reduces to / alone. By an iterated tensor 
product of shapes X,,..., X,, we mean | P| (X}, ..., X,,) for any reduced integral 
shape P with u(P) = (1, ...,7}; if = 0 it is just 7. Let us call an arbitrary shape T 
reduced if, in its prime factorization T = | P| (Xj, .... X,,), the integral shape P is 
reduced. (This is a consistent use of language since the prime factorization of the 
integral shape Pis |P[(1, 1, ..., 1.) 


Lemma 7.1. Given any shape T we can find a reduced shape T' and a central iso- 
morphism z: T > T" in H. 


Proof. Let the prime factorization of T be | P| (Xj, ..., X,,). Let P’ be a reduced 
integral shape with u(P’) = u(P) = {1,..., 1}, and let §: PP’ be the graph corre- 
sponding to the identity permutation of {1,...,2}.Set 7’ =|P'|(Xj, .... X,) and 
set = 1E Ly (Xs ne Xp). 


Lemma 7.2. In Proposition 6.2 we can suppose that the shapes A, B, C, D in (ii) and 
the shapes A, D in (iv) are reduced. 


Proof. In case (ii), replace A, B, C, D by reduced isomorphs as in Lemma 7.1, ab- 
sorbing the central isomorphims thereby introduced into x and y; similarly for case 


(iv). 


We define the rank r(h) of a morphism h: T + S in H to be the sum r(T) + (S) of 
the ranks of T and of S. If 4 is allowable, which by Theorem 6.5 is the same thing as 
constructible, Proposition 6.2 asserts that A has one of the four following forms: 


(7.1) h=x, h=Wf@®g)x, h=yn(f), h=g((LM@i)x, 


where x and y are central, f and g are allowable, and moreover in the y(f@ g)x case 
neither f nor g is trivial. The basis of our inductive arguments is the obvious fact that 
in each case we have r(f) < r(h) and (where applicable) r(g) < r(h). In using the 
forms (7.1) we shall always suppose that the reductions of Lemma 7.2 have been 
carried out. 


Proof of Theorem 2.1. We are to construct an algorithm for deciding whether a 
graph kh: TS in G is allowable. We suppose inductively that we possess such an 
algorithm for all smaller values, if any, of r(h). Since finding the prime factoriza- 
tions oi T and of S is algorithmic, Propositions 4.3 and 4.2 enable us to decide 
whether d is central. It remains to test whether A is of one of the remaining types 
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in (7.1), which we again refer to as type ®, type 7, and type ( ). 

To test whether A is of type @, with the notation as in Proposition 6.2 and with 
A, B, C, D reduced, first observe that, by Proposition 4.3, the prime factazs of A 
and of B must together make up those of 7; so that there are only a finite number 
of possibilities for A and for B to be tried (because A and B are reduced!). Similarly 
there are only a finite number of possibilities for C and for D; and for a given choice 
of A, B, C, B there are only a finite number of possibilities for x and for y. When 
these choices are all made, the graph volar?! is either rot of the form f® g, or else 
is of this form for a unique f and g. Since r(f) < r(h) and r(g) < r(A), we can now 
test f and g for allowability. 

Entirely similar procedures allow us to test whether A is of type 7 of of type ( ), 
so that we have the desired algorithm. 


Remark. There are non-allowable graphs in G; the unique graph [1, 1] > / is one 
such. 


Before proving Theorem 2.4 we establish some facts about proper shapes, as 
defined in §2. Observe that every constant shape is proper; that if (7, S] is proper 
then 7 and S are proper; and that 7@ S is proper if and only if T and S are proper — 
whence 7 is proper if and only if each of its prime factors is proper. 


Lemma 7.3. /fh: T ~ § is a central morphism in H{ and if either T or S is proper so 
is the otter. 


Proof. By Proposition 4.3, T and S have the same prime factors. 


Proposition 7.4. Let h: T + S be allowable in H, with the shape S constant and the 
shape T proper. Then the shape T is constant. 


Proof. Suppose inductively that it is so for ail smaller values, if any, of r(#), and 
consider A of one of the four possible types in (7.1). If A is central the result is 
immediate by Corollary 4.4. By this same Corollary 4.4, together with Lemma 7.3 
and Lemma 6.3, we may ignore central factors x and y in the other types in (7.1). 
lfh=f@g:A@B->C®@D then C and D are constant because § is and A and B are 
proper because T is, so thai by induction A and B are constant, whence T is con- 
stant. If h = 2(f): T > [B, C] then B and C are constant because S is, so that T® B 
is proper because TJ is, and then 7 is constant by the inductive hypothesis applied 
tof: T@ BC. Finally, if h = g(Xf>® 1): ({B, C] @A)@D-—S, then the inductive 
hypothesis applied to g: C@ D ~ S§ shows that C and D are constant. Since T is 
proper so is [B, C] , whence B is constant. Finally the inductive hypothesis applied 
to f: A + B shows that A is constant, so that 7 is constant. 


We next show how to eliminate constant prime factors from a shape 7. 
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Lemma 7.5. Given a shape T we can find a shape S with r(S) <r(T) and an allowable 
isomorphism f: T + S in H with allowable inverse such that 


(a) S is reduced; 


(b) S has no constant prime factors, its prime factors being precisely the non- 
constant anes of T: 

(c) if £ is proper, so is S, 

(d) there is a constant shape R and a central isomorphism T > S® R with 
the same graph as f. 


Proof. Let S be any iterated tensor product of the non-constant prime factors of T, 
and R any iterated tensor product of the constant prime factors of 7. There is an 
evident central isomorphism T ~ §@ R, and f is the composite of this with 


S@R-—~—*S@i——§, 
IDkp b 
where Kp is the isomorphism of Lemma 4.7. 


Proposition 7.6. Let h: P® Q@ > M®N be an allowable morphism in H, where P, Q. 
M, N are proper shapes. Suppose that the graph [h is of the form § ® n for graphs 
£: P+ Mand n: Q > N. Then there are allowable morphisms p: P>M, q:Q7N 
such that h = p®q, (p= §, and Tq = n. 


Proof. Suppose inductively that it is so for all smaller values, if any, of r(h). By 
Lemma 7.5 we may without loss of generality suppose each of 7, Q, M, N to be re- 
duced and to have only non-constant prime factors. 

If A is central, so is Ph = § @ n. From Propositions 4.3 and 4.2, it is clear that 
£ and 7 are then central. By Theorem 4.9 there are central p: P>M, qq: Q—7N with 
lp = & and gq = 7. then Ph = [(p@ gq), so that by Theorem 4.9 again we have 
h=p@q. 

If h is of type ®, say h is the composite 


P®Q--—A@B-—-—— C@D——- M@N; 
x fg y 


let an iterated tensor product, in the order in which they occur in P, of those prime 
factors of P that are associated via x with a prime factor of A [resp. B] be X [resp. 
Y] ; similarly let an iterated @-product of those prime factors of Q associated via x 
with a prime factor of A [resp. B] be U [resp. ’]. In the same way let X’, Y', U’, V’ 
be iterated ®-products of the prime factors “common” to M and C, M and D, N and 
C, N and D respectively. Define a graph p: X > X' as the restriction of Th to 

u(X) + w(X’); this is indeed a graph because I"h is of the form ¢ @ n. Define similarly 
graphs 0: Y> Y’, r: U>U', x: V> V'. The graphs of the allowable morphisms 
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(7.2) X®U-— A eras 


(7.3) Y@V—B—-D-—— Y'@V'," 

g 
where the unnamed arrows denote the obvious central morphisms, are respectively 
p@vrand o@ x. By the inductive hypothesis we conclude that (7.2) and (7.3) are 
respectively r® ¢ and s® k for allowable morphisms r, ¢, s, kK with the respective 
graphs p, 7, 0,k. Define p and q to be the composites 


P——> X® Y-——> X' @Y' > M,, 


res 


Q—— USB V-——— U' OV’ ——— NN," 
Qk 


where once again the unnamed arrows denote the obvious central morphisms. That 
h=p®q is then immediate from Theorem 4.9, while evidently Mp = & and [gq = n. 
If h is of type 7, say A is the composite 


P®Q-—— [B,C] —-—-—>- MON, 
n(f) ¥ 


then by Proposition 4.3 either M = [B, C] and N=/ or else N= [B, C] and M = /, 
by replacing h by che if necessary we may suppose the former to be the case. Then 
h is the composite 


ak ta ca a? (B.C @. 


Since Ph = § @ 7 it follows from Lemma 5.1 that the graph of the composite 
(P@ B)SQO-——> (P@Q)OB pe ; 
FI 


where u is the evident central morphism, is 17! (£)@ 7. By induction, therefore, 
b-! fu is r ® q for allowable r: P® B > C with graph 1-1(£) and g: Q@>/ with 
graph 7. Set p = a(r); then [p = — and h = p®@ q by another application of Lemma 
S.J. 

If h is of type ¢ ), with the notation of Proposition 6.2, we may (replacing h by 
che if necessary) suppose that [B, C] is associated via x with a prime factor of P. 
Let an iterated ®-product of those prime factors of A associated via x with a prime 
factor of P [resp. Q] be X [resp. Y] . The mate under I'# of an element of u(Y) is 
in u(A) + u(B) by the form g((f)® 1)x of h, but is in u(Q@) + u(N) by the hypothesis 
that Tr = §@ n; it must therefore be in uf Y). Thus the graph of the composite 


(74) XBY—+A—~-+B— BOI. 
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where the unnamed arrow is the obvious central morphism, is of the form p ® o for 
graphs p: XY > Banda: Y ~/. By the inductive hypothesis, (7.4) is r® s for allow- 
able r: X >B,s: Y +1. It then follows from Proposition 7.4 that Y is constant; 
since none of the prime factors of Q is constant, this means that Y = / and that all 
the prime factors of A are therefore associated via x with prime factoxs of P. 

It follows then from Proposition 4.10 that there are a shape R and central mor- 
phisms y and z such that x is the composite 


POM (lB, C] @A\BRI@OQ — > (1B, C}] @A)B ROO) 
y a 

—--+ ({B,C] BA)OD. 

= ({B, C] @ A) 
It is clear that the graph of the composite 

(C@®R)®@Q—-—— CB(R@®Q)—— C@D— > MON 
a 1@:z g 

is f @ 17, where (: C® R > M is the restriction of & to u(C) + A(R) + u(M). By induc- 


tion, g(1 @ z)a is r@ q for allowable r: C@ R > M and q: Q > N with the approp- 
riate graphs. Setting p equal to the composite 


P——+>((B,C] BA)@R 
y 


lp 
ri(f>@ 1) 
we have p ® q = (r @ qK((9@ 1) @ IM y @ 1) =e(1 @z)a((KMB 1@ 1) (v@ I): 
by the naturality of a this is g(1 @ zK(f>@® lha(y@ 1) =2((f0@ 1X1 ® z)aly @ 1) = 
B((f>@ l)x=h. 
This completes the proof of Proposition 7.6. 


Proposition 7.7. Let f: A @ B > C be an allowable morphism in H, where A, B, C 
are proper shapes. Suppose that the mate under If of each element of v{B) is again 
in WB) Then B is constant. 


Proof. The composite 
A@B “a Cc ey C@l 


has a graph of the form £ ® n; therefore by Proposition 7.6 there is an allowable 
morphism q: 8 + /. It follows from Proposition 7.4 that B is constant. 


Proposition 7.8. Let h: ({G, M] ®@ P)® N > S be an allowable morphism between 
proper shapes in H, with {Q, M] not constant. Suppose that the graph Th is of the 
form n((&)®@ 1) for graphs §: P>O,n: M@N-S. Suppose finally that — cannot 
be written in the form 


(7.5) P——((F.G] @E)@H 


—s 
p(t) @ 1) e 
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for any graphs wu», p, 0 with a) central. Then there are allowable morphisms p: P-@Q, 
q:M@N-S such thet h=q((p)® 1), Up = & and Tq = n. 


Proof. Suppose inductively that it is so for all smaller values, if any, of r(h). Use 
Lemma 7.5 to replace P, N, S by reduced shapes which have no constant prime fac- 
tors; we must show that in doing so we lose no generality. It follows from (5.5) that 
doing so makes no difference to the expressibility [a in the form n({&)® 1) or the 
expressibility of A in the form q((p)® 1) for allowable p and q. We must show that 
it makes no difference to the expressibility of — in the form (7.5); but this is a very 
easy deduction from Lemma 7.5 (qd). 

Note that once we have h = q((p)® 1), it is automatic that Pp = & and [q = n. 

Suppose that / is central. By Corollary 4.5, the mate under PA of an element of 
u(P) or of u(Q) is then an element of u(S). On the other hand, by the form n({£)@ 1) 
of Th the mate of an element of v(P) is an clement of u(Q), and conversely. It fol- 
lows that P and Q are both constant, so that by the reduction above we must have 
P=]. Lemma 4.7 now gives an allowable p = ko : 1 + @Q. By the naturality of e, 


(p)=e(1 @p)=e([p, 1] @ 1): (9, M] @1— [LM] @I-—-M. 


On the other hand, [A, [/, M]] = [A @/, M] = [A, M] in any closed category, so 
the Yoneda Lemma provides an isomorphism (1, b]d: M & (1, M] with inverse eb7!. 
Therefore [1,5]de = b: (J, M] ®/ = [/, M], so that from the display above 


{1,b] dp) = b([p, 1]®@ 1): [Q, M] @1-—— [1,M] . 


Since the right-hand morphism is an isomorphism we have constructed the follow- 
ing factorization of the identity 


1=¢(p): [Q,M] @/— [O,M] @/, 


with an allowable = ({p™!, 1] @ 1) 57! [1,5]d. The originally given allowable 
morphism #4 can now be factored as 


h=hl =h(t@ 1K p)® 1) = q((p)® 1) 


with q allowable, as required. 

If h is of the form y(f@ g)x for f: A > C, g: B > D, we may without loss of 
generality suppose that {Q, 44] is associated via x with a prime factor of A. Let an 
iterated ®-product of those prime factors of P associated via x with a prime factor 
of A [resp. B] be X [resp. Y]. The mate under I of an element of v(Y) is in 
w(B) + uD) by the form y( f® g)x of A, but is in (Q) + u(P) by the hypothesis 
that Pa = n((E)@ 1); it must therefore be in u(Y). It now follows from Proposition 
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7.7 that Y is constant; since none of the prime factors of P is constant, this means 
that Y=/ and that all the prime factors of P are associated via x with prime factors 
of A. 

It follows then from Proposition 4.10 that there are a shape R and central 
morphisms s and ¢ such that x is the composite 


({Q, Af] @ PBN (10M ® P)®(R ® B) 
t 
> (Ie, My] QP)@R)®B—A®B. 
a s@1 
It is clear that the graph of the composite 
({2.M] @P)@R——A a 
§ 
is $(($)@ 1), where $: M@R > C is the restriction of n to (M) + o(R) + o(C). It 


follows by induction that fs is r((p)@ 1) for allowable p: P-+@ andr: M@R->C. 
Then 


h= WAf@g)x= WH fBeNs@ ta (1 Br) 
= WA fs@ ga (1 OH =y(r@BsK((p)@ 1)® Ya! @s 
= (r® ga”! ((p)@ 1X1 @ = y(rB ga '(1 @ Mp) @ 1) 
is of the required forrn, with q = y(r @ g) a (1@ 0). 
If h is of the form ya(f) for some y: [B, C] > S, we must have [B, C] = S and 
y= 1. Then Ph =n((E)@ 1), wlhe= f and the naturality of n' shows that 
rfe no l(((E) @ 1}@ 1). If we rewrite this as 
Pfam!) = (Pyar! =n" nar (E> @ 1): ([0, M] @ P)@(N@B)-C, 
we can apply the induction assumption to fa"! to get fa = r((p)® 1) for allowable 


p: P>Qandr: M@(N@B)-C. Then f= ra (((p)® 1)® 1), so by the naturality 
of 7 we get 


h=af=n(ra7!\((p)@ 1), 


which is in the desired form. 
In the final case where h is of the form 


([Q, M] SHON—— (16, C] ST ei 


we distinguish cases according as [Q, M] is associated via x with (i) [B, C]; (ii) a prime 
factor of A; or (iii) a prime factor of D. 
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Case (i). By Proposition 4.11, B = Q, C = M, and x is the composite 
((Q, M] ® P)®N—— [Q,M] ®(P@N) 
a 


——— [Q, M] ®(A @ D) —-> ([0, M] ®A)@D 
1@y a 
for some central y. Let X be an iterated ®-product of those prime factors of P 
associated via y with a prime factor of D. The mate under [A of an element of 
v(X) is in u(M) + v(D) + u(S) by the form g((f)@ 1)x of h, but is in u(P) + u(Q) 
by the hypothesis that [= n((E)@ 1); it must therefore be in v(X). Then X is 
constant vy Proposition 7.7, and since P has no constant prime factors, this means 
that all the prime factors of P are associated via y with prime factors of A. A similar 
argument shows that all the prime factors of NV are associated via y with prime 
factors of D. We may therefore, absorbing central morphisms into g and f where 
necessary, suppose without loss of generality that A = P, D = Q, andx = |. Then 
h=q(‘p) ® i) withg =gand p=f. 


Case (ii). {Q, M] is associated via x with a prime factor of A. Suppose if possible 
that (B, C] were associated via x with a prime factor of P. Let X be an iterated 
@-product of all those prime factors of ((Q, M] ® ?)@ N that either are prime 
factors of P or else are associated via x with prime factors of A. The mate under 
Ih of an element of u(A) is in u(A) + o(B) by the form g((f) ® 1)x of h, while the 
mate under [A of an element of u(P) is in u(P) + u(Q) by the hypothesis that PA = 
n({é)@ 1); thus the mate under ['# of an element of u(X) is again in v(X). It follows 
from i position 7.7 that X is constant, which contradicts the hypothesis that 
[{Q. M] is not constant. 

Thus no prime factor of P is associated via x with [B, C]. Let Y be an iterated 
@-product of those prime factors of P associated via x with prime factors of D. The 
mate under 'h of an element of v(Y) is in u(C) + v(D) + v(S) by the form 
a(f>@ 1)x of h, but is in u(P) + v(Q) by the hypothesis that Ma = n((E)@ 1); it 
must therefore be in u(Y). Then Y is constant by Proposition 7.7, and since P has 
no constant prime factors this means that every prime factor of P is associated via 
x with a prime factor of A. 

Then by Proposition 4.10 there are a shape R and central morphisms ¢ and s 
such that a(c @ 1) x is the composite 


([2, M] @ P)@ N ——> ([Q, M] @ P)@ (R @ ((B, C] ® D)) 
i? Cid, M] ® P)@ R)@ ([B, C] BD) 


Tor 4 BUIB Cl @ dD); 
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thus by naturality x is the composite 
({Q. A] @ PON 0, Ml ® P)® (([B, C] @R)@D) 
—> ([B, C] ® (10, M] ® P)®R))®D 


——-> ([B, C] BANOD , 
(1 Bn® i{ Cl ) 
where #1 is the central morphism (c @ 1)a7!s and v is the evident central morphism. 
It is clear that the graph of the composite 


({0,M] @ P)@R —> A =e 


is $((£>)@ 1), where [: M@ R > B is the restriction of 7 to (M) + u(R) + v(B). So by 
induction ft is r((p)® 1) fer allowable p: P-> Q andr: M® R > B. Setting q equal 
to the composite 


M®N—~>M@(({[B, C] @R)@D) 
1@.v 


~——~—»> ({B, C] 8 (M® R))@ D —-——> 

- ({B, C} @ ¢ )) wary 
we have q((p)® 1) = g((r)@ 1)u(1 @ n\(p)® 1) = e((r)@ 1) v((p)@ IC @ n); by 
the naturality of v this is g((7)@ 1K(1 ® ((p)@ 1))@ 1) (1 @ n). Using (5.5), 
(7)(1 ® ((p)® 1)) = (r((p)@ 1)); which is (fr), or (f)(1@ 1) by (5.5) again. Thus 
finally, 


Q((p)®@ L)=s(K(M@lI(1 @ry@ lvl @n)=gKN@lx=h. 


Case (iii). (Q, M] is associated via x with a prime factor of D. Suppose if possible 
that [8, C] were associated via x with a prime factor of P. Let_X be an iterated @- 
product of those prime factors of A that are associated via x with prime factors of 
N. The mate under Ph of an element of v£X) is in v(A) + u(B) by the form 
a(S) @ 1)x of A, but is in (Mf) + u(V) + u(S) by the hypothesis that Pk = n((E)® 1); 
it must therefore be in v(X). Then X is constant by Proposition 7.7, and since N has 
no constant prime factors we conclude that every prime factor of A is assoviated via 
x with a prime factor of P. This implies that £ is of the form 


P-——~> ({B, C] ® A)@ H —————> 
w (18, C} ) e({o)® 1) e 
for some integral w, which is excluded by hypothesis. 
Thus no prime factor of P is associated via x with [B, C]. Let Y be an iterated 
®-product of those prime factors of P associated via x with prime factors of A. The 
mate under IA of an element of u(Y) is in u(A) + u(B) by the form e((f® 1)x of &, 
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but is in u(P) + u(Q) by the hypothesis that Pa = n((E)® 1); it must therefore be in 
w( Y). It follows from Proposition 7.7 that Y is constant, and since P has no constant 
prime factors this means that all the prime factors of P are associated via x with 
prime factors of D. 

For brevity, let us write 


M'=(0.M|@P, C'=(B,C]@A 


so that (f): C’+C. In the central morphism x: M'@ N + C' ® D, we now know 
that all the prime factors of M’ are associated with prime factors of D. Apply Pro- 
position 4.10 to this situation; it gives a shape R, a central morphism N > C @R 

(which without loss we can take to be the identity) and a central morphism 

t:M @R-D, so that x = (1 ® tw, as in the first row of the following diagram, 
in which w is the evident central morvhism: 


M'®(c’®R)———> C' ® (M' ® R) ——-—— C' BD 
w 1@r | 


| 
| 1@cp@1) | (p@r (N@ 
M'®(C@R) C@®(M'@R) c@Dp-—~S . 
w 1@r g 


The diagram evidently commutes. Now the hypothesis Tv = 7 ((#)® 1) for n: 
M@®N-~S clearly means that the graph of the composite g(1 @ r)w is ¢((E)@ 1), 
where ¢: M®(C@R)- S is the restriction of n to uM + uC + oR + uS. By induc- 
tion, g(1 ® sw is r((p)® 1) for allowable p: P> Q andr: M@(C@R)-S. 
Therefore, since (p): M' > M, 


h=g(1@ Nw @ (AB 1) =r((p)® 1K B (Pf @ 1) 
=7(1® ((f)@ 1) ((p)@ 1) 


has the requisite form q({p)® 1) for g =r(1@ ((f)®@ 1)) 
This concludes the proof of Proposition 7.8. 


Proof of Theorem 2.4. Let 7, S be proper shapes and let h, h': T > S be allowable 
natural transformations in V(V.) with Th = Th’; we are to prove that A = h’. Suppose 
inductively that it is so for all smaller values (if any) of r(A); note that r(A) = 
r(T) + r(S) = r(h’). By Lemma 7.5, we may suppose that none of the prime factors 
of T or of S is constant. 

If both # and A’ are central we have 4 = h’ by Theorem 4.9. So we may suppose 
that # is of one of the other forms (7.1). 
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If h is of the form yr(/), we have yh = n( f) where f is allowable. But then 
yh’ = acs’), where f' = 17! yh’) is also allowable by (1.2). Since h and h’ have 
the same graph, so do f and f’; hence f' = f by the inductive hypothesis, whence 
h=h. 

If h is of the form y( f@g)x, we have y"!hx7! = (@ g: A@B>C®D. Then 
Py ta'x”!) = rene!) = F¥@ Pg; so that by Proposition 7.6 y'h'x7! =f" Qg 
for allowable f': A > C and g’: B > D with [f= Tf" and ['g = Ig’, whence f’ =f 
and g = g by the inductive hypothesis. Hence h’ = h. 

There remains the case where /: is of the form g((f) @ 1)x. Then it may be the 
case that the graph [fof fis of the form 


Leeamenaeen of 


B 
p({a)@1) 


for some central w and some p, a; in this case we have Th = Pg((T'f) ® 1) x. Here, 
since ( ) is natural, as in (5.5), 


A-——>([F,G] @E\@H 


(If) = (p((0)® 1). w) = (p) (1 ® (40) @ 1) (1 @ w). 


It now follows easily that vt = 7((0)® 1) for some 7 and for some central y. Per- 
haps a is of the form 


E———> ([X, Y] @Z) @wW F 

o | KA) @1) 

for some central ¢ and some «, A; but FE has strictly fewer prime factors than A, since 
[F, G] is a prime factor of A but not of E; Z has strictly fewer prime factors than E; 
and so on. Thus this process terminates, and ultimately we have an expression for 

PA of the form 


eae gf r 
! Ps deena n((t)@ 1) : 
where y is central and & is not of the form (7.5). Moreover [Q, M] is not constant 
since T has no constant prime factors. By Theorem 4.9 there is a central natural 
transformation vy: T > ({Q, M] ® P)® N with [yp = yw. From Proposition 7.8 applied 
to hy”! and h'y7! we conclude that Ay”! = q((p)® 1) and h'y"! = q'((p')® 1) for 
allowable p, p’: P > Q and allowable g, q': M@ NS with Mp = [p’ and fq = Tq". 
It follows from the inductive hypothesis that p = p’ and q = q’, so that h =h’. 

This completes the proof of Thecrem 2.4. 
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We say that a CW pair (4, Af) with W connected has cohomological dimension 
at most 7, and write c.d.( W, M)< n, if (i) for the universal cover p: W Wand 
M = p™ 1(Af), H,(W, M; Z)= 0 for all i> n, and (ii) for all coefficient bundles B 
over W, HU tl Ww Af; 9B) = 0. 

If c.d.(W, M) <n, where 1 2 3, it is easy to show with the methods of [14] that 
there exist a complex £ > M with dim(L ~ M) sn and a homotopy equivalence 
(which can be chosen simple if W is finite) L > W (rel M). 

However for n= 1 this need not be true, For an example, take W contractible 
and M of type (7, 1) where 7 is one of the groups of [1,6]. An evident further 
necessary condition in this case is that for each x EM, 1, (MM. x) > 1 ( Wx) be 
injective. When this also is satisfied, we will say that (W, M) satisfies DI. We con- 
jecture that given any CW pair (W, Af) satisfying Di, there is a homotopy equiv- 
alence W > £ (rel M) with dim(L — M) <1. 

In this paper we first reduce the problem to one in group theory, by showing 
that it depends only on the fundamental groups involved. We will study this prob- 
lem, assuming these groups finitely generated. In this case we can reduce the con- 
jecture to another one concerning ‘accessibility’ of the groups in a sense to be 
defined in Section 3. A more detailed discussion of this reduction is given at the 
end of the paper. 

Even assuming our conjecture, it is not possible when W is finite to choose the 
above homotopy equivalence L > W (rel M) to be simple: there is a well-defined 
obstruction in the Whitehead group of 7,(¥). 

The case when M is empty is equivalent to the result of Stallings {12} and Swan 
[13] that groups of cohomological dimension | are free. We can thus assume 
M #9. A first relativisation of this result is also due to Swan. We will make much 
use of the results and techniques of these two papers. 
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§1. Reduction of the problem 


In this section, we reduce the problem to a problem in group theory, and show 
how the general result follows from the case when M is connected, 

Write G for 1,(W) and (H;: iE /} for the fundamental groups of the components 
of M, indexed by 7 = m9(M). Write U,... K(H;, 1) for the disjoint union, and embed 
this in K(G, 1) so as to induce (up to conjugacy) the inclusion maps of the funda- 
mental groups. 


Theorem !. /f (W, M) satisfies D1, so does (K(G, 1), Use 7 KCH;, 19). 


Proof. Let A be a family of arcs in W disjoint except perhaps at their end points 
from M and each other, such that each arc joins two components of M, MUA is 
connected, and 4 is minimal with this property. Such a family certainly exists if we 
assume, as We may, that M contains the O-skeleton of HW’; we can take A to he a set 
of I-cells. Then H; (MUA, M)=0= H, (W, M) fori #1, and by minimality of A, 


H, (MUA, M) > H,(W, Af) = Ker (Ho(M) > Z) 


is an isomorphism. Hence H,( WMUA 1) = 0 for all i, and since each component 
of M is 1-connected so is M U A: thus MUAC Wisa homotopy equivalence. 

Choose an inclusion MC Ky = U,.., KCH,, 1) inducing an isomorphism of funda- 
mental groupoids, and with Ay, W’= Mf. By van Kampen’s theorem, WC Ag, UW 
also induces an isomorphism of fundamental groupoids, so its universal cover con- 
tains W: write (Ky VU Ww) = K, at UW. Now a deformation retraction ¢ of W on 
MUA induces one of (K uy U WY” on Kg UA. Each component of K, ay is contrac- 
tible, and A contains just enough arcs to connect them up, so Ky U A is contractible. 
Hence Ky, U W is of type (G, 1). The result now fullows as the relative homology 
and cohomology groups of the pairs (W’, Mf) and (Kay U W, Kaz) coincide. 


We now reduce sur original problem to a group-theoretic one. If dim (W ~ Mf) = 1, 
then (up to homotcupy) W is formed from M by attaching I-cells. It follows that G 
is the free product of (conjugates of) the subgroups H, and a free group. Conversely, 
assume this. Then we can attach }-cells to Af and map the resulting £ to W so as to 
induce an isomorphism on fundamental groups. By a mapping cylinder construction, 
suppose L C W. Then ZL is obtained from M by adding arcs A just as above, so crow 
is a homotopy equivalence. Hence so is the inclusion ZL C W. 

Say that (G, {H; }) satisfies D1] when the H, are subgroups of G such that 
(K(G, 1), U;.-; KCH;, 1)) satisfies D1. We see that our origina! problem is equivalent 
to showing that this implies that G is the free product of (conjugates of) the A, and 
a free group. 

The most natural case of the above is when is connected, so { H; } is just one 
subgroup H. The simplification is not innerited by subgroups, however. For let S be 
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a subgroup of G; regard A(S, 1) correspondingly as a covering space of A(G, 1). The 
induced covering of K(H, !) then splits into components A(SO H®, 1), where g runs 
through representatives of the double cosets HgS C G; and it follows that 
(S, {SO.HF }) satisfies D1. 

In good cases, the above can be reversed. 


Theorem 2. Let (S\ Ho, Hy. H3, .... H,,) satisfy Di. Let G be the free product of § 
and infinite cyclic groups with generators x), ...,X,. Let H be the subgroup which 
is the free product of Ho and the Hei, Then (G, H) satisfies D1. 


Proof. Form UK(#;, 1) C K(S, 1) as above; choose P;€ K(H,, 1), and form a K(G, 1) 
from K(S, 1) by attaching arcs joining Py to P; (i Si <n). We can then identify 
K(H, 1) with the union of the K(H;, 1) and che arcs. 


The (relative) cohomology of S is computed from a free chain complex C, with 
generators given by lifts to the universal cover of cells of A(S, 1). For (G, H) we can 
use the same cells and even the same liftings. The boundaries of the cells are un- 
altered by the reinterpretation, so we have the chain complex C, ® 7. ZG. Now 
for any ZG-module M, 


H°(K(G, 1), K(H, DM) = H?(Homg,(C, @z¢ ZG, M)) 
= H7(Homg,(C,,M)) 
= H?(K(S, 1), UK(H, 1): M)= 0. 
Since condition (i) is immediate by excision, the result follows. 


Suppose we can show that for (G, H) satisfying D1, G is the free product of H 
and a free group: thus we can form a A(G, 1) from K(H, 1) by attaching !-cells. 
Suppose G as above; consider the covering space of A(G, !) corresponding to the 
subgroup S of G -- it is of type (S, 1). The inverse image of K(H, 1) is (as noted 
above) UA(S 0 HE, 1). The only non-contractible components of this correspond 
to the nontrivial § % H®, and these are just the H;. Shrinking each contractible one 
to a point does not alter homotopy type, and we now see that we have a A(S, 1) 
formed from the K(H,, 1) for the given subgroups of S by attaching O-cells and }-celis. 
It follows that Sis a free product of conjugates of the H; and a free group. 
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§2. Cohomology theory 


We will now interpret our hypcthesis in the more group-theoretic terms which 
will be needed below. I have been careful to write ‘D1* to avoid potential confusion 
with other interpretations of relative cohomological dimension for groups, For 
example, it does not mean that the Extig Hy groups of Hochschild [8] vanish for 
n > 2, though an interpretation may be soul using the ‘mixed’ Ext? groups of 
Butier and Horrocks [3]. In this paper we will be more down-to-earth. 

Write P for the kernel of the map induced by augmentation, 


€: 26874, 2Z)- Z. 


Lemma 3. Let {H,;: iG 1} be a family of subgroups of G. Then (G, { H; }) satisfies 
DI ifand ony if P is a projective ZG-modute. 


Proof. Write W = K(G, 1), M= Ue; K(H,.1), with MC W. Let p: W— W be the 
universal cover, M= p- TW). In the exact sequence of ZG-modules 


HW) > H, (WM) > Hol) > Ho( W) > Ho (WM) 
the extreme terms vanish, Ho( W) = Z, and we can identify Hot) with @ (4G @ aH. 2). 
re] t 


Thus P= H,(W, M), and by the argument of (14. Lemma 2.1], P is projective. 

_ Conversely, since HW, M)= 0 fori # 1, if Pis projective the chain complex of 
(W, AN is equivalent (in the derived category of complexes of Z¢-modules) to one 
with P as the only nonzero module (see e.g. [15, Theorem 6! ), so that c.d.(W, M) < 1. 

We can rewrite this condition in the case when / is a singleton. Write /,, = Ker €: 
ZG > Z for the augmentation ideal of G (similarly for H, etc.). Then we have a 
commutative diagram with exact rows 


0 ZG+ly + 2G + ZG%y,Z > 0 
7 i ‘HW 
0- ly +~2G —- Zz ~~ Q. 


If we regard this as a short exact sequence of chain complexes, it has a homology 
sequence, which boils down to an isomorphism, 


I. ~+Kere=P. 
Gl2G +14 


Corollary. /f (G, H) satisfies D1. i¢ splits as the direct sum ZG«1 H&P. 


This is essentialiy equivalent to a lemma of Swan [13, 4.6]. Note that since 
ZG 85,, Zis the free Abelian group on cosets of H in G, Pcan only vanish if H=G. 
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§3. Theory of ends 


The classical theory of ends of finitely generated groups is described, for example, 
in (4, 5]. For our purposes, the following statement will suffice. If G is finite, G 
has O ends. If G is infinite, bat #'(G. ZG) = 0,G has | end. If H'(G; ZG) = Z, 

G has 2 ends. Otherwise, H'!(G; ZG) is not finitely generated, and G has © ends. 
This led to the problem of determining the number of ends of G in terms of its 
group theoretic structure. This problem was solved by John Stallings. However, the 
case of 2 ends was characterised earlier by Hopf {9} as that in which G has an in- 
finite cyclic subgroup of finite index. As was shown by myself [16] and Stallings 
[12], this is equivalent to having a finite normal subgroup with quotient infinite 
cyclic or dihedral. 

To describe the results. we need the concept cf free product with amalgamated 
subgroup, in two forms, 

(i) Let A, B, C be groups, ig: C > A and i; : C > B monomorphisms. Write 
AwB for the quotient of the free product A * B by the normal subgroup generated 
by slainents ig(c) iy(e7 1) An expression G = A *c B is called a decomposition of 
G, and is trivial only if ig orf, is an isomorphism. 

(ii) Let A, C be proups, fg and f,: C> A monomorphisms. 

Write A *. for the quotient of A * Zby the nornial subgroup generated by ele- 
ments f~ lig(c) tiy(e~ 1). An expression G = A *. is a non-trivial decomposition 
of G. 


Theorem 4 (Stallings). The finitely generated group G has more than one end if and 
only if G has a non-trivial decomposition A * Bor A *, with C finite. 


Sufficiency is easily checked: we remark that the case of 2 ends occurs with a 
decomposition A *,, when fg (hence also é, ) is an isomorphism, and with A *.B 
when | A: fy(C){ = 1B: 6,(C)| = 2. In these cases there is only one non-trivial decom- 
position. 

For the proof, we refer to {12} (and rely on [2] or [4] to extend the arguments 
to the finitely generated case). To extend the results to the non-torsion-free case, the 
crucial step is the following strengthening (due to Stallings) of [12, 4.1]. We give an 
outline of the argument, since the result is not yet published. 


Lemma 5. Write C for the set of g © G such that two of E+gk etc. are finite. Then 
Cis a finite subgroup of G. 


Stallings’ argument with bipolar structures then leads to a decomposition 
G=A * Bord *,. 


Proof. By the argument of [12, 4.1]. C is the subgroup of g € G such that gP + P 
bounds a finite cochain. For such g, either gk + E or gi + E* is finite. Let D be the 
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subgroup of C (of index at most 2) consisting of g with gf + E finite. By {12, 4.6], 
the set of ¢ such that gP meets P is finite. But if g € D and gP does not meet P, then 
(12. 2.3] either g£ C E or E CgE. But now by induction g’E C £ (or EC gE) for 
all natural numbers r, so g has infinite order. Assuming G has infinitely many ends, 
this contradicts [12, 3.5]. 

In the torsion-free case, since A *,, =A * Z, the conclusion of Theorem 5 can 
be paraphrased by saying that G is either a free product or infinite cyclic. Since by 
Grushko’s theorem [11, 7] G cannot be infinitely decomposed as a free product it 
follcws by induction that any finitely generated torsion-free group is the free pro- 
duct of a free group and groups with one end. 

This argument is still lacking in the general case, and constitutes the one gap in 
the development of this paper. We now formalise the problem. Say that G is Q- 
accessible if it has at most 2 ends, and inductively that it is n-accessibie if it has the 
form A *. Bord * with C finite and A, B (n~1}-accessible (trivial decompositions 
not excluded). 


Conjecture. Every finitely generated group is n-accessible for some n. 


The validity of our solution to the problem raised at the beginning of the paper 
depends on the accessibility of certain groups related to G. Certainly all is well if G 
is torsion free, but in that case a much simpler argument suffices anyway. 


§ 4. Subgroups of amalgamated free products 


Since Theorem 4 is our main technical tool, we shall need information about 
free products with amalgamation, particularly about their subgroups. For ordinary 
free products one has the Kuro subgroup Theorem, which is well-known to follow 
easily from covering space arguments. We will use these methods here also, having 
a taste for geometry. The arguments can also be formulated algebraically, using 
groupoids, as in Higgins [7], adapting the geometrical argument of [11]. 

Before starting the general discussion, we make the following observation, which 
will be needed tater. 


Remark. lf G= A *, B or A *,, with C finite, is not a free product, then neither are 
A and B. 


If, in the first case, A = D* F then by Kurc® Theorem C is conjugate to a sub- 
group of D or FE, say ©. conjugating, we may suppose CC F£. But then 
G=(D* E) 4 B=D*(E +.B) 


isa free product, a contradiction. In the second case we either have the same contra- 
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aes or can suppose ip(C) CD, iy (C) C £. But then G is the free product of 

I pt « MC Ff and the infinite cyclic group generated by ¢. 

Our method consists in the following. Suppose G = A * Bor A *.. Then we can 
fourm an Kilenberg-MacLane space K(G, 1) from K(A, 1) U K(B, 1) or K(A, 1) by 
attaching A(C, 1) X / along A(C, 1) X {0, 1} which is injected via ig and i,. Now for 
any subgroup § of G we consider the covering space of K(G, 1) corresponding to S, 
It is decomposed into parts corresponding to A, B and C. Indeed, let H be any sub- 
group of G with A(H, t) C A(G, 1). Then the induced covering of K(H, 1) breaks up 
into components which correspond bijectively to double cosets HS: the corre- 
sponding component has fundamental group HFN S. 

Moreover, this description is natural: suppose we have A(C, 1) C K(A, 1) C K(G, 1). 
Then the components of the S-covering space corresponding to double cosets Cg, S, 
A gy S will be incident if and only ifCg, SC Ag) S. 

Thus starting from G = A we Bora * and § C G, we have a K(S, 1) which looks 
like a graph, with (at each vertex) K(A® 9S, |) or K(BE OS, 1) and edges of the 
form A(CX OS, 1) X £: the incidences being determined as above. Unfortunately, 
the graph so obtained is usvally infinite and we must work to reduce it to a finite 
subgraph. To illustrate the technique, we now use it to prove one simple result. 


Theorem 6, Let G be a finitely generated subgroup of a group A *. BorA*.. Then 
either G is conjugate to a subgroup of A or of B, or G has a non- trivial dec arposiien 
xX *, YorX * 7. with Z conjugate to a subgroup of C. 


Proof. Represent ig by an inclusion K(C, 1) X OC K(A, 1): similarly for é,. Then 
ACA, 1YU A(CL 1) X 2 ACB, 1), resp. ACA, IYO K(C, 1) X J is a space of type 
{A *.B. 1), resp. (A *, 1). Look at the covering space corresponding to the sub- 
group G. The preimage of A(C, 1) X / breaks up into components W, X J, say. 

If any of these fail to disconnect K(G, t), write X for the fundamental group of 
its complement, Z = 7,(W,): then G = X*, as required. 

lt W. X J separates K(G. 1) into two einipolLents: with fundamental groups X 
and Y, and Z= 7) (W,), then G = ¥ ©, Y is a decomposition as required. unless 
if is trivial Le. Z maps onto one of X, Y. 

We may thus suppose that for each W, we obtain a trivial decomposition of G. 
Now since G is finitely generated, we can choose a finite set of loops which generate 
it, these will lic in a finite (connected) union Z of components Us of the preimage 
of A(A, 1); Vy of the preimage of A(B, 1). and WX #. Since ig, /, are injective, so 
are the maps of fundamental groups induced by inclusions W’, X 0 > Uz, 

WixXd- Yr. (or U3). It follows that 2)(L) > G is injective, and hence an isomor- 
phism. 

We will now make an induction on the number a, of a such that WX ICE. 
tn, =0, L =U, or V,, and G = 7) (ZL) is conjugate to a subgroup of A or B, as 
asserted. Otherwise, choose #7, X 7C Lilet it separate L = Lp U(W, X AU Ey. 
Since the resulting decomposition is trivial we can choose one of La and Ly, say Ly. 
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so that 7)(Lq) = 74(L) = G. Now we can apply the induction hypothesis to Lo. 
The result follows. 


§5. The case when G has one end 


We are now ready to start work on our main problem: in this section, after some 
preliminaries, we prove the result in the cases when G has at most 2 ends. 


Lemma 7, Let (G, {H;}) satisfy Di;letg”'hg= kwithg€EG, |} #hEH,, KEH,. 
Then t= j and g © H,;. 


Proof. Represent h, k by maps 
S'X0>K(H,1), S'X 17> K(H,,1). 


The hypothesis implies that we can extend to a map 


£8’ X1> K(G,1)= W, say, 


where the path of 1 X / represents g. Let W be the covering space corresponding to 
the (non-trivial) cyclic subgroup 5 generated by h, and M the corresponding covering 
of UX(H,, 1). Our homotopy f lifts to a map F: S! X J+ W, since f|(S' X 0) does 
by construction. Since™ H,(W,M)=0, F represents the zero homology class, so 
FiS'X OU S! X 1) is nullhomologous in M. But F(S! X 0) is not, so F(S' X 1) must 
lie in the same component of M. It follows that 7 = /, and that g, which lifts to a 
path joining this component to itself — the component corresponding to the double 
coset HS = H; — belongs to H;. 


Corollary 1. /f i # j, H; OH; = {1}. The nontrivial H, are distinct subgroups of G. 


Corollary 2. Suppose H, contains a nontrivial normal subgroup of G. Then H,=G 
and H,= {1} fori # 1. 


These follow immediately from the lemma. 


proposition 8. Let F be a finite subgroup of G. Then for some g © G, i€ 1, we have 


* It follows from [15] that if (W, Af) satisfies D1, the relative homology and cohomology groups, 
with respect to any coefficient bundle, vanish in dimensions 2 2. 
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Proof. First suppose F of prime order and the result false. Then no conjugate of F 
meets any H;, Thus the covering space W of A(G.1) corresponding to F induces a 
covering M of UK(H,, 1} each component of which is contractible. But then 


H?(W,M:Z)= HAF: Z) #0, 


a contradiction. 

Now use induction on | F'|. Let Af be a maximal subgroup: since | #'{ is not prime, 
1<[M|<|F |. By induction, we can write g~'Mg C H,. 1f now for some x © (F- M), 
M meets x ' Mx nontrivially then by Lemma 7 going H;; now, since M is maxi- 
mal, g7 Fe C H,. But if x IMxy OM = {1} for all x €(F- 'M). Fis a Frobenius 
group and 30 has a proper normal subgroup. If we use this instead of Af, we obtain 
the desired result. 


Corollary 1. /fG is finite and (G, {H; }) satisfies DI, then some H;= G and the rest 
are trivial. 


Corollary 2. [f G has two ends and (G, { H; }) satisfies D1, either some H;=G and 
the rest are trivial, or G = Z, all H, are rrivial or G = Z4* Z3, two H, are conjugate 
to the free factors, and the rest are trivial. 


For G has a finite normal subgroup F with G/F isomorphic to Zor to Z3* Z>. 
If F is nontrivial, by Proposition 8 we have F C H,, and the result now follows by 
Corollary 2 to Lemma 7. Similarly if G = Z and H, is nontrivial or if G = Z,*Z 
and H; has order greater than 2 (when it contains a nontrivial normal subgroup), 
we find H; = G. Otherwise, by Proposition 8, the two factors Z3 are conjugate to 
distinct H;, H;. as there are no more conjugacy classes of subgroups of order 2, any 
further H, are trivial. 


Theorem 9. Let G have one end and (G, (H;}) satisfy D1. Then some H; = G, and 
further H; are trivial. 


Proof. We have cpimorphisms (where 2 = [/ 1) 


nZG > (ZG @ Z)>Z- 
we] HH; 
write (P, p) = Ker e and (J, 7) = Kerg. Since by hypothesis P is projective, there 
exisis s: P> nZG with gs= p. Choose a ZG-free resolution 
RFI 0. 
Then the following is also exact: 


(2,0) 


RO pe PCP nzG 3 Z> 0. 
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Since G has one end, H®(G; ZG) and H}(G; ZG) vanish, so the dual sequence is 
exact too: 


(u*,0) (v"7*,8 
R* «<—— F* @ pP* Nl cl nZG <0. 


The middle map gives an isomorphism of Keru* © P* with nZG: denote its testric- 
tion by 


k*: P®*>nZG. 


Then s*k* = 1 and v*/*k* = 0. 

Since G is a finitely generated group, the kernel of the augmentation ZG > Z is 
a finitely generated 2G-module. Hence so are the kernel of eq, and its quotient P. 
Thus P is reflexive. Hence dualising k* gives a map k: nZG > P, and ks= 1. Also 
kjv=0, as it factors through its double dual 


Awe seeyee x = (* ftkety* “x 0 


Fo pee pes p 


As u is surjective, k= 0. Hence k factors through q, k= lq say. Now = ks = lqs = Ip, 
so / splits p. Hence also € is split, say by mr. 

Since m # 0, for some i there is a nontrivial ZG-homomorphism m’: Z> ZG O74 2 
But each element of G/H,; must appear with the same nonzero coefficient in m'(1). 
Thus Hf; has finite index in G, and so contains a normal subgroup of finite index, 
pereealy nontrivial. The result now follows from Lemma 7, Corollary 2. 


86. The induction step 


Let G be a finitely generated group. We wiil say that G satisfies (P) if it is neither 
a free product nor infinite cyclic: equivalently, if it has no non-trivial decompusition 
A*,,, Bord * + We say that G satisfies (Q) if whenever (G, {H,}) satisfies D1, 
we have all H, trivial except one which equals G. A special case of our main conjec- 
tive is that (P) implies (Q). In the previous section we have proved this for groups G 
with at most 2 ends. 


Theorem 10. Let G satisfy (P) and have the form A *. Bor A *., with C finite. If A 
and B satisfv (Q), so dues G. 


Note that by a remark in Section 4, A and B satisfy (P) if G does. It thus follows 
by induction that 


Corollary. /f G is accessible and satisfies (P), it alsv satisfies (Q). 
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Thus we have proved that (P) implies (Q), modulo the conjective that all finitely 
generated groups are accessiha 


Proof of Theorem 10. Suppose (G, { H,}) satisfies DI. Write H,= *H,, * F, where F 
is free and the H;; are not free ne nor infinite cyclic ( this i is possible by 
GruSko’'s Theorem). Then (H,, {H;;}) satisfies D1, hence so does (G, {H. ij }). Uf we 
can show that some H,; = G, it follows that H;=G, hence the result. So it suffices 
to proceed on the assumption that the H, satisfy (P). 

By Proposition 4, C is conjugate to a subgroup of some H,, so we may suppose 
CC H,. By Lemma 7, if i> 1, H; meets no conjugate of C, and H, meets C only if 
g © H,. Hence by Theorem 6, since H; satisfies (P), it is conjugate to a subgroup of 
A or of B, if i > 1. For H, itself, we refer io the proof of Theorem 6, in the nota- 
tion there used. We have 7,(W, ) nontrivial a ie a single a: ne Hy earieiis (P) 
we can then reduce my to 1. Hence BY = Hy! « HY. Aish with Hi! <A and HC B: 
or ifG =A *., we may have Hy aH c with Hi 

It thus follows that we can choese an eribedding a ve UK(H,, t)in 


W = A(G,1)= A(A, TIPU ACC, 1X FORKER, 1) 
>= WU We X UWp , Say, 


such that M has the form MU We X fUMp with M, C Wy, Mp C We (of course, 
it G = A #,, Wp is to be omitted). But the pairs (Hy, M4). (Wy, My) also satisfy 
D1. For M is 5 union of certain A(#/,, tL) with the #; _ conjugated to lie in A, and 
of KH? . 1), or possibly (when G * A *,) also a K(HE 1}. Hence the injectivity 
condition is satisfied. As to the other, the condition on homology follows by 
excision, and if R is any ZA-module, let R& be the induced ZG-module. Then R 
isa ZA-direct summand of R©, and 


H*(W, M: R°) = H?7(W,, M,:R°) BH (Wy, My, R©) 


by excision (Swan needs a lengthy algebraic development for the analogous result 
{13, 2.3], but it follows at once from the cepeeecs interpretation); since the 
left-hand side vanishes, so do H2( Wy. My: :R®) and its direct summand 
H*(W,, My: R). 

Bul 4 satisfies (Q). Since Hi > C is already nonzero, it follows that F ,° = 4A and 
there ay no put es H,;C A; thus in partieulal when G = A *. we cannot ha. e 
H, = Hy! «. Hy. Thus if G=A* c= Hf +. =A *.=G.1fG=A %B then, 
similarly, AP 1 = 8 and again H, = =G. This proves the hconean 


We now use a similar argument for groups which do not satisfy (P). 
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Theorem 11. Let (G, (H;}) satisfy Di. Decompose G and the H, as free products of 
indecomposable groups, ignore free factors isomorphie to {\} or Z. Then the set of 
free factors of the H; coincides (up to conjugacy in G) with the set of free factors of 
G, provided these satisfy (Q). 


Proof. As for Theorem 10, we may assume ihat the H; satisfy (P). Then if G =A * &, 
we may assume by Theorem 6 that each H; is contained in A or in B. It follows, as 
above, that (A, {H;}) satisfies D1. The result thus follows by induction on the num- 
ber of indecomposable free factors of G (note that in the case G = Z nothing is as- 
serted). 


Corollary. Let (G, H) satisfy D1 and H satisfy (P). Suppose G accessible. Then G is 
the free product of H and a free group. 


For decompose G as in the Theorem. By an argument in the next section, each 
factor is accessible, and hence by Theorem 10, Corollary, satisfies (Q). The result 
thus follows from the Theorem. 


87. Conclusion 


We will deduce our main result from those of the preceding section by a trick due 
to Swan [13, 5.1]. Let (G, H) satisfy D1. Write 


L= Gy, (HX Z)=G 1 
If H is finite, we will see that accessibility of Z implies that of G. 


Theorem 12. Let (G, H) satisfy DI and G *,, be accessible. Then G is the free product 
of H and a free group. 


Proof. If H is linite, it satisfies (P) and the result follows from Theorem 11, Corollary. 
Otherwise, we form L as above. As in Theorem 2, it follows by excision that 

(L, HX Z) satisfies D1. Since H is infinite, H X Z has only one end, and hence satis- 
fies (P). Again by the coroilary to Theorem 11, we have a free product decomposi- 
tion L = (HX Z) * F, with F a free group. Factoring out the normal subgroup gen- 
erated by Z, it follows that G = H* F, as stated. 


It remains to comment a little on the problem of accessibility. First, the argu- 
ment works without a hitch if G is torsion-free; and for this it suffices by Proposi- 
tion & that the H; be so. However, in this case the result follows immediately by 
combining (4.2) and (5.1) of [13]. 

Secondly, it is possible to improve the hypothesis of Theorem 12 somewhat. | 
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have no results assuming merely that H (or the H,} are accessible, but an earlier (and 
much more complicated) proof of Theorem 12 using only accessibility of G. The 
idea was to use a decomposition of £ (which has ends by results of Swan) and 
study exactly how it deccmposed G; then to use induction on the rank of H,(W, M; 
Z). The induction base came from combining the Corollary to Theorem 11, which 
implies that W’ can be obtained (up to homotopy) from M by adding 1-cells and 
2-cells, with a result of Kaplansky [10]. We can then combine Theorems 2 and 12 
to obtain 


Conclusion. Suppose (G; (H; }) satisfies D1, all groups finitely: generated, G acces- 
sible. Then G ts the free product of the H, and a free group. 


Finally, it remains to check two earlier assertions about a:cessibility. Now the 
definition shows inductively that G is accessible iff we can build a A(G, 1) modeiled 
on a finite graph, with each vertex replaced by a X(H, 1) (H with 0 or t end) and 
each edge by a ACF,1)X J, F finite. If G isa free product 4 * Y, each F, His 
(essentially uniquely) conjugable into a subgroup of X or ¥, by Theo-em 6. If we 
cut the edges corresponding to trivial F, the components of the remainder thus 
correspond to subgroups of X or Y. Hence by rearranging the cut edges, we can 
form a K(X, 1) as a subgraph of the graph for K(G, 1) so X is accessible. The 
argument that G *,, accessible, H finite, implies G accessible is similar. 
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Let E be a ficld and G be a group of automorphisms of F. For any subset X of 
E, let Gy denote the set of all o€G such that ox =x for every x EX; Gy is a sub- 
group of G. For any subset § of G, Iet ((S) denote the set ef all x € E such that 
ox=x for every o€ S, (5) is a subfield of £. It is obvious that X¥ C (Gy) and 
§ C Gisy: 
For any subfield F of £, the following two conditions are evidently equivalent: 
(i) F = /(H) for some subgroup A of G; 
(ii) F = KG). 
The subfields F that satisfy these conditions are said to be Galois closed relative 
to G, The set of all of them will be denoted by F(G). The field K = (G) is an ele- 
ment of F(G), and every element of F(G) is an extension of K. 
For any subgroup H of G, the following two conditions are evidently equivalent: 
(i) HG, for some subfield F of £; 
(ii) H = Gay). 
The subgroups H that satisfy these conditions are said to be Galois closed in G. The 
set of all of them will be denoted by G(G). 


Proposition, The formula F > Gp defines a mapping F(G)~ G(G), the formula 
H + I(H) defines a mapping G(G)~> F(G), and these two mappings are inverse to 
each other, 


This is obvious. What is not obvious is how to characterize the subfields and sub- 
groups that are Galois closed. When F is a difterential field and G is a group of dif- 
ferential automorphisms this is a problem raised by Kaplansky [1, p. 18]; when, in 


* The author is very thankful to Professor E.R. Kolchin for a fuil revision of an earlier draft. 
The author offers his best thanks to Professor M. Venkataraman for his encouragement and 
guidance in the preparation of this paper. 
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addition, A(G) consists of all differential fields between K and &, this is a problem 
mentioned earlier by Kolchin [2, p. 29]. 

The purpose of this note is to provide a topological characterization of G(G) and 
F(G). 

The set of all subsets of G of the form 


G-sG 


K(x) (sGG, x€F) 


is a subbase for a topology T,; on G. For any © G, left resp. right translation by ¢ 
maps G ~ Gg.) onto G — isGgyyy resp. G ~ SGyiyyf = G ~ stot Wrist = 
=G ~ stG gi p-1), it follows that both these translations are homeomorphisms of G 
onto G. Similarly, the symmetry mapping ¢ + t~! of G maps G ~ SG x(yy on the set 
G - GgyyyS beGes Gx, xy and hence is a homeomorphism, too. 

For any x,y CE let /, , denote the mapping F > E defined by the formula 
I. Az) = x2 +y. The set of ail subsets of E of the form E - 1, (As) GO, ¥ EE, 
s € G) is a subbase for a topology T;; on E. When x #0 then /, , is a homeomor- 
phism of F onto E. 


Theorem. (3) A subgroup H of G is Galois closed in G if and only if H is a closed set 
for the topeiogy Tg. 

(0) 4 subfield F of E is Galois closed relative to G if and only if F > K and F is 
a closed set for the topology T¢. 


The proof depends on two lemmas. 


Lemma 1. Let G be any group, G;, ..., Gy, be finitely many distinct subgroups of 
Gi, Rye ee, Np, BE NONZCTO Natural numbers, and s;; be elements of G (1 <i Sm, 
iSj/Sn,). [If the ny +... + ny, cosets 8;,G; cover G but no fewer of them do then 
G, O..OG,, is of finite index in G. 


This was proved by B.H. Neumann [3]. Also a proof can be found in [4]. 


Lemma 2. Let £ be any field F, F,, .... F,, be finitely many subfields of E, and 
Xp. Vy, Xp Vy be elements for E. If FC scien Icy; (Fj) then either F is 
finite or FCF as bey, yf Fj for some j, 


Proof. Let F be infinite. Discarding superfluous terms /,. , jF;), we may suppose 
sags ; : . bey 

that F is not contained in the union of any 1 — | of the sets /y AF). For each j 

the ceset be, vAF,) = x/F j +, of the subgroup x, F, of the additive group E contains 

an element of F, so that we may suppose that y; © F. Then 


F= U FOX F:) + yp; 
wea ge 
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so that by Lemma | F Ox, Fy has some finite index r in F (whence in particular 

x, #0). We claim x, © Fy. Indeed, F.O.x,F; is infinite and hence contains r+ | 
distinct nonzero elements x jap, <) 4), ....Xya,; two of the r+ 1 products 

X49°X 14, (OS Kk <r) must lie in the same coset of FOx,F, in F, so that for two 
distinct indices k, k' we have xtagla, ~ ape FOX, F, Cx F,, whence x, €F,, 
as claimed. FO F, is of index rin F. For any xEF, x #0, /.. g maps the group F iso- 
morphically onto itself and maps FO F, onto FO xF,, so that FO xF, has index 
rin F, by the claim just established, then x € F. Therefore FC F, and (because 
xXyo¥yp EF) Fy zh y (Fy). 


We now prove the theorem: 


(a) If H is Galois closed then, H = Gyei7) = Opp G gc: SC that H is closed for 
the topology T,;. Conversely, let H be closed for T;; and let s © Gyz,,. We must 
show thats € H, and to do this it suffices to show that every open set 
G- Urcsen OK x) containing 3 intersects H, that is, to show that 


s€ Us, Gy > HE UsGg ey, : 


(x,) 
We assume that HC Us, Gy,, , and force a contradiction, Discarding any of the 
cosets $:; Gy, . that are superflious, we may suppose that no coset $,Gxyy can be 
omitted. Then each of these cosets contains an element of H, so we can take s;GH 
and write H = Us,(H Gx, )). Lemma | then shows that H is contained in the 

union of finitely many left cbsets of the intersection NG gy y = Gee, xn) 
Therefore each x, has only finitely many distinct in.ages fx, “(¢ © H) and hence is 
separably algebraic over /(H). The extension F of /(H) generated by the elements 

ix, (fE H, 1 Sf Sa) is normal separably algebraic and of finite degree. The elemenis 
of H restrict to automorphisms of F over ((H). since the fixed field of the group of 
these restrictions is /(H), the group of restrictions is the Galois group of F over {(H). 
As the restriction of 5 to F is also an element of this Galois group, some ¢ € Hf cuin- 
cides with s on F, so that 1X; * SX, and sy ex, = Sj sx, (1 </<n). Since s € s;G Kix) 
it follows that ¢€ SOK(x) (Sf <A). This contradicts the assumption that 

HC Us,Gx;,,), and completes the proof of part (a). 

(b) If Fis Galois closed then F > K and F = (Gp) =f; _ i(s), so that F is 
closed for the topology T;. Conversely let F be closed for T;- with F > K. When F 
is finite then K is finite too, and Gp is a normal subgroup of G of finite index: the 
restrictions to /(G;;) of the elements of G form a finite group G’ of automorphisms 
of (G,-) with fixed field K, so that (G,-) is a finite extension of K and G’ is its 
Galois group; since K C FC /(G;-) and since evidently the identity is the only ele- 
ment of G’ that leaves invariant every element of F, it follows that F = (G,-} and 
F is Galois closed relative to G. Therefore we may suppose that F is infinite. Let 
x € (G,-). We must show that x € F, and to do this it suffices to show that every 
open set £ — U, <jen fy yfMs) that contains x intersects F, that is, to show that 


158 T. Soundararajan, On a topology for a Galois system of fields and automorphisms 


x€U! 
! 


xp; 


(/(s;)) »>F¢ Ul, oy, (/(s,)) ‘ 
We assume that 
FCU bh 3 C (s;)) 


and force a contradiction. Then (by Lemma 2) FC /(s,) = Ix, y,(I(s,)) for some 
index k, so that s, € G;-. Since x © (G;-), this implies that x € f(s.) = hyy y if H(s,)). 
This contradicts the condition x € Ux, (i(s;)), and completes the proof of the 
theorem. | 


Remarks. |. In the special case in which F is a normal separably algebraic extension of 
K and G is the group of all automorphisms of £ over A, it is easy to see that Ty, 
coincides with the Krull topology on G; despite the fact that F(G) is then the set 
of all intermediate fields, T;; is not the discrete topology on F (even when G is 
finite). i 

2. Ja general, G is not a topological group relative to T,,, because multipiication 
on G is not continuous as a function of two variables when G2 is given the product 
topology. 

3. In the special case in which K is a differential field of characteristic 0 with 
algebraically closed field of constants C and £ is a strongly normal extension of K 
and G is the group of all differential automorphisms of F over K, then G has a 
canonical structure of algebraic group defined over C, F(G) is the set of all inter- 
mediate differential fields, and a subgroup of G is closed relative to T,- if and only 
if it is closed relative to the Zariski C-topology on G. Nevertheless, T,. is distinct 
from the Zariski C-topology (the latter being finer). 
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81. Introduction 


Let BT be a ternary relation on a set Y, and interpret (x, vy, z)© BT to mean that 
¥ is strictly ** between x and z. We shall write 


xvz iff (x, ¥,z)& BT 
not xyz iff (x,v,z)€ BT. 
A binary relation < on X agrees with BT if and only if 
xvz iff Q@<y<2z or r< yy <x) 


for all x,y,z © X, where x <4 <z means thatx CV& york x <z. if < isnot 
transitive then x <_» <2 need not be equivalent tox <cy & y <z. 

This paper examines a hierarchy of four types of strict partial orders (asymmetric, 
transitive), and for each gives conditions on BT that are necessary and sufficient for 
an agreeing order of the specific type. The least general orde4. sidered is a linear 
order. As noted later in this section, there are well over a dozen extant axiom sets 
for BT that characterize linear order. The most general order of the four in our 
hierarchy is an interval order, which has the property that when X is countable it is 
possible to map each element into a closed real interval such that, for all x, » © X, 
the interval for x lies wholly to the left (on the line) of the interval for v iff x <y. 
Interval orders are closely related to interval graphs, as we shall observe in the next 
section. Between interval orders and linear orders we encounter semiorders and weak 
orders, which will be discussed further in Section 2. Section 3 presents the agreeing 
theorems. 


* The author is grateful to Fred Roberts for sharing his work on betweenness, and to Duncan 
Luce for introduction to the sizable literature of betweenaess. The work was supported by a 
grant from the Alfred P. Sloan Foundation to the Institute for Advanced Study. 

** The strictness interpretation will be relaxed in parts of this section, but all later sections 
adhere to it unless explicitly noted otherwise. 
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Ternary betweenness relations, both strict (where not aab) and nonstrict (where 
aab), were probably used first as primitives in axiomatizations of geometry. Accord- 
ing to Freudenthal [1], Pasch [2, 3] was the first to rigorously axiomatize between- 
ness with a geometric interpretation in mind. The later axiomatic systems for 
geometry of Peano [4, 5], Hilbert (6}, Veblen [7], and Pieri [8] use betweenness 
or a similar notion of ordered triples as one of the system primitives. More recent 
discussions of geometry that include betweenness as an undefined notion include 
Blumenthal [9, 10], Robinson [11] and Tarski [12]. Blank [13] uses primitives 
of betweenness and a quaternary relation of observed distance to examine the extent 
to which an individual's visual space is a metric space *. 

More directly relevant to the present paper, Huntington and Kline [15] identify 
eleven sets of independent axioms for strict betweenness that are necessary and 
sufficient for an agreeing linear order. Their axioms are based on Pasch’s and all 
eleven sets have four axioms in common: 


A abc > cba; 

B atb#c#a>abc or ach or bac or bea or cab or che; 
c; atb#c#a & abc notach; 

D ahe ~ a#b#c#a. 


Axioms A and C provide symmetry and a form of one-sided asymmetry. Axioms B 
and D provide connectedness and strictness (irreflexivity). Various combinations of 
eight transitivity axioms, two of which are (with a, b, x and y distinct) 


hh. xab & aby > xay 


ae xab & ayb>xay , 


are used to complete their eleven sets, one of which is {A,B,C,D, 1,2}. Van de 
Walle [16] proves that ten of the eleven Huntington-Kline sets are completely 
independent in the sense of Moore [17], and Huntington [18] introduces yet 
another axiom, 


9, abc & Xb > abx or xbc, 


for a twelfth set { A, B,C, D, 9%} of independent axioms. 

No axiom of Huntington and Kline uses more than four points. Subsequently, 
Pitcher and Smiley [19] introduce a series of five-point transitivity axioms. Because 
they are interested in lattices they use axioms like A and C, but not B because of its 
connectedness. 


* Roberts and Suppes [14] discuss the non-Euclidean nature of, and problems in, the geometry 
of visual perception. 
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Another set of axioms that are necessary and sufficient for an agreeing linear 
order (in the S sense rather than the < sense), and which uses a five-point axiom, 
is given by Sholander [20]. Because of its compactness, | mention it in its entirety. 
For linear order Sholander uses only three axioms for nonstrict betweenness: 


(i) aba iff a=b, 
(ii) abe & bde ~ cbd or eba, 


(iii) abc or bea or cab. 


The only disadvantage of this system seems to be that (ii) is not immediately ob- 
vious as a necessary condition. Sholander notes one other new axiomatization for 
linear order, which is much less compact. Roberts [21] also gives a nonstrict 
betweenness axiomatization for an agreeing linear order (S) 

Sholander’s proof for {(i), (ii), (iii) } is based on a nonstrict betweenness theorem 
of Altwegg [22] whose conditions are similar to the strict betweenness conditions 
{A, B,C, D, 1, 2} of Huntington and Kline [15]. Aitwegg seems to have given the 
first set of conditions for nonstrict betweenness that are necessary and sufficient 
for an agreeing partial order S (reflexive, transitive, antisymmetric). An alternative 
system for partial order is given by Sholander, who uses an axiom based on binary 
comparability, ab iff aab: 


(iv) For oddn 23, a,a, & a,a,&..&a, a, & aa) > 
B14 Fy OF 4,2 ,ay OF 2:4, 14:,5 forsome 1SiSn- 2. 


The set {(i), (ii), (iv)} is Sholander’s system for an agreeing partial order. Sholander 
also discusses betweenness in trees and lattices. Axioms to characterize lattices in 
terms of BT are presented by Smiley and Transue {23}. 

In another line of development, Huntington [24-26] gives four sets of indepen- 
dent axioms that are necessary and sufficient for his so-called cyclic order, which is 
a ternary and not a binary relation, Consistent with Huntington's usage we may 
define BT as a cyclic order iff there is a linear order < such that 


abe iff axb<e or cab or b<c<a, 


A familiar example of a cyclic order arises when X is the perimeter of a circle and 

abc iff the three points are distinct and the clockwise arc from a to 6 does not include 
c. One of Huntington’s sets of axioms fur cyclic order is {B,C, D, E,9); where the 
new axiom replacing A (symmetry) is the cyclic property 


E. abc > bea. 
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Shepperd [27, 28} also touches on cyclic order in discussing “betweenness sets” and 
“betweenness groups”, and Rieger {29} and Fuchs [30, pp. 61--65] examine a 
notion of cyclically ordered groups using the condition abc > (xa, xb, xc)E BT 

& (av, by, ev)E BT. | 

Finally, we shall note some cases where betweenness is defined from other 
concepts. 

In connection with a metric space (X, d) a frequent definition of betweenness is 
abe iff d(a, b) + d(b, c) = d(a, c), with a#b #c if a strict interpretation is used. Sec, 
for example, Kagan [31], Menger [32], Wald [33], Blumenthal [9], Busemann 
{34] and Krantz [35]. A related definition used by Tversky and Krantz [36], when 
X=X,XX_X... XX, is abe iff dla, c) 2 dla, b) & dla, c) 2 d(b, c) & a;= b; = ¢, 
for cach i€ {1....,4} for which a; = ¢;. 

Betweenness has been defined also in terms of qualitative quaternary relations 
on X, or binary relations on X X X, Beals and Krantz [37], Krantz [35] and Krantz 
et al. (38] do this in several forms. In connection with ab 2 cd interpreted as “the 
absolute distance between a and 6 is at least as large as the absolute distance between 
e and d”, the last of these defines abc iff ac 2 ab & ac 2 be. 

Binary relations on X can also be used to define BT. The obvious definition on 
tne basis of a linear order cias of course guided some of the axiomatizations men- 
tioned above. Arrow [39] uses this definition in an analysis of the notion of single- 
peaked preferences of individuals in the theory of social choice *. Birkhoff [41, p.2]} 
defines BT from a partial order and notes some consequences of the definition. 

The following definition ** of lattice betweenness is often used in lattice theory: 


LI. xyz if (XOVUPOZ)= y= ey N(y Uz). 


Glivenko [42, 43] observes that xyz by LI > xz © yp Gx Uz, and that for metric 
lattices *** the lattice property of L1 holds iff d(x, ¥) + dQ, z) = d(x, z), anda 
Mctis taitice ts distributive if and only if 


L2. xyz iff xOzGyOxuz, 


where © denotes the partial order for the lattice. Pitcher and Smiley [19] prove 
more generally that L} —~ L2 for any distributive lattice. Smiley [45] examines 
relationships among lattice betweenness, metric betweenness, and algebraic between- 
ness (abe iff b = ka + (1 ~ A)c for some real A in [0, 1] ). Restle [46,47] examines 
L2 in a context where X is a class of sets. 


* Duncan Blacks work on single-peaked preferences is the basis for Arrow’s analysis, See 
Black {40}. 
** Sholandcr [20, p. 377] mentions another definition of lattice betweenness. 
*** Sec, for cxample, Glivenko [42], Wilcox and Smiley [44], and Birkhoff [41, p. 76]. 
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Goadman [48] defines a notion of local betweenness that is based on a binary 
matching (or similarity, etc.) relation. From a psychological viewpoint *, interest 
in matching stems from the fact that a person will often be unable to detect a 
“significant’’ difference between two distinct stimuli. Let ab €:M mean that @ and 
6b match or are judged to be “the same”. Goodman assumes that X is finite and M 
is reflexive and symmetric. Let »7({x, y) be the number of elements in X that match 
x ory but not both, Then define LBT (local betweenness) by 


ahcE LBT iff abGM, bcEM, acEM, atc, 
ma, c) > ma, b) and m(a,c) > m(b, c), 


and take @ beside 6 iff a#b & abE M & acbE€ LBT for no cE X. Goodman discusses 
the possibility of Mf inducing a linear order on X (which occurs iff two distinct ele- 
ments in X are each beside just one other element and all others are beside exactly 
two) and notes cases where such an order will not arise. Galanter [50] , Coombs 
[St], Harary [52], and Luce and Galanter [49] discuss this model, and the last of 
these notes that an induced linear order can give a distorted picture of the under- 
lying stimuli when it is based on a subset of all possible stimuli. Fine [53] provides 
a lucid mathematical analysis of some of Goodman's ideas. 

A more general model than Goodman’s linear order model arises in those cases 
where cach element in ¥ can be mapped into a closed real interval with ab€ M iff 
the intersection of the intervals for a and b is not empty. For finite Y, an (X, M) 
with this property is called an interval graph. We shall consider interval graphs 
further in the next section. 


§2. Orders and interval graphs 


The defining properties of the four orders that we shall focus on are: 
1. interval order: < is irreflexive and (x <y & 2<w)> (x <w orz<y), for all 
x,¥,Z,we X; 
. semiorder: <is an interval order and x <y & y<z > (x<w or w<z), for all 
x,y,2z,we xX; 
3, weak order: <is asymmetric and x <y > (x <z or z<y) for all x, py, 2E X; 
4. linear order: < is irreflexive, transitive, and connected (x #y > x<y or ¥<NX). 
Each of these implies its predecessor and can be embedded in its successor. Thus, 
a scimiorder is an interval order, and a semiorder is included in some weak order. 
The differences among the orders can be highlighted using the relation ~ detined 
as follows: 


Ih 


(1) x~yp iffnot x<cvy& notr<x, 


* Sce, for example, Luce and Galanter [49, section 5]. 
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where not x<y means that (x, vy) & < In all cases ~ is reflexive and symmetric, so 
that it compares with the matching relation M of the preceding section. This relation 
has also been called by the names of indifference, similarity, adjacency and incom- 
parability. 

if < is « linear order then x ~ y iff x= y. 

If < is a weak order then ~ is transitive, so that it is an equivalence, and (~X<) Cc< 
and (<\(~) © <, where ( { ) denotes composition: (x, v) © (~)(<) iffx~z & z<y 
for some z@ X. When < on_X is a weak order, <’ on X/~ defined by (7 <' s iff 
x <y for some x € r and y Es) is a linear order. 

The term “semiorder” was first used by Luce [54], and the irreflexive definition 
of semiorder given above is due to Scott and Suppes {55}. If < is a semiorder then 
(~M{<) U (<\(~) is a weak order (Luce [54, Theorem 1]; Fishburn [56, Theorem 
2.8] ). 

The definition of interval order is from Fishburn [57]. If < is an interval order 
then (~)(<) and (<)(~) are weak orders, 

Further connections with ~ for interval orders and semiorders come from the 
notions of interval graphs and indifference graphs. Although my definitions of 
these concepts differ slightly from other definitions *, the concepts are essentially 
the same. 

An interval of a linearly ordered set (Y, <) is a subset J of ¥Y for which a, 6, ©/& 
& a<c<b->cE€ 7, We shall call (X, ~) an interval graph iff there is a linearly ordered 
set (Y, <") and a function J on X into the nonempty intervals of (Y, <’) such that, 
for all x, » © X, 


(2) x~y iff AxyOIW) #9. 


An indifference graph is an interval graph (X, ~) for which J can be defined so that 
(2) holds and J(x) C J(y) for no x, y€ X. The problem of characterizing interval 
graphs by conditions on (X, ~) was apparently first proposed by G. Hajos, and 
independently by Benzer [60] in a study of genetic fine structure in which he 
examines whether (X, ~) is an interval graph when YX is a set of mutants of a type 
of gene and x ~ y iff the mutant parts of x and y overlap. Characterizations of 
interval graphs are given by Lekkerkerker and Boland [61], Gilmore and Hoffman 
{58], and Fulkerson and Gross [62]. Harary [52] discusses the Gilmore-Hoffman 
solution along with Goodman's matching theory [48] , and Baker et al. [63] note 
relationships between interval graphs and the Dushnik and Miller [64] definition of 
the dimension of a partial order. 

Roberts [59, 65}, who originated the term “indifference graph”, presents many 
interesting aspects of this concept in a finite-set context. Several of his opservations 
{65, Theorems 8 and 9], which draw in part on Fishburn [57], present the connec: 
tion between interval graphs and orders suggested above. 


* Sce, for example, Gilmore and Hoffman [58] and Roberts [59]. 
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Theorem 0. < or X is an interval order iff < is transitive and (X, ~)is an interval 
graph. <on X is a semiorder iff < is transitive and (X, ~) is an indifference graph. 


Since the latter part of this theorem has not been proved elsewhere under the 
definition of indifference graph used here, I shall outline the proof that (X, ~) is 
an indifference graph when < on X is a semiorder. 

Hence let < on X be a semiorder with ~ defined by (1). Define x ~ ¥ iff (~~ z 
iff vy ~ z. for all z € X). By Theorem 2.3 in Fishburn [56]. * is an equivalence and 
(x=y & 2=w)>(x <z iff y<w). Let Y consist of one element from each class 
in X/*. Since < on X is a semiorder it follows that < on Y is a semiorder. In the 
context of ¥ let << = (~W{(<} U (<~). It follows from Theorems 2.6 and 2.8 in 
Fishbum [56] that <’ on ¥ is a linear order. Let S = (< U ~), and for each x€ Y 
let x* denote an artificial element that corresponds to x, with Y* the set of arti- 
ficial elements (and ¥ © Y* = 9). * Then detine <, on ¥ U ¥* by 


x<vp &x*<p* iff x< yp 
x*< pv iff x<y | 
x<iv* iff x Sr. 


it is not hard to show that <, on Y U Y* is a linear order. Finally, for any a@€ X 
witha =x & x€Y, define J(a) as the closed interval in (Y U Y*, <,) with x and 
x* as end points. By the definition of <, and the property in the third sentence of 
this proof it follows easily that J(a) 1 J(b) # @ iffa ~ b. Moreover, no J interval is 
properly included in another J interval. For this could be so only if, say, x <<, 
<<, x* for some x, » & Y, and this implies x <" y and » <’ x in contradiction 
of the asymmetry of <'. This shows that (X, ~) is an indifference graph. 

If in this proof we take J(a) <, J(b) to mean that p <, gq whenever p € J(a) & 
&q@€ Jb), then a <b iff Ha) <, J(b). Scott and Suppes [55] and Scott [66] show 
that if < is a semiorder on a finite X then each /(a) can be taken to be a unit inter- 
val on the real line. 


§3. Agreeing theorems 


From the discussion of Section 1 it is clear that many different axiom sets could 
be used for BT in order to characterize our orders, For each order I have chosen only 
one set, using the usual criteria of simplicity of expression and interpretability as the 
guide. Other sets can of course be identified by demonstrating their equivalence to 
the ones used here. 


* That is, ¥* is a copy of Y. 
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A defined irreflexive and symmetric binary relation of betweenness comparability 
will be used extensively. It is 


x/y iff x#y  andx and y both appear in some one triple in BT. 


In the usual fashion, x/y/z/x means that x/y & y/z & z/x. 
For interval orders and semiorders we shall use the following axioms, which are 
to hold when indicated for all x, p, z, w, a, b,c, dE X, 


Al. XVZ ~> Zpx. 

A2. xyz > not yxz. 

A3. xyz & w/y >xyw or wyz and not both. 
Ad, x/viz/x > xyz of ZXy OF y2x. 

AS, abc & xyz~abx or abz or xyc oF Zy¥c. 
Ad. abc & xy2—>abx or abz ot xbe or zbe. 
A7. abc & bcd > abx or xed or axd. 


The first two axioms are similar to A and C of Huntington and Kline [1S], and 
Aé is like their B with x # y #2 #x replaced by x/y/z/x. A3, which is quite close 
io Huntington’s Axiom 9 of Section 1, expresses the condition that if w/y when 
xyz then w must lie to one side of p or the other, but not both. Each of Al through 
A4 is easily seen to be necessary for an agreeing interval order. Several conditions, 
some of which were stated earlier, follow from our initial axioms. 


Lemma 1. For all x, vy, z, w& X, (Al, A2,A3}> 


Cl. not xvx & not xxv, 

C2. xyz > not pxz & not yzx, 

C3. xvz & xyw >not wyz, 

C4. xyz & yzw>xpw & xzw, , 
CS. xyz & xwy>wye & xwz. 


Proof. A2 prohibits xxx. If x # y, A3 prohibits xyx. A2 prohibits xx. For C2, use 
Al then A2 on zyx to get not yzx. C3 follows from A3: xyz & p/w > xyw or wz 
and not both. Since xvw by hypothesis, not wyz. Using the hypotheses of C4, 

A3 > xyw or wyz. But Al & A2> not wrz. Therefore xyw, and wzx follows in like 
manner. For CS, with xyz & xwy, A3 > wyz orxyw, the latter of which contradicts 
C2. Hence wz. The other conclusion of C5 then follows from C4. 
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Using C4 and CS, we can build up srrings, such as xyzwi, with the property that 
when all but three elements are deleted, the remaining three in the given order form 
a triple in BT. C6 in the next lemma shows how (under A4) another element (x) 
can be inserted in the middle of a string, and C7 gives another way of extending a 
string at one end. 


Lemma 2, For all a, b,c, d,x, vE X, {Al, A2, A3, A4} > 
C6. abe & bed & ahx & xed > bxe, 


C?. xab & vah & x/y > xva or yxa. 
Proof. Use A4 then C3 in each case. 


The necessity of A5 for an agreeing interval order is easily verified. Suppose that 
< is an interval order that agrees with BT. Take abc and xyz as in the hypotheses of 
AS. For orientation, assume a" b<c. ix Cp<zthenb<c & y<iz7b<zor 
¥<c, and hence abz or xve. if 2 <p <x, a similar calculation gives abx or zyc. 
Hence ane of abz, xyc, abx, and zyc must hold. 

The necessity of AG and A? for an agreeing semiorder is established in a similar 
way using the semiorder definition. Neither A6 nor A7 is necessary for an agreeing 
interval order. 


Theorem f. There is an interval order on X that agrees with BT iff Al, A2, A3, A4, 
and AS hold. 


The sufficiency proof for Theorem | is in the next section. Theorems O and | 
have the following obvious corollary. ~ is defined by (1). 


Corollary 1. There is a binary relation < on X that agrees with BT and ts transitive 
with (X, ~}an interval graph iff Al, A2. A3, Ad and AS hold. 


Theorem 2. There is a semiorder on X that agrees with BT iff Al, A2, A3, Aa, AS, 
A6 and A7 hold. 


The sufficiency proof for Theorem 2 is in Section 5. 


Roberts [21] proves a related theorem for nonstrict betweenness under the as- 
sumption that X is finite. His first axiom asserts that (XY, is an indifference graph 
when / is defined from nonstrict betweenness by x/y iff xvx. Theorem 2 avoids 
direct reference to indifference graphs and has, in the presence of Theorem Q, the 
following corollary. 


Corollary 2. There ix a binary relation <on X that agrees with BT aud is transitive 
with (X, ~) an indifference graph iff Al, A2, A3, A4, AS, A6 and AT hold. 
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The final two theorems add little to previous work, but they do show the modi- 
fications in our preceding conditions that lead to agreeing weak orders and linear 
orders. Two new conditions (to hold for all x, py, z, w & X when indicated) will be 
used. 


A4*, xt y#2#X > xyz OW 2XyV OF VIX, 


AS*®, xyz > wyz or xwz or XV. 
+ é ; 


A4*, which is essentially Axiom B of Huntington and Kline, will replace A4 in the 
linear order theorem. Ad, as stated (x/)'/z/x ~ xyz or zxy or vzx), will be retained 
in the weak order theorem, where A5* replaces A5. The sufficiency proofs of 
Theorems 3 and 4 are in Section 6. 


Theorem 3. There is a weak order on X that agrees with BT iff Al, A2, A3, A4 and 
AS* ‘wld. 


Theorem 4. There is a linear order on X that agrees with BT iff Al, A2, A3 and 
A4® hold, 


$4. Proof of Theorem 1 


We assume throughout that Al through A5 hold. If BT = @ then the conclusion 
is obvious with <= @. Henceforth assume that BT # © and fix abe. On the basis of 
this fixed triple we define binary <, in groupings of three thus: 


(3) x< p<, 2 iff xyz & [(abz & not bzyyor(xve & not dey). 


This givesa <<, 6 <, c using Al and A2. Moreover, by C1 of Lemma 1, <, is irre- 
flexive. Since r <, s and s <<, 2 may be based on different triples it is not at all 
obvious that <, is transitive. Indeed, the most intricate part of the proof is involved 
with proving the simpler assertion that <, is asymmetric. 

We note first that <, agrees with BT. This is followed by several results on <,. 
Since BT = {a@be, xyz, abz, and their three symmetric duals under Al} satisfies 
Al -A5 but <, for this example is not an interval order (b<, ¢ & x <, », but 
neither b<, y norx <, c), we define another binary relation <, by (4) and then 
show that the union of <, and <, agrees with BT and is indeed an interval order. 


Lemma 3. xyz iffx<, p<) 2 or 7<y yp <y x. 


Proof. According to (3), all we need show is that abc & xyz imply one of (abz & 
not bzy), (xyc & not bey), (abx & not bxy), and (zyc & not dey), the last two of 
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which verify z <<, v <, x. By AS on abe & xyz, abz or abx or xve or zc. Suppose 
that abz. If not bry thenx <, v <, 2. 1f bzy: then, using C4, abzvx, so that abx & 
byx, Since byx + not bxy by C2 and Al, we get abx & not bxy so that z <<, v < x. 
The other three cases (abx, xyc, z¥c) are dealt with similarly. 


Lemma 4.xvp & rsp—>xsp or ryp or spy. 


Proof. By Al & AS, pyx & psr > pyp or pyr or psx or rsx. By Cl, not pyp. Both 
pyr and psx are in the conclusion of the lemma under Al. This leaves rsx. By C7, 
(rsx & rsp & p/x)— sxp (which by C4 and C5 gives rsxyp and hence ryp) or spx 
(which by C5 gives spy). 


Lemma 5, <, is asymmetric. 
Proof. We shall suppose that x <, v & y <, x and then show that this is impossible. 


x <; y can arise in one of three ways, namely x <; v <<; forx<; ¢<, y or 
t<, x <, ¥» for some ¢ © X. These three correspond to the following by (3): 


1. xyt and [(abr & not bry) or (xve & not bevy)] , 
2. xty and [(aby & not byt) or (xtc & not ber)| , 
3. txy and [(aby & not byx) or (txc & not bex)] . 
Similarly, for y <, x, one of the following must hold for some p: 
4. yxp and [(abp & not bpx) or (yxc & not dbcx)} , 
5. ypx and [(abx & not bxp) or (ypc & nat bep)] . 
6. pyx and {(abx & not bxy) or (pye & not dbcy)] . 


This gives nine major cases to consider (1 & 4, 1&5, ..., 3& 6), and four subcases 
(from “or’’) for each major case. Using C7, the subcases which use ab* for both 
f& £1,2,3} and j © (4, 5,6) are easily disposed of. For example, for | & 6 suppose 
that (ab¢ & not bty) and (abx & not bxy). Al and C7 then give (since x/t by 1) 
either bxt (which leads by C5 to bxyt, contradicting not bxy) or btx (hence biyx 
by C5, contradicting not bry). 

By symmetry, it should be clear that we need consider only the following six 
of the nine main cases: 1&4, 1&5, 1&6, 2&5, 2&6 and 3&6. Having already 
disposed of the subcases where ab* holds for i and 7, we next dispose of the sub- 
cases where **c holds for both i and j (for example, where we take (xyc & not bey) 
for 1, and (yxc & not bcx) for 4). For these subcases, 1 & 4 violates A2. 1 & 5 gives 
xype by C5, which contradicts ypx in 5 by A2; | & 6 > not xyp by C3, contradict- 
ing pyx in 6;2&6 > tcy by C6 (since xtyp & xtc & cyp), so that tcb (contra. not 
bet) or bcy (contra. not bcy) by A3; 3 & 6 + xcy by C6, which by A3 implies xcb 
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(contra. not dcx) or bcy (contra. not bey). This leaves 2&5, where it is assumed 
that xty, (xtc & not bet), ypx, (vpe & not bcp). By Lemma 4, xtc & ype > xpe or 
yte or pet. First, xpe along with ype > not ypx by C3, a contradiction. Second, 
vic along with yx > not cex by C3, a contradiction, Finally, per & b/e ~ ber 
(contra. not ber) or pcb (contra. not bep). 

Twelve subdcases remain for the six major cases under consideration. We detail 
each of these, making use of notational similarity in several cases. 


1&4. xvt and yxp, hence pxyt by C4. 

i. (xyc & not bey) and (abp & not bpx). Then pxyc so that pyc. Since pba also, 
Lemma 4 ~ pbc (which with pba > not abc by C3, a contradiction) or bpy (which 
gives bpxy and hence bpx, a contradiction) or pya. Using C7, pva & pve & a/c + Vea 
(hence peba, vob, contra. not bey) or vac (hence pyabc, pab, contra. abp). 

ii. (abt & not bry) and (yxc & not bex), Similar to (i). 


1&5. xyt and ypx, hence xpyr by CS. 

i. (ab: & not bty) and (ypc & not bcp). The interchange of x and p shows that 
this is similar to 1 & 4 (ii). 

fi. (xve & not bey) and (ahx & not xp). By interchanging x and p and then 
noting that pyc and pxy > xvc, we see that this is covered by | & 4 (i). 


1&6. xvf and xyp. 

i. (abt & not bty) and (pyc & not bey). Using Lemma 4, abt & xve- bry (contra. 
not bry) or ayt or xbt. 

Consider ayt first. This gives a/v and hence by A3 on xyp, either xva (which with 
fva > not xl, contra.) or ayp. Hence ayp. Then, since cvp & a/c, C7 ~ acy (which + 
abcyvp > bey, contra.) or cay (which + chayt > bat, contra abr). 

Finally, suppose that xbrt. Then x/b & abe > abx (which with thx > not abr, 
contra.) or xbe. Hence xdc. Using Lemma 4 on xhe and xyp, get xve (which with 
pyre > not xyp, contra.) or bxy (which > bxyt > bxt, contra. xbt) or xbp. Hence 
xbp, Since a/b, A3 + xba (contra. xbc & abc) or abp. Hence abp. Using Lemma 4 
on abp and cyp, get chp (contra, abp & abc) or bpy (> xbpy > xpy, contra. xyp) or 
ayp. Hence ayp. Using C7, ayp & cyp & a/c > acy (> abeyp > bcy, contra. not bey) 
cay (> chayp > bap, contra. abp). 

ii. Qxye & not bey) and (abx & not bxy). Lemma 4 on chx & xve gives cbx (contra. 
abx & abc) or bxy (contra. not bxy) or ayx. Then C7 with xve > acy (> abcyx, 
contra. not bev) or cay (> cbayx, contra. abx). 


2& S, xty and xpy. 

i. (aby & not byt) and (ype & not bep). Lemma 4 on aby and cpy gives apy (which 
with cpy + acp (> abcpy, contra. not bcp) or cap (> cbapy, contra. aby)) or chy 
(contra. aby & abc) or byp (> bypx > byx > byrtx, contra. not byt). 

ii. (xtc & not bet) and (abx & not bxp). Similar to (i). 
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2& 6. xrv and pyx, hence xtvp by CS. 

i. (aby & not byt) and (gre & not bey), By A3, pye & b/v > bye (with v/t > byt 
(contra. not br) or tye (contra. pye & pyt)) or pyb (with pyc by C7 > bc (contra. 
vba & abc) or veb (> pyeba, contra. not bcy)). 

ii. (xtc & not bet) and (abx & not bxy). By Lemma 4, abx & ctx > atx (which 
with C7 on etx > act (> abct, contra. bet) or cat (> chatx, contra. abx)) or cbx 
(contra. abx & abc) or bxt (> bxty, contra, not dxy). 


3&6. xy and prx, hence mxyp by C4. 
i. (aby & not bvx) & (pye & not bey). Interchange x and sf, get 2&6 (i). 
ii, (exc & not bex) & (abx & not bxy). Similar to (i). 


Lemma 6.x<pr<, 7 & PSs, rep<q<,r or x yr. 
QRS ZR PSS rrp y<yz orxqqgyr. 


Proof. Assume x <, vy <) 7& P<, q <r. By AS, pqx or pqz or xr or zyr. By 
Lemmas 3 and 5, pqz > p<; q <1 2, and xyr > x <) y <,,7. Suppose then that 
pqx. By Lemmas 3 and 5, pqx > p<, q <, x. By Lemma 4, pqx & xyz > 2qx 
(which, since x <, z, requires x <) q <; z by Lemmas 3 and 5, but then x <, q, 
contradicting g <<, x by Lemma 5, and hence zqx leads to a contradiction) or pyx 
(which gives a similar contradiction) or gxy. Hence pqx > qxy > paxyz > pqz > 
p<, q<, z. In like manner, 237 > gry > pgryz > pqz > p<, q <, Z. 

The proof of the second half of the lemma is like the proof of the first half. 


On the basis of <,,<, and < are defined as follows. 
(4) x<,y iff @<)r<,)s & p<, q<,y & not qrs) for some p, q, 7, S: 
<=<,U<,. 
Lemma 7a.x<,y & 7<,)w?xSw or z<y, 
Proof. Pairing up one of x <<) ¥ <4 4.x <y t<) pand tf <, x <j y with one of 
z<yw<,u,7<, u<y wandu<, z<, w, Lemma 6 implies x <, w or z <; 
immediately in all but the following two cases. 
Lx<py<ype & u<y 2 < w. lf zy thenz <, y. If not zyz then x <, w by (4). 
2.2 <1 Ww <j u & {<; x <1 ¥. Similar to 1. 
Lemma 7b. x<, yy & 7S, wWOxX<w or 72 <y. 
Proof. For x <, y use (4), and forz <, wusez<,/<,k & m<ja<yw & 


not njk. By Lemma 6, either x <; j <, k (whence x <, w) orz <, r<, s (whence 
z<, y). 
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Lemma 7c.x <<, ¥ & 7<; Woxe Ww or z7<y¥, 


Proof. Use (4) for x <, ». Ifz<, w<, uv then, by Lemma 6, either x<) w <) v (so 
that x <<w)orz <<, r<; (so thatz < v). [fz <; v<, w, Lemma6>x<y uc w 
(x<w)orz<)r<y siz y). Ifu< 2<, w, Lemma 6 -u<y 2 <] (zy) or 
p <| q <1 w (x S w). 


In summary, Lemmas 7a, 7b and 7c give 
Lemma 7.x<y & 2<w>xe<w or 7<), 
Lemma 8.p <<, 9 <<, x & x<yr<ys 7? q<yx<yr. 
Proof. By Lemma 4 on srx & 4qx, either sqic (> § <4 gq <, x by Lemmas 3, 5 and 
q <1, but then s <; x, contra. x <y r<, si hence sqx is impossible) or prx (im- 
possible by Lemmas 3 and 5) or gxr (> g <, x <] 7). 
Lemma 9. < is an interval order. 
Proof. In view of Lemma 7 and C1, we need only show that <, is irreflexive. Hf 
x<, x thenx<,r<,s & p<yq<yx & not qrs. But by Lemma 8,x <,; r<, 5 
& Py qs, xq <yx<y rr qxr> qxrs > qrs. Hence <, is irreflexive. 
Lemma 10. x << zx <; <2 


Proof. Suppose first that x <, y and y <, z with 
x<yr<sys & p<yq<,y & notgqrs, 
VIS kK & m<yn<,z & notajk. 


(5) 


By Lemma 8,q <, » <, j. Applying Lemma 6 to this and x <, r<, s, getq<)r<, 5 
(contra. grs andr <; s)orx <, y <; 7. Hence x <, y <, /. Also, with Lemma 6 on 
gay y<,fandm<,n<, z,getqg <<) y<y zorm<,an<, j. [lfm <, n<, / 

then with y <, /<, & Lernma 6 > y <; j <j (false) or m<y in <, k. Then mnk & 
mnj & j/k > nkj or njk by C7. Wf nkj then j <) & <<, a since j <, k, and thus j <, 7, 
cortra, m<,n<, /. Hence njk. But this contradicts not njk from the hypotheses. 
Hence m <j 1 <, /is false.] Therefore, q <y vy <, z. Since x/y from x <, y < f, 

A3 + xyz or qyx (contra. gyi and xy/). Therefore, xyz, and x <, y <, z since 

Xx <1 ¥. 

Suppose next that x <<, y & y < z. We use (5) for y <, z, and combine this with 
one of x <p V<y tf, X<y Ey Vand +<y x <, y. With F<) x <<, y, Lemma 8 > 
¥<y¥<, J. Then Lemma 6 (m <n <2) 7 x Sy vy <2 orm <n <j, the 
latter of which is ruled out by the analysis in brackets in the preceding paragraph. 
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With x <) 6<, yp, Lemma 8 > 1<) yp <i> i > xe > xvj ex << fF and 
the preceding sentence applies. Thirdly, suppose x <, v <, rt. Then Lemma 6 

(v <y i <y AD <y ve <y eCfalse) or x Cy F<, &. By C7, xyk & pyk > xv7 (hence 
x <; 4 <, /and the first use of Lemma 6 in this paragraph applies) or xj (hence 
V<y xX <, since x <y fs but then y <; x contradicts x <<,» <, 4. Hence x <, y 
<, Zz in all cases. 

Finally, suppose that x <, y & y <y z. We use (4) for x <, y, and one of y<, z<,p, 
y<,u<,z and v<, p<, z. Suppose first that y <<, u<, z. Then Lemma 8 > 
q<; ¥ <; v, and Lemma 6 on this and x <,) r<y s>q@<y r<, s (contra. not qrs) 
orx <<; y<, uv. Hence xyv and thus xvuz and xvz (> x <y y <, z). Second, if 
¥<, 2 <1, v then (Lemma 8)q <, » <, z and Lence gyzu and g <, vy <; u and the 
two preceding sentences (with xpuz replaced by xyzu) apply. Finally, suppose that 
v<,¥ <, 2. Using Lemma 6 on this and p<; q <, y get p <4 q <<, z. Then C7 
applied to pqz & pay & y/z gives qzy or qyz. For qzy, ¥ <y 2 <y q since » < Z. 
But then y <, q contradicts p<; g <, y. Hence not qzy, and therefore qvz 
(74a <) ¥ <, 2). Lemma 6 with x <; 7 <, 5 then gives x <j p<, Zorg<)r<,5s 
(contra, not grs). 


In summary, Lemmas 3, 10 and 7 show that < is an interval order that agrees 
with BT. 


85. Proof of Theorem 2 


Using the two new axioms for an agreeing semiorder, 
A6, abe & xvz2-abx or abz or xbe ar zbe, 
A7. abe & bcd abx or xed or axd, 


we shall build from the results of the preceding section, {f BT = @ then < = @ is an 

agreeing semiorder. Henceforth assume that BT # @. We shall divide the proof into 
two parts, according to whether a string of four (abcd) is formable from BT (using 
C4 and C5). 


PART I. We assume throughout this part that for every x, y, z, w © X, not (xyz & vzw). 
Since BT # 9, fix abc, ard let this be the abc used to define <, of the preceding sec- 
tion in (3). Also take <, defined by (4), and <= <, U <,. Furthermore, define 
(6) x<yy iff x<p<q forsome p,gEX and y<r forno rE X, 

<’ =<U <)- 


Lemma ll. x<'y & p< ze xc pcz. 
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Proof. Since x <, y > not y <'z, take x <y. If » <z then the conclusion follows 
from Theorem 1. If » <, z then we have x < y & y <r<s for some r,s. But this 
gives a string of four (xyrs), contradicting the initial hypothesis of Part 1. 


Lemma 12. <’ is an interval order. 


Proof. < and <, are both irreflexive, hence <’ is irreflexive. To show that 
x<'y & 2<'w>x<'w or z< p, consider cases: 


hx<p & z<w. Lemma 7 or 9. 
2.xXx<)y & z<5w. Thenx<,w & py <q z by (6). 


3.X<yy & z<w. Take x <p<q for x <, y. Then, by Lemma 7, x < w (hence 
x<'w)orz <p (hence z <p <y and thus z <4 ¥). 


Lemma 13.x<'y & p<'z7>x<'w or w<'z. 


Proof. By Lemma Lt,x<'’y & y<'z7x<yp<z.lfw<rfornot thenx <4) W 
(hence x <' w). Henceforth assume that w < ¢ for some ¢. Then, by (3) and (4) and 
no string of four, either w<, p<, q or p<, w <, q for some p,q E X. Suppose 
first that w <, p<, q, along with x <, y <; z(Lemma 10). If y <, p<, q also 
then xvpq (contra. initial hypothesis), and therefore not ppg. Hence w <, 2 by (4), 
and thus w <'z. Suppose next that p<, w<, q. Then by A6 on pwq & xyz, 

either p<w <x (hence p<w <x <y <z, contra. initial hypothesis) or p< w<z 
(hence w <' 2) orx <w <q (hence x <’ w) ors << w<q (hencex <p <z<w<gq, 
contra. initial hypothesis). 


Together, Lemmas 11, 12 and 13 along with Theorem | show that <’ is a semi- 
order that agrees with BT. 


PART IL. In this part of the proof we assume that abc & bed, or abcd, and let < 
be any interval order on X that agrees with BT (Theorem 1). With abcd and < fixed 
with @<b<c<d, define 
(7) x<3y iff nota<x & x<c & b<y & noty<d; 

<* = <U<;. 
Lemma 14.x<*y & y<*2>x<y<z, 
Proof.x <, y > b<y >a<y (by transitivity since < is an interval order) > 


not y <3 z. Hence, both <* in the hypotheses of the lemma can’t be <3. If x <3 y 
& vy<2 thena<b<y <2 and by A7 eithera<b <x ora<x<z (each of which 
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contradicts not a<x from x <, vyy)orx Cy <z. Hence x <y <z. Similarly, 
x<vp&y<ygz7x<cy <z, 


It is easily seen that <* is irreflexive. The next two lemmas show that <* is a 
semiorder which, by Lemma 14 and Theorem 1, agrees with BT. 


Lemma IS.x<* » & y<*z7x <* worw <* z. 


Proof. By Lemma 14.x<* y & y<*2z>x<y<z. Usinga<b ee wy, 
A7>a<b<w ora<w<dorw<e<d. 

l.a@<b<w. This is similar to the following proof for w<e¢ <. 

2.w<e<d. By A7 with2z. cithera<b<zora<2z<dorz<c<d. With 
either of the latter two we get x << y <z <d and, using A7 on this with w, we get 
x <w or w <z as desired. This leaves a <b <2. Ifa<w then A7 with z applied to 
a<w<ic<d givesacw<2(w<zj)orz <¢ <d (so that x < py <2 <d as before) 
ora <2 <d {so that x < y <z <d as before). On the other hand, suppose that 
nota<w. Ifz<d then x <» <z<d as before, and if not z<d then (nota <w 
& w<ckb<z&not2z Cd)ew<, z. 

3.a<w<d A6bonacwid&&xe<y<z7a<w <x (hence w <z under the 
transitivity of < )ora<w<z(w<zborx<w<d(x<wy)orzcwcd(x<cw 
under transitivity). 


Lemma 16.x<* » & 2<*w-ox <* w or r<* yp. 


Proof. ifx<y & 2 <w then x Cw orz <y since <is an interval order. Ifx <, vy & 
z<; w then x <3 w& z <; p by (7). Finally, suppose that x <; vy & z< w. By 
Lemma 7 onx <c & 2 <w, either x <w or z <c. Suppose thatz <c. If nota <z 
then z <; v by (7), and ifa<z thena <z < wand. by Lemma I5,@<* x (which is 
false since a< x > not x <3 y, and a <4 x > b<x >a <x) ory <* w, Hence 
x<yv&z<wex<t wor < p. 


§6. Proofs of Theorems 3 and 4 


Theorem 3 for weak order uses Al ~A4 along with A5S*® (xyz > wrz or xwz or 
xyw). To make use of Theorem | we first prove 


Lemma 17. { Al, A2, A3, A4, A5*} > AS. 


Proof. Given abc & xyz as the hypotheses of AS, use A5* with ¢ on xyz to get cyz 
or xcz or xyc. Only xcz here is not in the conclusion of A5, which is (@bx or abz or 
xye of zyc). But xcz & b/c under A3 > xch (> xcba > xba) or bc2z(> abcz > abz). 
Hence xez > abx or abz. 
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Let < be as defined in Section 4. Then, by Lemma 17 and Theorem 1, < is an 
interval order that agrees with BT. Since an interval order is a weak order when ~, 
defined by (1), is an equivalence, all we need show is that ~ is transitive. If BT = 0 
then < = @ and ~ is an equivalence. Henceforth assume that BT # @. We then have 


Lemma 18. x/v iff (x<y¥ or y <x). 


Proof. Clearly x/y > x <y or y <x. Suppose then thatx <p. Hix <, » then x/v. 
Ifx <,y then, say,x<r<s & p<q<y & not qrs by (4). A5* with » on 
x<r<s gives y <r <s (which with p <iq <y¥ givesq <r<s, contradicting not 
grs)orx<y<s orx <r<y, and therefore x/y. 


Thus, by (1), x ~y iff not (x <y or vy Cx) iff not x/y. If x/z then A5S* on each 
of xzt, xtz and 2x¢ implies cither x/y or y/z. Hence not x/y & not v/z > not x/2, 
and thus ~ is transitive. This completes the proof of Theorem 3. 


Theorem 4 is easily proved either by showing that its axioms imply those of a 
strict betweenness axiomatization for linear order from Section |, or by showing 
that (Al, A2, A3, A4*} > Ad & A5* and that, when BT # 0, x #y > (x <¥ oF 
vy<x). 


Note added in proof. Lemma 3 says that xyz > (x <| vy <; zorz<, y<, x) and 

(x <<; y<y Z0rz<y y <y x) > xyz. Fred Roberts has kindly pointed out that the 
latter statement has not been proved. Its proof follows from the former statement, 
A4 and Lemma 5 (whose proof doesn’t use Lemma 3): (x <; » <, z orz <) y <, x) 
> x/y/2/x > xyz or 2xy (7 Z<y x <y y or y <] x <, 2, both contra. Lemma 5} or 
yEx (FY Gy 7 <y X OFX <y 2 <, y, both contra. Lemma 5). If x <, » is taken to 
hold iff one of 1, 2, and 3 on p. 169 holds, then (3) emerges as a theorem. 
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The category aA of relations in an Abelian category 4 is isomorphic to its own 
dual. This entails that direct limits in s¢ can be computed as inverse limits and vice- 
versa. This, together with the fact that limits of the same type commute, suggests 
the use of the category st to obtain criteria for limit-colimit commutation in +. 

The first section consists of an account of the necessary introductory parapher- 
nalia. The second section is devoted to cofinal functors and their applications to 
the theory of limits and relative limits. In the third section conditions are given for 
the existence of certain limits and relative limits in the category A of relations. In 
section four we show that in & limits can be computed as cuolimits and vice-versa. 
Under certain circumstances the limit of the colimit functor of a bifunctor F with 
range 9 is just the limit in A of a suitable functor. A key point for applications is 
given by a theorem giving conditions for the commutativity of limits and relative 
limi: in of. In section five we apply the foregoing to the problem of commuting of 
limits with colimits in sf. 


§ 1. Paraphernalia 


The terminology used will generally be that of [>] and [3]. Thus, to a commu- 
tative square 


ce 


R ..---» A 
a1 4 le 
Ronse y 


¥ 
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in an Abelian category A we associate the differential sequence 


} 7 
(1.2) R tae} A®B mic Hinde Xx. 


Whenever (1.2) is exact, Jeft exact, right exact we say that (1.1) is exact, cartesian, 
cocartesian and write ex(a, 8; y, ¥), car(a, 8: y, W), coc(a,B; 9, ¥), respectively. Clear- 
ly car(a, 8: y, ¥) means (1.1) is a pullback diagram and coc(a, f, 9, ¥) that (1.1) isa 
pushout. 

The category A has the same objects as sf. A morphismn from A to B in Ais an 
equivalence class of morphism pairs (y, YW) in A where 


At» Xe———— B 


and_¥ is an object in sf. Two morphism pairs (¢. ) and (y’. ¥') are equivalent if 
and only if there are monomorphisms wand yw’ such that wp = w’y’ and wy = yy’. 
We write y/w for the class of (y,W) and note that every such class has a minimal 
representative, unique up to isomorphism in sf, given by the pushout of the pull- 
back of any representative (y, ¥). Conversely any pushout is a minimal representa- 
tive. The composition x/A © y/¥ is given by x’y/W'A where (x’, W') is any pair for 
which the square in 


is exact. 

We identify of with a subcategory of A via the embedding functor y > /1. If 
F:(§ > ois a functor, then F: © + & will denote its composition with the em- 
bedding functor. The isomorphisms of A are just those of of. An anti-involution 
T: at > Xt is defined on A by T(e/W) = W/y. We write y/W short for Tiviv) and 
note that y/W = PO. 

By a process dual to that used for constructing Aa calegory A is constructed. 
There is an isomorphism aA to A which carries the merphism y/y of Ato 
alg: A< R ®. B of A, where (a, 8) is any pair for which (1.1) is exact. Notice 
that a commutative square (1.1) is exact if and only if B& = Wy. As before we denote 
by #: © > A the composition of F: © > A with the embedding functor. 

We say that a morphism y/ of & is represented minimally when it is minimal 
in its class and similarly we speak of maximal representation in A. 

We now turn to 4 few propositions to be used in the sequel. 
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Proposition 1.3: Suppose that in the diagram 

/ \y 
a’ 

sat nme ee ale 


sca aeaREReanenetnmenEmntan ad 
& 


(1.4) 
" e 
(yp, W) is minimal and o/¥ = g'/~'Oa. Then 3| a monic a with ay=vgaanda y=". 
Proposition 1.5. Suppose that in the diagram (1.4) (yg, ¥) is minimal and a© Y/p = 
= "yp". Then 3\ a’ such that og = g'0 and ay = Y'. Furthermore ex(a.g. ¢, 0). 
if in addition (W', 9) is minimal, then cocla, g ¢ , a). 
Proof. Let coc(a, v:y", a’). Then a’ w/e” = ¥'/y' and (¥. ¢), being minimal, is a push- 
out, hence (¢'", a’ ¥) is a pushout. Hence (a’ y, ¢"') is the minimal representative of 
Wig. thus 3{a monic @ with 
(1.6) Oa’ Y= y' 
and 6g" = y’, hence 
(1.7) bay = va. 
As (¥, ¢) is a pushout it follows that Oa’ is the unique morphism for which (1.6) and 


(1.7) hold. From @ monic and coc(a, 9: ya’) we infer ex(a.y:', Oa’). If (Y', v’) is 
minimal, then 6 is an isomorphism. 


From [2] we have 


Theorem 1.8. Consider the commutative diagram 


in A. Then coc(a,B; p, ¥) and ex(a,8'; 9, W') implies w epic; exta, Bip. ¥) and 
car(a, 6:9, W') implies v2 monic; cocla, Bip, ¥) and car(a, B's, W') implies o is an 
isomorphism. 
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We conclude this section with 


Proposition 1.9. [f in the commutative diagram 


(i) car(a'a, B: 0, W' Wy and carla’, o. 8, '), then car(a, B: yg, ¥), ii) ex(a’a, B30. UW) 
and car(a’, 9:8, b'), then exta, Bry, W). 


§2. Cofinal functors 


In the sequel we shall assume that all index categories /, J are small, nonempty 
and connected. J is said to be quasi-filtered (write qf) if in addition 


Given x in J there are y, 5 with yao = 58. 
p 
Given + in J there ts 7 with no = na. 


A category / is called af’ if it satisfies the dual of the preceding conditions. 

Let J, J” be any categories. A functor C: J’ > J is said to be cofinal if it satisfies 
the following conditions: 

(i) Given 7 € [J | there is a morphism j > C7’ for some 7’ € [J'j. 

(ii) Given 


a Gh 
an 


in J, there are morphisms ¥,, #5 in J’ such that 


Le 


ay Ci Cyr 
(2.1) i 


commutes. One verifies that whenever (i) holds, (ii) is equivalent to either of the 
following, provided J and J‘ are af: 
(ii)’ Given 
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in J there is a morphism ¥ in J’ for which Cy Op, = Cy Op. ; 
(ii) Given 


v7 
OG, so, 
Ca 
in J, there is a morphism ¥ in J’ for which CY oy = CW O Ce. 

(We owe this notion of cofinal functor to Peter Hilton.) 

In particular let J’ be a full subcategory of the qf category J and suppose that J’ 
satisfies the following condition: 

Given / € |J| there is a morphism j-* /' in / with j’ € | J’ |. Then J’ is of and the 
inclusion functor is a cofinal functor. 

As another example let J be a qf category and J’ the comma category j/J of ob- 
jects under /. Then j/J is qf and. the projection functor P: j/J > J is cofinal. 

Let F: J-> © be any functor. A natural transformation x: F > X, where X isa 
constant functor (Le. X¥ € | © |) will be called a cone over F. Similarly a natural 
transformation n: X > F will be called a cane under F. 

From now on we will write “Suppose (C, J‘, J)” for “Suppose that C: J’ > J is 
cotinal”. 


Lemma 2.2. Suppose (C, J’, J). Let F: J > © be any functor, then every cone over 
FC can be extended in a unique way to a cone over F. 


Proof. Let p7,: FCi> X,i€ |J' | be a cone. Let 7 | J]. Then there exists a 
gf > Ci and we set 
(2.3) P= GFE. 


Let y':/ > Ci’. Then by (ii), definition of cofinal functor, there are ¥. Win J’ 
such that 


ed Cy 
¥ an 


commutes. Hence p; = po O Fy = pc, O FCP O Fp = pcg OF CU OF 9 = peop O FE. 
This shows that p;, as defined, is independent of the choice of y, furthermore the 
py s agree with the given p,;’s for any j of the form j= Ci, © [J'|. Let now 
v: jk be ind, Then 30: k> Ci, fE | J |. By (2.3) pg; O FO O Fy = p, and 
Po; © FO = py. Hence Pj = pp © Fy. Thus p is a cone over F. p is clearly: unique 
since any extension must satisfy equation (2.3). 

Clearly every cone m over F can be restricted to a cone m7 over FC, hence under 
the hypotheses of Lemma 2.2 there is a 1-1 coirespondence between cones over F 
and cones over FC. 
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Given a class F of cones over F we shall denote F the class of the corresponding 
cones over FC, 


Definition 2.4. Let F: f ~ © be any functor and F aclass of cones over F. A cone 
a: F > L in F is said to be a direct F-limit of F (we write {L, 7} = F- lim F) if, 
given any cone 9: F> X in F, there exists a unique 6-morphism yb > X such 
that y7 = p. 

Clearly F-lim F is unique up to canonical isomorphism. 


Theorem 2.5. Suppose (C, J’, J). Let F be a class of cones over F: J ©. Then 
{L. 7} = Flim Fo (L, 10} = Fe-lim FC. 


Proof. Let {L, 10} = Fe-lim FC and p: F + Xa cone in F, Then 3} 6-morphism 
aL + X with 9076 = pe. But W/E | J | there is a morphism y: j -> Ci in J and 


9. = 
; 


OPY=g On, oF = 
i = Pc; Fy=a ar IFW = on.. 


f 

Conversely, let {L, 7} = F-lim Fand pc: FC + Xacone in Fo. Then 3] &-mar- 
phism ohL~XxX with p = on. Clearly Po = oC qe and if pe = a'm, then as before 
p= o'r. Hence o = 0 and this shows the uniqueness of o. 


Hf in this last theorem we let ¥ be the class of all cones over *, we obtain 
Theorem 2.6. Suppose (C, J’, J). Then {L, 1} = lim Fe (Lh, te} * lim FC. 
As a consequence of Theorem 2.5 we have the following result. 


Theorem 2.7. Suppose (C, J’, J). Lez F: J > © and G: 6 > be any functors. 
Furthermore let F,, F4 be any classes of cunes over F, GF respectively. Then 
G( F,- Jim Fy= Fy-lim GF if and only if GCF, )c-lim FC) = (F 5 Icrlim GFC. In 
particular, G(lim Fy= = = lim GF if and only if G( lim FC)= = lim GFC. 


Remark. A functor between gf categories which is cofinal in the sense of Bass ({1], 
Definition 8.3, page 46) is cofinal in our sense. 

Let C: J’ > J be any functor and x: G > F: J > © a natural transformation. For 
each W:/ ,~sind “ we have a commutative diagram 


GO, _ av GCG 


‘28) “Ch | | Koy 


FC, a , FG 
FCY 
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Let {LG, A} = lim G and {LF, 7} = lim F. Then, for every j | J’ | we have the 
commutative diagram 


. AG 
GC ---~----» LG 
| 
(2.9) “cj : hk 
¥ 
FG] --—--——-+ LF 
P21 Ci 
For this situation we prove 


Theorem 2.10. Suppose (C, J’, J) and let j , be initial object in J’. If (2.8) is co- 
cartesian for all Wy: j, ~~ j, then (2.9) is cocartesicn for every jE |J" |. 


Proof. We only prove that (2.9) is cocartesian for j= j 1: By the dual of Proposition 
1.9, (i), it follows readily that (2.9) is cocartesian for every j € [J’ |. 


We consider the object FC), as a constant functor J’ + © . There is a natural 
transformation yu: FC}, > FC given by hy = FCW, where y is the unique morphism 
}/, >). Since Cis cofinal {LF, 7¢} = li FC and tcj, = ACpOFCW, VIE lJ’ |. But 
limp = = mcpCFCy, viEl/' |, thus Tj, = lim uu. We consider the commutative 
r 7 
diagram of functors J’ + © and natural transformations 


1 7 
CO) a OO 


“Ch | Inc 


{ 


FO, FG 
¥) 
where 7 plays the same role for G as u does for F. By hypothesis the above diagram 
is cocartesian for every j € | J' |. By taking direct limits we obtain the diagram (2.9), 
for j = 7,, which is cocartesian since direct limits preserve cocartesian squares. 
If in Theorem 2.10 we let C be the projection functor P: j / JJ for any 
fy E IF I, then li, € | /,//1 is initial and we obtain 


Corollary 2.11: Let J be a af category. If 


A 
gs oma aaa 
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is cocartesian for fixed j, © [J tand forall y: 7, >), then 


G) —----# LG 
kK | | LK 
bj -———-—» LF 
*j 


is cocartesian for every | of the form Pw. 


Proof. Notice thai if J is qf, then P: 7, /J > J is cofinal. 


§3. Limits and relative limits in A 


We shall denote by capital Roman letters .4, 8B, X,... objects of the Abelian cate- 
gory 4 and by lower case Greek letters @, 8, x, ... mocahienis of A whether they are 
considered in #€ur A. Throughout this paper we assume the existence of all limits 
in of which arise. 


Definition 3.1. A functor F: J > 9f is said to be d-conservative if lim F = lim F, 
el F is said to be i-conservative if lim F = ‘tim F. Clearly F can be replaced by 
F:J> 


Note that under the canonical isomorphism and A can always be identified. 
Let F: J~ s€ be a functor and X in | sf{ i.e. X a constant functor J > XA, Let 


a/p= { Fj dx}: FX 
be a cone over F. If a/f is given minimally, then the G7’s are uniquely determined 


up to canonical isomorphism. Furthermore, from (1.3) it follows that VW: j > & in 
J there is a unique monomorphism Gy which renders 


xX 
4/ \t 
Gy 
(3.2) Gj -—------—+» Gk 
7 
} 
Fj —-~--+ Fk 
Fy 


commutative. It is easy to verify that G is indeed a functor J > of. Let {LF, 1} = 
=lim F and {LG, 4} = lim G. Then for every i€ | J | we obtain the commutative 
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diagram : 
: L 
B; WB 
a Ay as 
(3.3) a cons LG 
a; [tc 
fi —-———» LF 
TT; 


i 
We are now ready to prove 


Theorem 3.4. /f J is qf and ot satisfies the Grothendieck axiom ABS, then every 
functor F: J + st is d-conservative. 


Proof. The morphisms 4, of (3.3) are monics since the Gy’s of (3.2) are monics, J 

is qf and sf is ABS. This follows from [5], 14. 6.4 Hilfssatz. Hence La/L6 © 1; = 
=a,/B;. Let LF % Y & X represent a morphism in & for which a’ /p’ On; = a;/B;, 
Wi | J |. We show that a'/§ = La/LB. By Proposition 1.3 3| st-monic e;: Gi> Y 
with €,8; = B° and €,a; = a'n, for every iE | J |. €: G > Y is clearly a cone over G in 
St, hence there exists a unique A-morphism Le: LG > Y with Le © A, =€;, VEEL I. 
Le is monic since +f is ABS and J is qf. Furthermore 


Le CLB= Led, O8 = €,8.= B' 
and 
LeOLaOn, = Led, Ca =e a,2a'n7,, WEI, 


thus Le © La =a’. Hence La/LB = a'/B’. 


We leave the formulation of the dual of Theorem 3.4 to the reader. However, 
we point out that if an Abelian category & satisfies both ABS and its dual, then 4 
consists of zero objects only. 

As before a cone over F: J> A in A is a natural transformation a\@ in ot from 

to a constant functor X: J > a. The cone a\ 1s called cocartesian if it has at 
least one cocartesian representation, that is, a representation {F7 a Gj 4, X} for 
which there exists a functor G: J > 1 such that the diagram 


xX 
B, BR By 
| x Gy ™ 
(3.5) Gi Gk 


se 


Fj ————» Fk 
Fy 
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commutes in A for every y: f>k in J, and such that the square in (3.5) is cocartesian. 


Remark. A cone a\ 8 ‘s cocartesian if and only if its maximal representation is co- 
cartesian. 


In a dual fashion we detine cartesian cones under F: 7 >t. 
Bor (C,J', J). 1f F: J A is a functor, let F be the class of all cones a\B 
over F for which (a\ B)- is cocartesian. Then Fc is the class of all cocartesian cones 
over Fi 


Theorem 3.6. Suppose (C, J’, J) and that J‘ is qf. Let F: J > Xf be a functor and 
{LF, 1} = lin F. Then 


(3.7) | {LF ae} = Folin FC 
and equivalently 

(3.8) (LF, a} = Fim F 
Proof. If a\f is a cone over F belonging to ¥, then by hypothesis (a\ 8): FC<GX 


is a cocartesian cone over FC with associated functor G: J’ > of. Let {LG, A} = 
= lim G, In the commutative diagram 


xX 
oN 


(3.9) Gi oes 1G 
ac; | le 
‘| 
FCI ———--—» LF 
"Ci 


the square is coca-tesian by Corof'ary 2.11. Hence La\ L§ 0 1c; = ac;\ Bey, 
Vie | J'|. Suppose u\ 7 © m7; = aey\Bo;, WiE | F'|, where (pu, 7) is maximal, Then 
by Proposition 1.5 (dual) there exists, ¥i€ | /'| , a unique of-map €;: Gi Y such 


that the diagr: m 
; X 
Ci n 
a €j a 


bo c 
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commutes and has exact square. Clearly e€: G ~ Y is a cone over G, hence there 
exists a unique A-map Le: LG > ¥ with 


(3.11) LeOd=e,. 
Furthermore Le satisfies 


(3.12) wo Le= La 
and 
(3.13) noLhe= LB. 


From (3.11), (3.12) and Theorem 1.8 we infer that Le is epic, which togethe: with 
(3.12) and (3.13) entails w\n = La\ £6. Hence (3.7) holds. 
By Theorein 2.5 it follows that (3.7) is equivalent to (3.8). 


Corollary 3.14. Suppose (C, J’, Jpand J’ of. If F: J + Ais a functor for which every 
cone over Ki C is cocartesian, then F jis d-conservative. 


Proof. As before, let F be the class of cones over F having Fe equal to the class of 
all cocartesian cones over FC. By hypothesis F_ is the class of all cones over Fc, 
hence by Lemma 2.2 ¥ is the class of all cones over F 


We apply the preceding to obtain 


Theorem 3.15. Suppose (C, J’, Jyand J’ of. If F: J > AA is a functor for which FCY 
is epic for all morphisms ) in J’, then F is d-conservative. 


Proof. Let a\f: FC « G > X be a cone given maximally. Then by Proposition 1.5 
(dual) for each ¥: > Kin J’ there exists a unique o{-map Gy: Gj > Gk such that 
(3.5) commutes and has cartesian square. But by hypothesis Fy in (3.5) is epic, 
hence the square is also cocastesian. This shows that every cone over FC is cocarte- 
sian. 

In a previous example we have seen that if J is qt, then the projection functor 
P: 7/7 > J is cofinal. Hence if J is qf, and F: J > A has the property that for fixed 
jand variable ¥:j > kin J, Fy is epic, then F is d-conservative. 


§4. Bifunctors and limits in <4 


In this section we first point out that sf is isomorphic to A. As a consequence 
we have that when the direct limit of a functor H: J > Xf exists it can be computed 
as the inverse limit of the contravariant functor obtained by composing H with the 
anti-involution of 9, and vice-versa. More precisely, we have 
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Proposition 4.1. Let T: ot ~ A be the anti-involution and H: J > Aa functor for 
which lim H exists. if {L, 7} = lim H, then {L, 7} = lim TH. 
7 j° 
Let F: {XJ of be a functor, and F the composition of F with the embedding 
A> A. For every yp: i> i, in/ and ¥: /) >/inJ we obiain a commutative diagram 


or Fw) - 
Fi, j,) ee ee F(i,/) 
(4.2) Fei) | Fee. /) 
v 
Fi ’ ; ) eS Fi ’ j) 
ee Fliy, ¥) l 


To the functor F we make to correspond the two mappings 


~w 


met 


1°XJ> A defined by FG) = Fis), 
Fig?, 0) = Fly, WIFUe 7) = FCG./) 0 Fly. ¥) and similarly 
F :1XJ° > A defined by Fi = Fi./). 
Fig. 0°) = Fle. FU, VW) = FU, W) OF). 
Clearly F. = TF . 
Proposition 4.3. F yg isa functor — (4.2) is exact F is a functor. 
Proof. We prove only the first equivalence. 
(4.2) is exact Fly, jf) © F(i,, ¥)= FU, W) OFWs ,) 
> FQ.) Fi, WD) FEY) OF.) 
ee F g isa functor. 


Let F: 1X J > of be a functor and Fi: J ~ Af the corresponding functor for fixed 
i€|/|. From now on we shall denote by {LFi, 1, } the direct limit of Fi and by 
{RF}, 1,;} the inverse limit of Fj, Given a morphism y: i-> i; in / the diagram 

q.. 
Fi, j) ———--—> LFi 
(4.4) Fig. iy | | LFe 


Fi), /) oe LFi, 
| 
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obviously commutes V/ € | J |. But 
q. 


sae ij 
FU, fp) ---—> LF 


(4.5) 9 Fee | | LFe 
‘ j 
Fi.) —-—~--> LFi, 
fT. . 
iy] 


commutes if and only if (4.4) is exact. If (4.2) is exact for every (y, Y) in 7X J, then 
my © Fp, f) is a cone over Fi,;. Thus, if in addition Fi, is d-conservative and (4.4) is 
exact for all 7 € | J |, then LF ¢ is the only map which renders (4.5) commutative 
since {LFiy, jj} = lim Fi. 

J 
Theorem 4.6. Let J, J be any categories. Let F: IXJ > Al be a functor for which 
(4.2) as exacr for every (ip, ¥) in LX J and (4.4) is exact for every (gf) in IX J. 
Suppose in addition that for every i€ | 1\ the functor Fi: J > A is d-conservative 
and that the functor lim FF: [ ~» of is i-conservative. If (LF, 1; } = lim F and 


f 
(RLF, 1,} = lim LF, then (RLF, isl 7,}= lim Fy. 
! 1°xJ 


Proof. We first show that Rij /t; is acone over Fy. For y: jy +7 inJ we have 
7,0 7 OFW, W)= 7; On; and by the definition of Fy we have 1;;/7; OF i w)= 
= My Tp. For g: i+ i, in f we have 


mw. oft, =LeOr. On, , 
aif ty " i ty/ 


=F OF FsOn. . 
7,0 EF 9c Tj 


= 7,0 7s © Fy, /) since (4.4) is exact, 
= mf 7; OF(¢, /) by definition of Fs ; 


Now let a} Bp: Fp ~« Y¥ be a cone over F. Since Fi is d-conservative {LFi, Tj }= 

= lim Fi = lim(FQ)i, hence 3 | map u,/n;: LFi> X in A with y,/n, O my = @/B,;- 
J Jj 

Furthermore, for any y: §> i, in J, u,/n,OLF yp © n;, ; = nj, /nj;, Om, ;, hence 

u,/n; OLFe = pj, /nj Le. LFy On;/M; = ni, | Hi, - But LF is }-conservative, hence 

3] 0/0: X >< RLF with 7; 00/9 = n,/u;. Hence 3/0 07, © Tj = BIN; O Ti, and 

9/0 © n,/7,; = O;,/B;;. Wt is straightforward that 9/0 is the unique morphism with 

this last property. 


Given the functor F: /XJ—> of let (RF, ty l= lim F and {LRF, 1,}= tim RF. 
l J 


192 A, Frei, J.L. MacDonald, Limits in categories of relations 


From Theorem 4.6 and its dual we infer 


Theorem 4.7. Let I, J be any categories. Let F: [XJ > A he a functor for which 
(4.2), (4.4) and 


RFS 
RF}, —— RFj 
(4.8) wr 2 
¥ 
Fli,j,) > FS) 
FU, v) 


are exact for all (yp, vw), (v, j/) and (i, ¥) in [XJ respectively. Suppose in addition 
that 
(i) For all iG | 1 |, Fi: J > Al is G-conservative and LF ts i-conservative. 
(ii) For all 7 ©) J | , Fj: 1+ 4 is i-conservative and RF is d-conservative. 
Then {RLF, 1/7, } = lim Fy and {LRF, 7\1;)} = lim Fy. Furthermore, RLF = LRF. 


1°xJ Ix J® 
i.e. hy abuse of language lim - Fe i lim F. 
I { 


Notice that RLF = LRF follows from TF, = F. and Proposition 4.1. 

Let the functor D: I’ -> / be coinitial, with /, /’ qf’ and suppose (C, J’, J). Then 
D®. {' + f° is cofinal and D°XC: I’°XJ' > 19XJ is cofinal, with /'°XJ' and 
P XJ gf. | 

If F, isa functor, then lim Fo lim F. 9(D° XC) when either side is defined. The 


previous theorem applied to the functor [F(DX C)] , = F,(D°X C) gives 4 criterion 
for lim F,(D° XC) to exist. 
~~ heed 
As an application of Theorem 4.7 we obtain 


Theorem 4.9. Let / be qf’ and J of. Let F: XJ >A be a functor for which (4.2) is 
exact for every (p, ¥) in IXJ, F(g,/) is monic for all (g, /) in IX J, and F(i, ¥) is epic 
for every (i, ¥) in XJ. Then the conclusion of Theorem 4.7 holds. 


Proof. (4.2) is clearly bicartesian and by Corollary 2.11 and its dual, (4.4) and (4.8) 
are cocartesian and cartesian respectively which, in particular, entails that RFW is 
epic for every y in J and LFy is monic for every y € J. Hence by Theorem 3.15, RF 
and Fi(Wic (/|) are d-conservative and by the dual of Theorem 3.15, LF and Fy 
(V7 {J 'Vare i-conservative. 
If Fig. j,) is monic, F(i,. ¥) is epic and (4.2) is exact for fixed (ip. AE UIXT | 
and variable y: i> i , and y: 7, ~/, then the conclusion of Theorem 4.7 stil] holds. 
Indeed if Q: I/i,; + / and P: },/4 > J are the projection functors, then lim lign F(OXP) = 
i of 
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= lim lim F and lim lim F(QOX P) = lim lim F. Furthermore, using Proposition | .9 
ef J of J of 
one shows that F{QX P) satisfies the hypotheses of Theorem 4.9. (A detailed treat- 


ment of a similar situation is given in the proof of Corollary 4.15.) 


In order to obtain a limi! commutation theorem which is applicable to a wider 
range of functors F: [XJ —> of we make incisive use of the notion of relative limit. 
If H: [> ot is any functor we shall denote by ¥-lim H the cartesian cone under H 
which is universal with respect to all cartesian cones under H. 


Theorem 4.10. Let / be af’. Let F: 1XJ— Al be a functor for which Fi: J> A is 
deonservative for every 1© [I]. Suppose in addition that (4.4) is cartesian for every 
(jin EXS, and that 


RFj -—-!-—-> LRF 
oe lbs, 
‘ 
Fi, j) > LFi 
R ij 


is exact for every (i, f) in (EX. 
Then LRF = RLF, i.e. t-y abuse of language lim lim Fo lim lim F’. 
J o¢ iegJ 
Remark. \f (4.4) is cartesian, then by Proposition 1.9 (4.2), is cartesian. If (4.2) is 
cartesian, then by Corollary 2.11 (dual), (4.8) is cartesian. If we assume that direct 
limits preserve the cartesianity of (4.2) and (4.8) then (4.4) and (4.11) are cartesian. 


Proof. Since (4.11) is exact 


mj 
RF} <-----———  LRF 
i i Lr, 
(4.12) 0 7 | \ " 


Bf ij 


commutes in &. The morphism 7, is the unique one in A for which (4.12) commutes. 
Indeed Lr; [mj LRF > LFi< Fi, /) is a cartesian cone since (4.4) is cartesian. Hence 
31 0;: LRF> REjin A with 7,09; = Lt,/ 4. Thus 8; = ;. 
From (4.4) we obtain 
Rr; | 

RF} ------—»+ RLF : 
(4.13) Ty 

t ‘ 
FUi,j) > LF 

"yy 


Tj 
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by taking inverse limits. Since (4.4) is cartesian so is (4.13) by Corollary 2.11 (dual), 
hence 
Rn, 
RF] «<--~---- RLF 
(4.14) "i 17% 


Fu) ——-—~ LFi 
Ti 

commutes in XX. 74/1: RLF > LFi« F(i, 64) is a cartesian cone since (4.4) is cartesian. 
Hence, by the same argument as before, Rn; i is the unique map in A rendering (4.14) 
commutative. Rn,;: RFji-> RLF is a cone (in sf) over RF. Hence 3| p: LRF > RLF 
in A with en, = Rn. Thus 7; © p = =Rny,, wWiElJ i. 

Lt,. LRF> LFii is acone (in 4) Sadee LF, Hence 3| w: LRF > RLF in sf with 
7, © a = Lr,. [tis also unique in A with this property since all cones in sf are carte- 
sian. 

We now show that pus = 1, pp. We have 


7.087. 6p CwFet. ORn G 
yop eae ay oS 


= ts CT, O@3 since (4.14) commutes 


= ti, OLT= Te On, since (4.12) commutes. 
Hence 7 OPOwW= Tt, ViElJ I, since both sides render (4.12) commutative, and 
7, is the unique morphism with this property. But 7, p Ow = m, holds if and only 
if ap on = 1 does. Now Ty: RFI > LRF isa eocaitesiin cone, die by Theorem 
3.6 there is a unique morphism b(= Ippg)in A for which bo ay = 9, WIENS. 
Hence 2° p= ly pp and clearly pw = type. 

We now show that w © p= Ip, -. We have 


h.OT.OGMUDFT.. 0 a 
Ni T; IW p Ty Lz, p 


=O i, op since (4.12) commutes 
#7, Rn, = #7, since (4.14) commutes. 


Since [LFi, Le lim Fi (since Fi is d-conservative) the preceding implies that 

i 
T= pw st,, Le, that 7) = 7,° wp. But this implies that wo = 1p, - since 
7; RLF > LFi, being a cone in A. is cartesian. Thus LAF is isomorphic to RLF in 
A and hence in A. This completes the proof. 
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By using cofinality we can slightly weaken the hypotheses of Theorem 4.10. For 
this let @: //i; + fand P: 7,/J > J be the projection functors. Then we have 


Corollary 4.15. Let [ be qf’ and J af. Let (iy. jp) © | XJ | be fixed. Let F: IXJ >A 
be a functor for which Fi is d-conservative for every i= Q(i > i). Suppose in addi- 
tion that (4.2) i cartesian for every pg: i> i, and every Wy: j' > j with w = Py, (4.4) 
is cartesian for every py: i-> t, and every f = Pj, > j), and finally that (4.11) és exact 
for i= t, and every j= A), > 7). Then LRE = RLF. 


Proof. /f F(QX P): I/t; X 7, /J ~ A satisfies the hypotheses of Theorem 4.10, then 
LRE = RLF. Indeed, by Theorem 4.10 lim him F{QX P) = lim lim /(QX P). But 
Alt itis Hig iyld 
F. J+A! therefore, oy the cofinality of P, lim F’= lim F(LX P): 1 > of. Hence 
J iff 
RLF = limlim F & lim (lim FUL X P)) = itm (Clim FCLX P))Q) = lim lim F(QX P). 
I oJ Ao Hiy Ay lfipiyi 
Similarly LAF = lim lim #(QXP). In view of Proposition 1.9, the hypotheses of 
fyid Wiy 
Corollary 4.15 imply that #(QX P) satisfies the hypotheses of Theorem 4.10. 


By Theorem 3.6 (dual) RLF = F-lim LF = Flim lim F_On the other hand, by 


i 1 of 
the same theorem we have F-lim Ff = RFj. Let F-lim F be the functor RF. Suppose 
/ f 
RF is d-conservative. Then lim F-lim # = lim lim f= LRF. Hence we have 
J I J of 


Theorem 4.16. /f the functor F. IXJ -~ A satisfies the hypotheses of Theorem 4.10 
and in addition RE: 1 + 9f is d-conservatire, then 


we ne 
lim F-lim F = F-lim lim F . 
> - 


— 
J f ied 


$5. The ABS case 


In Abelian categories satisfying the Grothendieck axiom ABS, direct limits pre- 
serve exactness. This fact entails some nice preservation properties for direct limits. 
In particular we have 


Theorem $§.1. Let G, H: J > A be functors where J is af and gt is ABS. Letx:G > H 
be a natural transformation. Then if 
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Gy 


Gj —---—+ Gj, 


(5.2) | ke 


Hj -------> Hj 
(ee 
is exact, cartesian, cocartesian for every Wy: j > /4, j-fixed, then also 


| 


Hj ——~---~» LH 


TT: 


f 


(5.3) Kj 


is exact, cartesian, cocartesian, respectively, where (LG, Aj} = lim G and (LH, t,} = 
= lim H. 


Proof. Let the functors 7’, 7, 1’: j/J + A be defined by 7” = GjP, T = (Hj &G)P, 
T = HP where Gj, Hj are constant functors J > ff and P: j/J > J is the projection 
functor which we have seen to be cofinal. Recall that with J also //J is qf. We then 
have the natural transformations 


uiT’>T givenby py = {x,,Gw} and 
e:T>T” given by ew =(H, ~Kgy) 
which compose into the sequence 
(5.4) TT > 7", 
Clearly (5.4) is left exact if and only if (5.2) is exact. From (5.4) we obtain 
| lim ps lim e : 
(5.5) lim T’ > lim T--+ lim T" . 


Since direct limits in ABS categories preserve exactness, (5.5) has the same exactness 
properties as (5.4). More explicitly, (5.5) is _ 
{lim x;, lim Cw } dim Hy, -lim ke 


lim HiC % lim GC 


lim GIC lim HC 
and since C is cofinal we see that (5.5) is equal to 


{kj, aj} (mp - Li) 
Gj -> > HjOLG ——> LH. 
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Clearly (5.5) is left exact if anu only if (8.3) is cartesian. 
The same argument works if we replace “cartesian” by “cocartesian’”’, “exact”, 
and of course “bicartesian”. 


When of is an ABS category, in view of Theorem 5.1, the hypotheses of Corollary 
4.15 become quite unrestrictive. Indeed, we have 


Theorem 5.6. Let / be of’. J qf and A ABS. Let F: [XJ of be a functor for which 
(4.2) is cartesian for every go i> i,, with i, fixed and y: j "> with ~ = Pw (P: 
iid oJ, 1, fixed). Then LRF = RLF, ie. lim tim F = lim lim F- 

J f ‘od 


Proof. Since of is ABS, 7. 15 u-conservative for every /= QC -> i,) by Theorem 3.4. 
Furthermore, by Theorem 5.1 and the remark after Theorem 4.10. (4.4) is cartesian 
for every ¢: > 2, and every 7 = PY, > 7), and (4.11) is cartesian for ¢= 4, and every 
i= PU, ~/). Thus F satisties all the hypotheses of Corollary 4.15, hence LRF = RLF. 
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§1. Introduction 


This paper is a sequel to {7}. In that paper we studied direct systems of groups 
and direct limits. Our particular interest lay in the following question. Suppose given 
a functor Wy: 639 > & from a full subcategory “9 of the category of groups “toa 
cocomplete category & , and suppose that G is a group which can be expressed as the 
direct limit of a direct system of groups in Gy, 


GlimG,. GEWg. 
& 


Under what circumstances do we obtain a functor 4): 0), > & extending Wo, by 
setting 


W(G) = lim WolG,). 


a 


where (4, is the full subcategory of G whose objects are precisely such direct limits 
of groups in “$9? A second obvious question is to ask when W, is the Kan extension 
of Wy to WS, ~ this question was referred to briefly in Section 7 of [7], where a 
sufficient condition, due to Ulmer, was given in case Wp is additive. 

This paper is concerned with this second question, but does not pursue the direc- 
tion taken by Ulmer. Instead, we exploit the possibility that the category of p- 
objects over G, G in (},, may be a filtering category in the sense of Grothendieck- 
Artin-Mazur [1, 2]; and this category plays a crucial role in the definition of the Kan 
extension (sce Section 6). Thus, we must generalize the theory developed in [7] by 
replacing directed sets by filtering categories, and much of the technical detail of this 
paper is devoted to this generalization. Some complication of definitions and demon- 
strations results, but the basic facts remain valid in this broader context. In particular, 
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we observe an interesting formal analogy between the theory of 7}. the category of 
filtering categories, and U *, the category of filtered systems over © , on the one 
hand, and the theory of fibrations in topology, on the other. In fact, we introduce 
the notion of a fibre-map in 7} which we prove to have the crucial properties: (a) 
the pull-back of a fibre-map is a fibre-map, and (b) every morphism of ¥ is canoni- 
cally expressible as the composite of a ‘weak equivalence’ and a fibre-map. Of 
course, fibre-maps had already been introduced into category theory, in an even 
more general setting: see, e.g., [5|. 

The development of the theory of colimits in © ©, and, in particular, in *, 
where (‘} is the category of groups, enables us to obtain an answer to the first ques- 
tion referred to above, exactly corresponding to the answer in [7], but the broader 
context then allows us to give sufficient conditions for W, to be the Kan extension 
of Wy (see Theorem 6.1). These conditions make no apparent appeal to the addi- 
tivity of Wy. On the other hand, we find a local version of Ulmer's criterion ((7.3) 
of [7] ) appearing, in that we ask that, given any G in (%,, then for some filtering 
category / and some functor F: / > (9 with lim # = G, we have an equivalence 

—> 


lim Hom (Gu, F) = Hom (Gg, lim F) 


for all Gp in bq. This condition above is not, however, claimed to be sufficient; it 
is only sufficient if we know that W) exists. 

A very minor role is played in the entire theory by the category of proups, and 
any other category wouid serve as well, provided it were cocomplete and satisfied 
the condition that colimits commute with pull-backs (see Theorem 3.4). Thus, the 
theory should lend itself to substantial generalization in this direction. We give one 
application, to coefficients in generalized cohomology theories [6]: this application 
could also have been tackled successfully using Ulmer’s criterion. 

The author benefited from conversations with Beno Eckmann in developing this 
approach to the problem. He also learned from Barry Mitchell of another possible 
approach exploiting the fact that, given a filtering category /, there is a cofinal 
functor from / to a directed set. This last fact demonstrates, of course, that the 
category 4}, over which Hp is to be extended remains the same whether we confine 
attention to directed sets or permit arbitrary filtering categories. 

This paper constitutes an expanded version of the first part of the author's invited 
talk at the Nice Congress of Mathematicians [8]. 


§2. The category of filtered systems and the colimit functor 


We recall from [1,2] the concepts of filtering category and cofinal functor. 
Propositicn 2.6 of [2] assures us that given cofinal functors 


T S 
f>~ti>kK 
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of filtering categories, ST is again cofinal, so that we n:ay form “he category ;4 of 
filtering categories and cofinal functors. 

Now let @ be an arbitrary category. We form the associated filtered category or 
category of filtered systems, © *, as follows. An object of © = is a pair (/, F), often 
abbreviated to F, where / is a filtering category and F: / > & is a functor. A 
morphism ®: (7, Fy > (VJ, G) of © = is a pair ® = (7, u), where T: JJ is a cofinal 
functor and u: F > GT is a natural transformation. Composition of morphisms in 
(* is defined by 


(2.1) (S, v)(T. uw) = (ST, pT Ou). 


r" 


It is easy to check tha: ©* is a category. If / is any filtering category and C’ is the 
category of objects of {f filtered by /, that is, the functor category [/, © ], then 
there is an obvious embedding of @/ in ©*. In particular, by identifying © wit’ 
(5! where 1 is the category with one object and one morphism, we obtain a full 
embedding 

(2.2) P:ECC*. 


Let us henceforth suppose that € is cocomplete. For each filtering category / we 
have the full embedding 


(2.3) Pp oce! 

and P, has a left-adjoint, left-inverse 

(2.4) Ly! >& 

with co-unit 7,7: 1 > PL, WTS Lod is cofinal, define 

(25) 6T: GJ +04 

by 67(G) = GT. Obviously, 

(2.6) CTP, =P,. 

Theorem 2.10 of [2] asserts that, given L;, 7), we may take ty? =1,¢ T (so that 
LY Pp, = 1) and we may determine a unique natural transformation nF: 1 PLS 
by the equation 

(2.7) CMM =n CF, 


and that i) is then left-adjoint, left-inverse to P, with co-unit ae Suppose now 
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that, to each filtering category /, we have selected a fixed left-adjoint, left-inverse 
L, to P; with co-unit 1). Then the uniqueness of left-adjoints implies that, to each 
cofinal functor 7: J > J in F there is associated a unique natural equivalence 


(2.8) re bh, OTL, (L,6T= 18) 


such that 1, = 1 and the diagram 


(2.9) "J 7 |" T 
™ 


commutes, where WD is determined by (2.7). Of course, 7, is the identity. 
We define L: © > > € by : 


(2.10) LU, F)= LAF), L(Tu)= rG) ob fu) 
and we define 7: 1 > PL: © * + @* by 
(2.01) ml, FY = (C;, 1) (F)). 


where C;: 7 -> | is the constant functor. The main result of this section is then the 
following. 


Theorem 2.1.1: © = > ©, given by (2.10), is a functor, and 1. 1 PL, given by 
(2.11), is a natural transformation. Moreover, L is left-adjoint, left-inverse to P with 
co-unit 7. 


Proof. We first remark that, given 


T Ss 
(2.12) i-~J->K 
in «¥, then 
(2.13) €5eSN = (DES | 
K J 
For this equation simply asserts that if we use the process described in Theorem 2.10 
of [2} to extend a given choice of the left-adjoint, left-inverse to P,, through T, to a 


left-adjoint, left-inverse to P,, and then extend again, through S, to a left-a-djoint, 
left-inverse to Py, we obtain the extension of the given choice through ST. From 
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(2.13) we infer the key identity, again based on (2.12), 
(2.14) tgp ety Or. 
Since Tr, © rr is a natural equivalence L, C57 = 1,675 > Ly and 
(tt OF) Py = tToPe OTP, = 1, 
we have only to prove the commutativity of the diagram 
(ST) 


T ; 
| As Pp by GST 


Nee 
1K = | Pxits© 76) 
a 
or, equivalently, the relation 
(S) .. S ., ,(ST) 
(2.15) 1m], = Pet fh Oe 
In view of the uniqueness property of (2.7), applied to the relation 
ESAS) = SS, 
it is sufficient to prove that 
(2.16) 1,65 = COP, 7,05 og oer : 
but 
CSPy te GF 0 CSHSY = Pr CS on MES | by (2.13), 
=n,6°%, by (2.9) . 
Thus, (2.16) is established and hence (2.15) and (2.14). 
We may now readily complete the proof of the theorem. To show that L is a 
functor, we observe that 


L(S, v) (7, u) = LOST, uT © u) = t.9(H) OL AT Ou) 


= 1.(H) © t,{HS) © LAvT)O E(u), 
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by (2.14); while 
L(S, v) LT, uw) = 16(H) © Ly(v) 0 77(G) 9 E fu) 


and 77(HS) © L, CT v)y=L y@) 0 T7(G) since rr is a natural transformation 
L,& T+ Ly and vu: G > HS, so that v is a morphism of ©. Thus, L is 2 functor and 
it is plain that LP= 1. 

We turn attention to 7, defined by (2.11). Write PX = (1, X,), X in€ , where X, 
is the functor taking the value X at the object of 1; similarly write Pf = (1, f,). Then 
PLU, F)= (1, LF), ) and 


(Cy, 1)(P)): (L FY? OL EAP ),) 
since LAF). C, = PL (F). Moreover, it is plain that L7= 1, #P= 1, in view of the 
correspond.ng properties of 1,. Finally we have only to check the naturality of 7, 


that is, the commuiativity of the diagram 


(Cy, tA FY) 
(i, F) (1, Z£AF),) 


| « u) | (144) 


(Ji Gy) ———-— (1, LAG),) 
! (Cy, w(G)) A 


where f= 17(G) © L,({u). Now 
(1, f° (Cy, mF) = (Cp, AC, © af PY) = (Cp Pf © a(F)) 


= (C), P)t7{G) a) PL fu) O t{F)) 
while 


(Cy, 1(G)) 9 (T, u) = (CyT, 1y(G)T Ou) = (Cy, CT (G) Ou). 


C'n(G)ou= CT Pir (Go CM aAMG)ou, by (2.9), 
= Pt f{G)on CG) ou, by (2.6) and (2.7), 
= 7 7(G) oO 1 (GT) Ou, 


. 7G) OP fil 4) o 1 (F) ’ 
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since my: 1 > P,L,: ©! + 6! is natural and u: F> GT is a morphism of ©!. This 
completes the proof of the theorem. 


Remark 1. The conclusion of Theorem 2.1 amounts to a coherence statement about 
colimits over variable index categories. It permits us, in the arguments used in this 
paper, to assume for convenience that if T: /+J is a morphism of 3, then L y=, 
and 1, = nye), This will avoid unnecessarily complicated enunciations. 


Remark 2. Generalizations are, of course, possible. We could dispense with the 
requirement that the index categories /, J, ..., be filtering, or with the requirement 
that the functors T be cofinal ~ or even, perhaps, both. The generality we achieve 
from considering & ~ is adequate to our purposes in this paper, but it may well be 
sensible to relax the conditions to obtain a more comprehensive thecrv (for example, 
to express cocompleteness by means of the existence of a single left-adjoint). 


§3. Fibre-maps and pull-backs 


Definition 3.1. We say that T: /> J in & isa fibre-map if, given iin Zand ¥: TI) > j’ 
in J, there exists @: i> f' in J with T(o) = \. We say that (7, u): U, F) > VW, G) in 

€* is a fibre-map if T is a fibre-map. Notice that (i) a fibre-map 7: / > J is auto- 
matically cofinal, and (ii) the fibre-maps form a subcategory of }. 


Now let 


Pea, oe 
+ 


Jo 
5 
be a diagram in (} . By taking pull-backs in the category of sets, we obtain a commu- 
tative diagram of small categories and functors 
A Ss] 
3.1) |e |p 
J —»K 
5 
We prove: 
Theorem 3.1. /f T in (3.1) is a fibre-map in § , then 
(a) A is filtering; 
(b) 7” is a fibre-map in & . 


(c) S' isin; 
(d) (3.1) is a pull-back in. 
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Proof (a). We make essential use here and later of Corollary 2.9 of [2]. which we 
quote here in the following form. 


Lemma 3.2. /f 5: / > K isin & and if 0: SQ) > k is in K, there exist 9: i> i ind, 
6’: k > S(i') in K with 00 = S(d). 


Returning to (a), note that @,)€ A iff T() = SG) and (4, ¥) is a morphism of 
A iff T(¢) = S(W). Now suppose that (i;, 71), (i, /4) © A. Since / is filtering, we 
find 


| 
i 
ix 2 
in Z. Consider 
SU,) 
— Toy 


Sno 
j : 
yy } 
sé T> 
SU/2) 
in K. By Lemma 3.2 we find 0, Ti) SCiq), Wo: iq *Jq. with 94 7(0,) = 5(vq). 
qg~ 1.2. Since $ is cofinal we find Vo: ig + 7',q= 1,2. with S(H 4) = 5(H'9) 09. 


Set 0 = S(y',)0,. Then, since T is a fibre- -map, we find @: i> i’ with T(¢) = 8. We 
claim that 


($09, WgWig): ig ig) 7 EF) 
isin A forg = 1, 2. For 


T$6,) = TH) T(bq) = S(H),)8gMbq)= SW4)Sq) = SW Hg) 


Now let 
(dy, Wy) 
(i. 7,) —=—S (, fo) 
($2.07) 


be in A, so that T() = S(Wq), q = 1, 2. Equalize $, and ¢) by ¢: i, > ip, 
Od; = $65, and consider 


es Re: ee 
Si) —— SU.) -—~» Tig) 
Swe 


in K. By Lemma 3.2 we find : j7 */ in J, 0: Tlig) ~ S(/) in K with 07(¢) = S(W). 
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Equalize py, and YW, with w': 777, W' We, = Www. Since T is a fibre-map, we 
may find ¢': ip >i’ with T(¢')=S(¥'. Then, plainly, (¢'¢, WW) is in A and equalizes 
(6), ¥y) and (6), ¥2). This proves (a). 


Proof (b). We suppose given (i, /)€ A and ¥: jj’ in J. Then S(W): T() > SQ’) in 
K so that, T being a fibre-map, we have @: i> i’ in / with 7(¢) = S(). Thus 
(6, ¥): 7 (',/) in A with T'(¢, Y) = Y. 


Proof (c). Given i€ /, we find @: T(i) > S(j’) in K since S is cofinal and ¢: i> i’ in 
i with 7(¢) = @ since T is a fibre-map. Thus (/’, /’)€ A and 6:77 S'(i’, 7’). 


1 
Now suppose given (i5, >) A andi, 3 iy in J. We argue just as for the second 
oy 


part of (a), as far as the construction of ¢, v, 8 with 0, = $¢>, OT (¢) = S( a Now 
construct @: ig iin / with 7(@) = @. Then (00, W) is in A and Ss ($0, W) = 
equalizes ¢, and >. 


Proof {(d). Let U: Lh 77, Vi. Lb >J be in & with TU = SV. There is plainly a unique 

functor W: L > A with S'W= U, T’W= V, namely, Wk) = (UR, VQ), Wo) = (Us, Vo). 

It remains to show that W is cofinal. Let (i, /) © A. Since U is cofinal we find 

@: i> ULin L Consider Td: Sj > SVE. Since S is cofinal we may find, by Proposition 

2.8 of [2], 0: />/', wv: VR ~+ fin J with Sy, °7¢= Sp, Since V is cofinal we may 

find, by Lemma 3.2, 0: £>8' in L, yp’: j’ > VR inJ with yy, = Vo. Set dg = 

= U00¢: (> UW, bg = Ub: i> A’. Then $9 = TU0 0 TO = SVao Th = Sy © 

OSY, OT? na ae = So. Thus (49, Wg) is in A and ($9. Yq): (i) > (UR, VR’). 
Now let (i, /) rats (UR, VR) be given in A. Since U is cofinal we find 0°: 2k 


in L with Uo’ Od, = Uo’ © $9. Since V is cofinal we find o': 8 > e" in ZL with 
Yo" oY, = Vo" © hy. Since L is filkering we find 7: ' + @, 7": 2° +2 with 
ro=To =x: at Then (Ux, Vx) equalizes (¢,. W,) and (2, W2) so that W is 
cofinal. 

This completes the proof of the theorem. 


Now let © admit pull-backs, and let (i, F) be a diagram 
| (Tu) 


+ 
VG) ——~— (K, H) 
(S,v) 


> 


in &* with (7, u) is a fibre-map. Using (3.1) we construct 


(4,6) 8&2, (LF) 


(3.2) rut rw) 
U.G) --———+ (K,) 


iS, v) 
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where, for (i, ) € A, Ei, /) is the pull-back, in © , of the diagram 


’aN 
Ei.) «~~ > Fl) 
u’(i7) | wo 


ie v/) 
Gj) ———> HT(i) = HS). 


with the obvious vaize of F on the morphisms of A. 


Theorem 3.3. /f (7, u) is a fibre-map, then (3.2) is a pull-back in & = 
The proof of this theorem is entirely straightforward and will be omitted. 


We now prove the only theorem which involves a further restriction on the 
category & . We will, in fact, prove the theorem for © =(, the category of groups: 
we will then discuss the more general case in remarks following the proof. 


Theorem 3.4. The colimit in * commutes with pull-backs of fibre-maps. 


Proof. The enunciation requires us to prove the following. Consider the pull-back 
diagram (3.2) in * and form the diagram, in G, 


Ld. F) 


UT.u) 


LS,v 
(3.3) LUG) andl L(K, H) . 


Now take the pull-back 


Os LP 


| : [LT, u) 
LS, 
34) 10,6) 22 KKM 


of (3.3). Then we must show that there is an equivalence uw: L(A, E) = Q such that 
tw =L(T', u'), ow = L(S’, u'), provided that T is a fibre-map. We prove this by 
recalling the explicit construction of colimits in ($* (see, e.z., [3] ) and the familiar 
criterion for a colimit in the category of groups (see [7] ). 

Let (/,F)€ *. In the set Uj., F(/) set up an equivalence relation x;, ~ x; to 
mean that there exists 


_ 1 2 
yer ie 
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in / with @4(x;,) = O)(x;, ). Let [x,] be the equivalence class of x,. Multiply the 
equivalence classes by the rule 


(3.5) [x,| [xy] [Ox,) (xp) 

eo, 2, 
where tig «+f isin /. Then the equivalence classes, together with (3.5), yield a 
group which may be identified with LU, F) = LAF). Moreover, 2,: Fi) > LU, Fy is 
then given by 74x,) = [x,]. 1 (Tak (1, PF) > YU, G) in *, then L(T, a): LL FY > 
~L(J, G) is given by 


(3.6) LT, w) [x3] = luc) u(x) € GTC) . 


Now suppose given «;: F() > Min O with Ki,F(O)= k;, for all @: i) > dy ind, 
Then the system (M; Ki is equivalent to (L(/, F); 7,) if and only if it has the follow- 
ing (wo properties: 

(a) each m © M belongs to some x F(/): 

(b) if k(x) = e, x € FY), then there exists @: i> i” such that F(@)x =e. 

We use this criterion to prove the theorem. There is an evident map 


Ky FAA? O. (EL FES TH)= SY). 
given by 
(3.7) k AX, y= (fx]. be). xe FQ), vec), u(x) = u(y) : 


and, plainly, Kp ECA, ¥) = Ky for gi, sf 7 7, TO) = SC). Thus it only 
remains to establish that conditions (a), (b) above hold for the maps k,;. Let 

(ix}. bE QO. x E FQ), » © GG), [u; (x)] = {u,Q )}. Since $ is cofinal and J is 
filtering, we can plainly find v: joy ind, @: Ni) SU") in kK. and since Tisa 
fibre-map we may find ¢: ii’ in / with 7(¢) = 0. Then if x’ = F(¢)x, v= Gey, 
we have {x'} = [x], [y"] = Ly]: thus we may assume without real loss of generality 
that x & Fi), vy € GY) and T(i) = S/). Since [uAx)} = [uj]. there exists 6: TU) = 
SU) > Kin K with H(@)u,(x) = ate)e 0): By Lemma 3.2 : there exists 8°: k > SU’) 
in K with €'6 = S(W) for some ¥: > /’ in J. Since Fis a fibre-map, there exists 

$: ii in J with T(6) = S(W). Then if x’ = F(¢)x, »" = G(y)yy, we have {x} = {x}, 
{y’] = [vy] and 


u(x") = u.F(¢)x = HT(o)u (x) = H(8") H(8) u(x), 
u(y" )}= v “G(W yy = HS(y)u, (vy) = He’ VA(O)v; (v), 
so that u;(x") = vy (vy). Thus (x", "DE EG Vand «> Oey = (beh be De 


=([x], v}). This proves (a). To prove (b), suppose « ;;(x,.7) = €, 80 es [x] =e, 
[vy] =e, x€ FU), VEG), Ti) = SGU). Then there exist @: F> 7 inf, pif ind 


210 PJ, Hilton, On filtered systems of groups, colimits, and Kan extensions 


with F(¢)x = e, G(W)y = e. Since K is filtering we may find Oy: ST =k: 89: Ti -k 
in K with 6,Sy = @,7¢. By Lemma 3.2, we may find vi 7’ mee Q: k + Sj" with 
60, = Sw’. Finally, since T is a fibre-rnap, we find ¢': i’ > i” with T¢’ = 065. Then 


7(¢'d) = 0079 = 06S = S(y'W), 


and F(¢'¢)x = e, G(y' why = e. Thus E(¢'¢, WW x, y) = e so that (b) is proved and, 
with it, Theorem 3.4. 


Remarks, \n our subsequent arguments we may replace the category (% by any 
category ( such that colimits in ©» commute with pull-backs of fibre-maps. It is 
not difficult to show that © has this property if and only if, for all filtering cate- 
gories /, colimits in © / commute with pull-backs. Among such categories are to be 
found the category of sets and the category of A-modules for A a unitary ring. 


§4. The canonical factorization 


In this section we introduce the canonical factorization of a morphism of €*. 
Thus we suppose given 


(T,u): U, F) > (JG) 


in © * and we proceed to define the objects and the morphisms of the diagram 


afl, F) 
ee 
& fo | Tw 
4, ee 
(4.1) (7, A)“ —+»(J,G) . 


First, 7 is the category whose objects are pairs (i, ¥), where ¥: T(i) > jin J, and 
whose morphisms (i, ¥) > (i’, o') are pairs 6: i> i in /, 6:77)’ inJ such that the 
diagram 
: vo, 
Ni) —— | 
| 


rn 
i)——— j 
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commutes. Composition of morphisms in / is just component-wise, and Fis plainly 
a small category. We define T: [> J by 


(4.2) Twi oO, 0) = 8. 


Proposition 4.1. 7 is a filtering category and T is a fibre-map. 

sage ee ee aes eg 
Proof. Suppose given (i,, Wg). Wa! Tig) > ig. q= 1,2. We first find i; + i + iy 
inf, Since J is filtering, we find commutative squares 


vq 
Mig) oe Gee eae Ig 
| Tog Q% 
prea t 
Ti) - ae “8 Iq 
oa 
7 v4 ‘ 
Ni) "9 i 
~ 
sy 
‘ * 
™ 
‘ = ~: 
fy. Peay 
2 8s 


in J and we have (¢,, 6,64): (ig, Vg) > Gi 0). g = 1,2. 
Now consider the commutative squares 


v 
Tih 6 Sg 
a 
Tt 5 Seeley reer ;' 


Equalize $,, $5 with @: i’ > i), 6, = 669, and equalize 0. Ay with 0°: j’ > jg. 
86, = 0°04. Since J is filtering, we may construct 0”: io Fy. By: TM) > A, with 
vy, To = 0°0'y’. Then if 6 = 6"6’, (9, 8): Ci’. W') > (i, and (@. 6) equalizes 
(9,,4,). (G2. 85). This shows that / is filtering. 7 

We now show that 7 is a fibre-map. We are given (i, ¥) in Zand 0:77 7 in J. 
Then (1, 0): (i Y) > (, OW) in Fand TC. 6) = @. This proves the proposition. 


We now continue to construct (4.1). We set R(i) = (i, 17;), R(@) = (9. TO). 
R'(i, ¥) =i, R'(d. 0) = ¢, and prove 


Proposition 4.2. R and R’ are cofinal. Moreover R'R = \ and TR = T. 
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Proof. We prove R cofinal: the remaining assertions are trivial. Given (7, ¥) in T, we 
find 6: a Ti”) since T is cofinal. By Proposition 2.8 of [2] we now find @: i > 7’, 
o: i> i' such that 7(¢’)Oy = T(d). Then (¢. T(¢') 0): (i. W) > Ey). 

Now let (¢,, 84): (i, wi, vr » Lyy), 7 = 1, 2. Since T is cofinal, we may 
equalize O1, v2. with 7¢',¢': i > i", Td 8, =T(¢ )@>. Now wW equalize $94.90 
with @”: i" > i", $"d'd, = 6"d'¢2. If 6 = o'¢, then ¢: i +7" and Re equalizes 
($,.4,) and ($9, >). 


Note that Proposition 4.2 provides an alternative proof that J'is filtering. 

We continue the description of (4.1) by setting Fié, ¥) = FU), F(d, 0) = FU), 
iti, W) = Gy Oui), O= 1, u' = 1. It is easy to check that # is a natural transformation, 
iz: F + GT. Moreover, 


(4.3) (R',v')(R,vy=Q,1), (7. @)(R, v)= (Tu). 


This completes the description of the canonical factorization. We observe that 
L(R, v), LCR’, v') are mutually inverse equivalences LU, F) = LC, F); we will feel 
free in the sequel x0 identify LU, F) with L(/, F), thereby identifying L(7, u) with 
LT, it). 


Remarks, For our purposes the notion of a fibre-map is adequate; however to obtain 
good ‘lifting’ theorems, one would need a stronger notion. If 7: / > J is in (§ we 
may describe a lift for T as a function 

©: [> Morph /, 
such that (i) DO, ¥) = ¢, where Dé denotes the domain of @: (ii) TOG, YW) = ¥: 


(iii) ORC) = 1;. One may then show that if T has lift @ and S has lift , then ST 
has lift W, where 


Wi, x) = OF, HT), 0), x: STi> kK in K. 
If we write ¥ = O © d, then G is an associative operation. Plainly, a cofinal functor 
admitting a lift is a fibre-map, and so the collection of such functors yields a sub- 
category of the category of fibre-maps (plainly, the identity is the unique lift of the 


identity). Now if we revert to (3.1) and suppose that T has the lift ©, ie 7” has 
the lift ©’, given by 


O(./), ¥)= (0%, SY). THE ST), bis. 
Finally we remark that 7 in (4.1) has a canonical lift, namely, 


Oi, ¥), = (01,8), Of". 
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Thus we could have carried out our work thus far for ‘liftable’ functors instead of 
fibre-maps. This is, however, presumably, a narrower class. It is possible, however, 
that to develop a sensible homotopy theory, one should impose further restrictions 
on the lift ©, for example, to require its functoriality. 


§5. Filtered systems of groups 


Let (3, be a full subcategory of the category of groups (4, and consider the 
colimit functor 


(5.1) Lie > 68, 


Let (}, be the full subcategory of (} whose objects are precisely the images of £ in 
(5.1). Thus Yq C (| © @). We will make the crucial hypothesis that, given 


Gp 
i 
(5.2) Gg ~~ G] 
in , with Gg, Go ing, then the pull-back of (5.2) is also in ($9. We call this 
hypothesis P. Now pass to the category of fractions with respect to (5.1), now 
interpreted as 


Li Oy ~W,- 


Thus we obtain the canonical factorization of L as 


= t . 
85 ————> Hy 


a 
im 
o™, Ln 
(5.3) We 


be « 
where se is the category of fractions. Our main theorem in this section is 
Cad 
Theorem §.1. Given hypothesis P, then L is full and faithful. 
Proof. In view of the preparation provided in Sections 3 and 4, the proof is formally 
the same as that of Theorem 3.5 of [7]. Thus it is not necessary to repeat the 


argument here. Moreover, we may pass, as in [7], to the immediate corollary: 


Corollary §.2. Let @ be a cocomplete category and let Wy: 9 > © be a functor. 
Then, granted hypothesis P, Wo extends to a unique functor W,: 05, > © such 
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that 
(5.4) WL = LW5: Oy > 8 


if and only if, for any morphism @ in Or ef We () is an equivalence if L(P)is an 
equivalence. 


The argument is again just as in [7] (with some small changes of notation!). We 
recall in particular that, in proving Theorem 3.5 of {7}, we exhibited minimum 
paths for representing OfpaIns of (3). in our curtent context this means that 
given (/,. Fy), /y, Fy) in Oe and a morphism ¢: Ly (Fy Ly, (Fy) in (4, , there 
is a preferred diagram 


tT; D> 
(5.5) (/), Fi) cack, a (fy, F 
NUS 6 > such that L£(?,) = 6. L(y) = 1. and, given any other diagram 
UF) Pye (ly, F) 


in SF such that L(4,) = 6, L(,) = 1, there is a unique W: (U, F’) > (, F) with 
LW) = =4, Wh, = @3,q = 1, 2. We also recall that we do aot have here a calculus of 
fractions in the sense of [4]. 


Remark |, Hypothesis P is clearly satisfied for any Serre class of Abelian groups. 


Remark 2. It is perfectly possible, and straightforward, to gencralize the content of 
Section 4 of [7] to our present case of filtered systems of groups. Thus we would 
get resulis which would oe applicable if hypothesis P were violated. We do not make 
these results explicit, since our emphasis here is on the application of Corollary 5.2. 


§6. Relation to the Kan extension 


We again consider MoS 1 C ($ as in Section $, and construct the Kan exten- 
sion of Wg: ag > & to}. Given G in 0, the category /;; of Ga-objects over G 
has, as objects, homomorphisms x: Gp > G, with Gp in Op, and, as morphisms 
@: x x’, homomorphisms ¢: Go > Go rendering commutative the diagram 
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We define W.;: 1g > © by W(x) = Wo(Go), We (¢) = Wo(¢): and denote by U 
the underlying functor U: [; + (Sg, so that 


(6.1) Wo = WU. 


If Ze is filtering and we write L for the colimit functor, (& being assumed co- 
complete, then the Kan extension W of Wp is given by 


Wc) Ss L(We) P G in 5 


and WIG) = L( WU) =f we (U). Thus, if Gq satisfies hypothesis P and G belongs 
to(%, then, by (5.4), we infer that if Wg satisfies the (necessary and sufficient) 
condition of Corollary 5.2, W, exists and 


(6.2) WG)= WLC). 


Let'G € (4, so that G = L(/, F), for some (/, F) in >. There is then a canonical 
functor 


(63) 9 Tg: f Ig, 


given by TO = 1,(i), Tg(d) = F(d). We may now prove our main theorem, the 
first part of the enunciation merely reproduces the essence of Corollary 5.2. 


Theorem 6.1. Consider Sq Cc OS, © Was in Section 5 with ( 4 satisfving hypothesis 
P and assume that Wo: Wg -> © has the property that, for any morphism ® in Yo, 
LwW5(#) is an equivalence if L(®) is an equivalence. Then Wo extends to a unique 
functor W,: Ob, > & such that WL = LWs: Oe +(& . Let G = LU, F) and suppose 
that Ti: 1 Ig is cofinal. Then W\(G) = WG), where W is the Kan extension of Wo 
to (9). 


Proof. We first note that by [1] or [2; Prop. 2.4], /¢ is filtering. Second, it is easy 
to check that UT, = F, so that L(U) = L(UTG) = G, since Tg is cofinal. Thus, we 
rnerely have to apply (6.2) to obtain the result. . 

Let us interpret the condition that 7¢ is cofinal. Given (/, F) in Go with 
L(l, F) = G, and Gg in Go, we have an evident induced functor Hom(Gp, F): /> Ss, 
the category of sets. The morphisms 1(i): F(i) > G plainly induce morphisms 
Hom (Go, F){i) = Hom(Go, F(i)) > Hom (Go, G) and hence a morphism 


(6.4) m L Hom(Gp, F)> Hom (G5, G). 


It is then easy to prove 
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Proposition 6.2. The functor Ty; (6.3) is cofinal if and only if TT (6.4) is an equir- 
alence for all Gg in Sq. 


This gives us an alternative formulation of the hypotheses of Theorem 6.1. It is, 
however, more useful insofar as condition (6.4) is familiar for many categories (9 
(being sometimes true, sometimes false), 


Application, Let h be a cohomology theory which satisfies the condition that the 
Hopf map $3 + §2 induces the zero homomorphism in cohomology: call such a 
theory good. We have a functorial procedure [6] for putting finitely-generated 
coeificients Gg into such a theory # and there results a theory /(-; Gp) together 
with a natural universal coefficient sequence 


(6.5) OFA"(X)8 Gy + A(X: Gy) + Tor (h"""(X), Gy) > 0. 


Thus we have a functor Wy: Gq ~Cohg from the category of finitely-generated 
Abelian groups to the category of good cohomology theories. Then (9 certainly 
satisfies hypothesis P and © ofg is cocomplete. Moreover, we verify the crucial 
condition of Corollary 5.2 by taking (6.5) ‘to the limit’, since tensor products and 
Tor commute wi.h colimits over filtering categories and such colimits preserve 
exactness. Thus we obtain an extension W,: U6 + Cohg of Wo, that is, a rule for 
putting any Abelian group in as a coefficient group for a good cohomology theory, 
and (6.5) r<. tains true for any coefficient group G. Moreover, it is easy to show that 
tT .. given by (6.4), is an equivalence, so that W, is precisely the Kan extension of 


If we wish to consider the category Gol; of all cohomology theories, then we 
should take ($9 to be the category of 2-torsion-free, finitely-generated Abelian 
groups and (%, will then be the category of 2-torsion-free Abelian groups. The 
argument works just as well in this case. 


Remarks. We would wish to work in a universe in which it is permissible to take 
colimits over /;,. However, the usual set-theoretical questions do not really arise in 
Theorem 6.1, since our hypothesis there is that /;, admits a cofinal functor from a 
(small) filtering category /. 
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The authors’ assertion in §3 that a strict monoidal functor A: V > V" induces 
a strict monoidal functor Ny(4): VC) > Nth) is false for a general such 4 — 
the suggested definition makes no sense. [f, however, V and F" have the same 
objects, if Ais the identity on objects, and if A is surjective on morphisms, all is 
well, and this is the on!y case we use in the sequel: namely when A is FP: N(V) > G. 
The results of the paper are therefore quite unaffected. 

There is a misprint in the statement of Lemma 5.9, which is put right by 
omitting everything in the second line of the lemma preceding the second “if”. 
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if / is a two-sided ideal of a ring R, the relative tunctor A(R. 7) depends only on 
/ considered as a ring [1]. More precisely, if y: R > R’ is a ring homomorphism, /' 
is a two-sided ideal of R’, and y: / = /', then ¢ induces an isomorphism A(R.) = 
K(R’, 1’). This is an algebraic analogue of the excision property of topological K- 
theory. It has been an open problem for some time to determine whether the same 
property holds for A,(R, J). It is known to hold if ¢ is onto [9, Lemma 6.3] . I will 
give here some examples to show that excision dues not hold for A(R, /). Some 
explicit calculations of A,(R,/), suggested by the examples, are also given. | will 
also give an explicit set of generators for the kernel of K,(R, 1) > KAR, 1’) which 
is particularly simple in the case where R and R’ are commutative. In §6, 1 will show 
that excision also fails for the functors K4(R, /) of [5, 9, 10, 16]. 


8 1. An example 


Let R be a ring with unit and let / be a 2-sided ideal of R. Recall [1,9, 14] that 
E(R) is the subgroup of GL(R) generated by all elementary matrices er) = 1 tre, 
and £(R, J) is the smallest normal subgroup of E(R) containing all ej (x) with XE. 
This is a normal subgroup of GL(R, J) = ker[GL(R) > GL(R//)] . By definition, 

Ky (R, = GUR, D/E(R, J). Clearly GL(R, /) depends only on /. The following 
result shows that this is not the case for K ,(R, /} and hence also for E(R, /). 


Theorem 1.1. Let R be a ring with unit and let I be a 2-sided ideal of R. Let 
R’ = 2Z1 +1 be the smallest subring with unit containing 1. If Lis commutative but 
not centralin R, then Ky (R',D>K (RK, /) is not an isomorphism. 


The hypothesis means that xy = yx for x, vy € / but rx # xr for some rE R, xEl. 


Proof. The element e(r, x) = e2;(r) €,>(x) ey, (r)! for rE R, xE/ lies in GLIR, B= 
GL(R’, /) and so represents an element e(7, x)€ K ,(R’, J). Since e(r, x)E EIR, 2, 
e(r, x} lies in the kernel of K,(R’,) > K,(R, f. U claim that e(r, x) #0 if rx # x7. 
Since R’ is commutative, the determinant det: XK ,(R') > U(R’) is defined [1]. Here, 
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as usual, U(R’) is the group of units of R’. Let 5(r, x) be the image of e€(7, x) under 
the composition K ,(R’, ) det 1(R'). It will suffice to show that 5(7, x) # 1. Identify- 
ing GL4(R) with its image in GL(R), we can write 


1 0 1 x 1 0 l-xr 6x 
cae FE Care| eee bs aes 
r | 0 1 -r | ~rxr \+trx 


Therefore 5(7, x)= (1 +rx)(1 ~ xr)t+x(rxr). Since / is commutative, (7x )x = x(rx) 
and so (rx) (xr) = (ne)ar = x(rx)r. Therefore 6(7, x) = b+rx- xr #1. 


There are, of course, many examples of rings R satisfying the conditions of 
Theorem 1.1. One of the simplest is obtained by taking any ring A with unit and 


letting 
b 0 b 
n{(t ena}. 1={(° *Jenua. 
0c ze 0 0 


Here /2 = 0 and it is trivial to check that / is not central. In §2, i will show that 
K (R,1)=Qand K,(R’,/) =A for this example. 

The above example depends heavily or. the non-commutativity of R. In §3, 
I will give a commutative example. 

Given any example for which excision fails for A. we can construct a new one 
(R, 1) > (R'. 1’) with the additional property that R + R// and R’ ~ R'/I' are split 
epimorphisms. Let R, = R @/ with (7, Cr, 0) = (er ri + ir’ + i’) and J, = O08. 
Then R, ~R by (7,i)-*r+iis onto so K (Ry, fy) ~ A 4(R, /) is an isomorphism. 
Define Ry = Rl and /, = 047" similarly. Then (R,, /,) > (Rj. /}) is the required 
example. Note that R, and Rj are commutative if & and R’ are. 

Using the result of §3, we see that the following result continues to hold if all 
rings are required to be commutative. 


Corollary 1.2. There is no functor Ky from rings with unit to Abelian groups such 
that for every Cartesian diagram 


omnes +A, 

| if 
Y, 

| re 


of rings with unit with surjective f, there is an exact Maver-Vietoris sequence 
(1) KA, &K,A,7K,A *K,A>K,A, PKA). 


This continues to hold even if we restrict ourselves to diagrams where / is a split 
epimorphism. The result follows from [16, Prop. 9.1]. Here is a simple direct proof. 
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By Theorem 1.1 and the remarks above, there is a map v:(R,/) > (R’, I’) with 
yg: 1 =T' such that K (RI) > 4K, (R’,/') is nct an isomorphism and such that 
R->Riland R' > R' it are split olmarohisiis of rings. It is easy to see that the 
diagram 

Rs R’ 


. : 
Ril wo he IT 
is Cartesian. If there is a Mayer-Vietoris sequence (1), we get an exact sequence 
K(R')@KAR/I) > KAR /V) > K (RY > Ky (R') 2K (RD. 
Since A(R’) > K4(R'/!') is a split epimorphism, this reduces to 
(2) OK (RPK (RY eK (R/). 
Now let Ay denote Milnor’s A and consider the exact sequence (9, 14] 
Ki(R) > KA(R/D > K (RD) > K (RY > K (R/D). 
Since R > R/lis a split epimorphism, this sequence reduces to 
O+K(R,1)>K(R)>K (R/D > 0 
Similarly remarks apply to R’ and /' so we get a diagram 
0 KAR!) cele lee 
' 
0-K CR. r)y> K, (Ry >K, (RI) > 0 
Now K ,(R, /) > K,(R’, 1’) is onto, both groups being quotients of GL(R, J) 
GL(R’, 7’). Using (2) we see that K,(R, /) > K,(R’,/') is also injective so it is an 
isomorphism. This contradicts our assumption about R, /, R', I’. 
Note that Milnor [9] has extended the Mayer-Vietoris sequence under the hypo- 
thesis that f and g are onto. 
If0>4-~B->C-— 0is an exact sequence of rings (not necessarily with units), 
Gersten showed in [6] that there is an exact sequence 
K,(A) > K(B) > K (OQ > K(A) > Kg(B) > KO). 


The following result also holds if all rings are required to be commutative, using the 
results of $3. It says that Gersten’s sequence cannot be extended to any A>. 
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Corollary 1.3. There is no functor K 4 from rings to Abelian groups such that for any 
exact sequence 0 A> B> C0 of rings, there is an exact sequence 


(4) K B>K,C>K,A>K,B. 


This continues to hold even if we require B and C to have units and require B > C 
to be a split epimorphism. In this case (4) would reduce to 0 > A, A > K,8. For the 
proof consider the same R, J, R’, /' used in the proof of Corollary 1.2. If there is an 
exact sequence (4), we get a diagram 


a= | J 4 
O0-> Kl')> K\(R')> K(R'/F)> 0. 


From this we deduce easily the exact sequence (2). The argument used to deduce 
Corollary 1.2 now applies. 


§ 2. Radical ideals 


An ideal / (left, right, or 2-sided) of a ring R (not necessarily with unit) is called 
a radical ideal of A if it lies in the Jacobson radical of R. If R is equal to its own 
radical, it is called a radical ring. It is a standard fact [7] that / is a radical ideal if 
and onily if for each x € / there is some VE R with x ty+xy =O=x+¥ +t yx. Now 
yr-x-xV=-x-yx so vel, It follows that / is a radical ring. Conversely, if / is 
a radical ring and x €/, we can find yE/CR as above so / is a radical ideal. There- 
fore an ideal / of R is a radical ideal if and only if / is a radical ring. In particular, 
the property of being a radical ideal is invariant under excision. 

In this section, I will compute K,(R, /) for the case where / is a radical ideal. The 
result is closely related to some recent work of Wasserstein [18]. However, | will not 
use his methods except for his Lemma 1.1. Instead I will give a proof similar to 
Dieudonne’s construction of determinants [4]. If R is commutative, the ordinary 
determinant can be used. However, in this case, the result is already known (3, Lem- 
ma 3.2]. 

As usual, U(R) will denote the group of units of R and U(R, J) is defined to be 
the kernel of U(R) + U(R/1). Clearly U(R, J) depends only on /. 


Theorem 2.1. Let R be a ring with unit and let I be a 2-sided radical ideal of R. Then 
Kf, f) = 0 and K ,(R, )= UR, D/W(R, 1) where W(R, I) is the subgroup of UR, Nl 
generated by all elenents of the form (1 +rx\itxry! with rER, xEl. 


The group W(R, /) was introduced by Wasserstein [18] and was also considered 
by Silvester in [11]. 
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Proof. Let /* be the result of formally adjoining a unit to /. ThenO>/-/*>~Z>0 
is a split exact sequence. The exact sequence 


K() > K (2)> Kyl", D> Kyl") > Kol) 
therefore reduces to a split exact sequence 
0+ KI", D> Kg") > KZ) > 


If P is a projective /*-module, then P//P is projective over Z and therefore free. Sup- 
pose P is finitely generated. Since / is a radical idea! of /* by the remarks at the be- 
ginning of this secticn, we can apply the usual projective cover argument [14, p. 89] 
to conclude that P is free. Therefore K(/*) = Z and it follows that Ko(t*, h=0. 
Since excision helds for Ag, we see that Ap(R, /) = G using the map /* > R which 

is the identity on / and sends ] to 1. 

We now consider A,. Suppose a€ U(R, /) and r € U(R). Following the argument 
of [18, Cor. 1.3] we set. x =(a- 1jr7! EJ and conclude that (1 +0) (1 +.xr)7! = rare, 
It follows that [U(R), UCR, J] C WIR, 2D. In particular UUR, D/ WR, D is Abelian. 
Since LR, 1) = GL,(R, Cc GL(R, 2) we have a map U(R, J) > K,(R, 2). Wasserstein 
(18, Lemma 1.1] has shown that W(R, /) lies in the kernel of this so we have a map 
¢: CUR, DiW(R,D > Ky(R, 2). 


Lemma 2.2. y is onto. 


Proof. This is a well-known result [1, V Prop. 3.4, Th. 4.2]. Let 4 € GL{(R, J). Since 
fis a radical ideal, the diagonal elements of A are units of R. All other elements of 
A lie in/. Therefore, by multiplying on the left by elements of the form e,,(x) with 
x€/, we can reduce X to diagonal form. Since (7 ee JE F(R, JI) for aE UD), we can 
reduce A to the form A’ = diag(a, i, 1, ...) by multiptving on the left by elements of 
E(R, 1). Clearly A’ € GL (R, /). 

To show that ¢ is injective, we construct a determinant 6: GL(R, ) > U(R, D/W(R,D. 
If x€ UR, /), let ¥ denote its image in UR, D/W(R, D. Define 6: GL(R, D> 
> UR, NWR, I by 6, (x) = x. If XE GL,(R, 1) forn > 2, let 


n xy eee 

0 

-(Te, (- “Xi xy x= 
i=2 : Z 

9) 


and set 6,,(X) = x,,5,,_)(Z). 


Lemma 2.3. (a) [fx GJ then 6 ,(ej(x) X)= 6,,(X). 
(b) fa UD and X' is obtained from X by multiplying one row on the 
left by a, then 5, (X') = d,,(X). 
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Proof. Property (b) follows immediately by induction on n. The same is true of (a) 
provided that ¢#1 so that e;;(x)X and X have the same first row. Suppose now that 
i=]. Let 


X41 Kise ® 
0 
i eds 
U= e,.(-X%1,X) )) x= Xx; 


Since €y («egy (1) = egy (Ex egy (ey, (x) by the Steinberg relations [9,14], we can 
write Cy (x) X = Be (x)U where EF is a product of elements e,(s) with k #1. It follows 
from the part of (a) already proved that be 1; (x) X) = 6 (ke, (x) U)= 5 Ce, (0). 
Similarly 4,,(X) = 6,,(U). Let A; be the ith row of U. Then the rows of e, ;(x)U are 

A, +%A;,A),....4,- To compute 6,,(U) we write 


i 


Uy) Hoe K 
0 


o &F 
where uj) + Ay, = Oand get 6,,(U) = 4, 15,,.)(V). The rows of U' are Ay, ... 
A, +A,..... To compute 5,,(e, (x )U) we write 


U" =e, (A)U= | 


yy tXUuyy * 


U" = ej (ue, (xy U = 
: J 

where u;, + p(u 4 +xu,,)= Oand get 5,,(U) = (uy, + xu) )5,,-)(V"). The rows of U" 
are Ay + XA), Ap, ..., A; +M(Ay + XA), .... 

Now (1 + UX) + pu, , = 0. Since xE/, 1 +pxE U(R, 1) s0 Ui, = (1 + px) ways. 
But wy) = —Auy, and uw), €U(R,/) so A=(1 tux) ly. Therefore A; + H(A, +xA,)= 
(1 + ux); + eA, = (1 +ux)(A;+AA,). Thus V" differs from V only in having its 
(j—1)st row multiplied on the left by | + uv. By (b), 5,4 (V')= (1 + pxyd, (VY). 
Therefore 6 (21 (x) U) = a6,(U) where a= (yy + xujy) (1 + px)urt = 
(i +xuj1U44)(T Fix) since UR, D/W(R, J) is commutative. Now (1 + ux)uy, + Muy, =O 
sou, uy} = (1 +yx)ly. Therefore (1 +xu,, uz} (1 +x) = (1 — x(1 tae)! a) (1 + x) = 
(1 ax] + urv)) (1 +x) = 1 mod MR, I), so a= 1. : 


Corollary 2.4. (a) [f X, ¥ € GL,(R, /), then 8, (XY) = 5,(X)8,(¥). 
(b) If XEGL,(R, 1) has the form X= (4 2) with AGEGL,(R, 1), 
CEGL,AR, 1), then 6,(X) = 5,(A)5,(0). 
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Proof. For (a), write XY = EDas in the proof of Lemma 2.2 where D is diagonal and 
Fis a product of elements e;(x) with x E/. Then XY=EDY, XN=ED, and the result 
follows from Lemma 2. 3(a) nid (b). Property (b) is immediate from the definition 
of 4,, by induction on a. 


It follows from (b) that the 5,, define a homomorphism 0: GL(R, J) > 
UR, IY W(R, 1). Clearly all ey(x) with x €/lie in the kernel of 6. To show that 
E(R, Ty C ker 6, we must show that ker 6 is normalized by E(R). 


Lemma 2.5. /f YEE(R) and XEGL(R, /). then &(YXY7') = 5(X). 


sais It will suffice to do the case Y=e;;(r) with rE RX. As in the proof of Lemma 
2, X is a product of elements e,)(%) with x €/ and a diagonal matrix D so it is 

ae to do the cases X= €,.4x), xE/ end N= D. lf X= e;;(x) or eg (x) with k#;, 
i#i,then YXY 7! =X 1t X=e, K(X), Ai, then YAY = = ele p(x) so O(YXY 7!) = 
1 = 5(X). Wf X= diag(d), d>.. ) then X¥-1Y-! = €,,(-djrdz") so Yvy-! = 
er) ej (--djrd7")X and we use Lemma 2.3(a). 

In the only remaining case Y= e,;(x). Omitting ali but the ith and jth rows and 
columns trom the notation we can write 


1 0 l rv 1. l+rx -rNr 
X= ( ; = ) , and YXY7 =( ; 
x | 0 0 x | xr 


Applying the definition of 5, we see that 5(YXY7!) is the image of 
(htrey(h  xrtx(h toxy ler) = (1 trod) ~ xl trv!) using the fact that 
(itreylnxe = 1 (btn), Let =x() tex! Then 1 - mv = t- ax(itevy l= 
(1t+rx)-! so (YY!) = (1 vr ~ rE WR, /). 

Therefore, 6 defines a map 6: A,(R, /) > U(R, D/ WR, D. The detinition of 6, 
shows that 6¢=id soy is an isomorphism. This proves Theorem 2.1. 


Corollary 2.6. /f 1? = 0, then K (KR, 2) = L/W where W is the subgroup of | generated 
by all rx -- xr for rER, xEl. 


In fact, if 72 = 0, then U(R, 1) = 1 where a€ U(R, |), corresponds toa - LE L. In 
particular, for the 2 X 2 triangular matrix example of §1 we have A(R, )=0 
while KR, f) a ff, 

If R in Theorem 2.1 is commutative, then W(R, J) = 0 s0 K,(R, 1) = U(R, 2). This 
was already proved in [3, Lemma 3.2]. It follows that excision holds if we consider 
only commutative rings and radical ideals. In particular, if 


A——+>A, 


| 4 
¥ 


A,——+ A 
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is a Cartesian diagram of commutative rings, fis onto, and /= ker fis a radical ideal, 
the usual ladder argument [14] gives us the Mayer-Vietoris sequence 


K (A) 8K (44) + K3(A) > KYA) > Ky (Ay) BRK (AG) > 


using Milnor’s A. Note that /=ker[A > A] is also a radical ideal by the remarks 
at the beginning of this section. In order to put A4(A) at the left, we would have to 
show that K4(A,/) > K4(A,, /) is onto but this is false in general (see §6). 

Theorem 2.1 is easily extended to the case where R has no unit. In this case we 
have, practically be definition, K;(R, 1) = A,(R*, 7) and U(R, J) = U(R*, J). Clearly 
U(R*, 1) = UU*, 1) = UD) depends only on J. 


Corollary 2.7. /f 1 is a 2-sided radical ideal of R, then K((R,1)= OQ and K (R,1)= 
UD) [UCD), UD] WR, D where W(R, 1) is the subgroup of UD) generated by all ele- 
ments of the form (1 +rx)(l+xry7! forxEl, rere. 


Expressions of the form | + rx make sense since we view U(/) as a subgroup of 
UU*) or UR*) 


Proof. Using Theorem 2.1 we need only show that 4(R*, 7) = [UW), LOY WR, 2. 
Clearly W(R*, 1) > (UG), CU) WR, 1). Now W(R*,/) is generated by elements 
w=(1+(nt+r)x)C1 en. where nEZ, rER. But w=(Lt ni taxi tyry! X 
(1 +x)! where y=(b tnx) x. Modulo [U(), UG)) we can change the order of 
the factors so w =(1 tev)(1 tary! © WR, 1). 

In particular, if R is a radical ring, then Kg(R) = 0 and & (R) = 
L(RY [UR). ey W(R) where #(R) is the subgroup of U(R) generated by all 
(hexvyb tyxy! with x, VER. 

t 


§ 3. A commutative example 


If R is a commutative ring with unit and / is an ideal of R, the map U(R,h-> 
K,(R, 1) given by U(R, 1) = GL(R, 1) C GL{R, J), is split by the determinant map 
det: K,(R,/)—> UR, 1). We write Ky (R, 1) = O(R. 1) ® SK (R, 2), a natural decom- 
position [1]. Since U(R, 7) depends only on J, it is sufficient to look at SK,(R, 1) 
in considering the question of excision. 

As in [1,Ch. VI]. we define W’, to be the set of all (a, b) with Ra + Rb = R, 

= | {mod F) and b=0(mod/). For (a bye W,, we can find c,d € R such that 
(4 AL= SL}(R, /) ard the image |? | of this in age a /) is independent of the 
aiGice of a and b [i, Ch. VI]. The Mennicke symbol [i ] has the following proper- 
ties [1, Ch. VI]. 1 will write SK ,(R, /) multiplicatively here. 


(MSta) [or] = (?| for rel, 
a La 


§3.A commutative examp ? 


| bh | b : 
Ms = E 
(MSIb) ber forrER, 


. b, by bb» 

(MS2a) “| = ; 
a a 

(MS2b) Pala a | 
a) ay (@,a 


Remark. As an illustration of the useful technique of universal examples, ft will show 
how to deduce the relations (MS2) from the corresponding relations in the absolute 
case /= RK. Since [ will only consider the canonical Mennicke symbol with values in 
SK ,(R, /), this result does not supplant Proposition |.7 of [1]. In the absolut > case, 
it follows (rom ¢(MS1) HM that | °| = & es ]} = | a b= [ 4]. Assuming (M32a) 


tw 
te 
=) 


S 


of (MS2a) 01 oF (MSI) ie the other. Top prove I Ms2b) in ‘the relative case, con- 
sider the ring 4 = Z[xy. 9. V. ty. Uy, Up. Ua) (up xy © Ope ~ Te uyxy ~ ¥yy- 1) and 
the ideal J=(x,- 1.x 9-13). HP (a,, by and (a>, b) € W), choose elements p,, P, 
q,.q 9 with p.a,; +g; = | and detine a map AR by sending x; to aj, ¥ to p. lu; to 
p,, and u; to q;, This sends J into /. Therefore it will suffice to show that ea : = 
file v | in SK,(A, J). Now A/J = Z[v,, 09] so the sequence O07 J +A > A/J>0 
splits. Therefore, the sequence 


K{A)> A AS) KYA, J) KA)... 


shows that A, (A, J) A (A) is a monomorphism so it is enough to check the rela- 
tion in A (4) ie., for the absolute case. The proof of (MS2a) is similar. 

If R isa commutative Noetherian domain with unit, and dim R <1 then [1, VI, 
Th. 2.3] asserts that SK, (A, J) is generated by the [ : ] with (a, b) € W, and (MS1), 
(MS2) are a set of defining relations for SK ,(R, /). Note that the ring R enters only 
in the relations (MSIb) since W/, and the other relations depend only on /. 

Let p be an odd prime and let [ be a primitive pth root of |. Let A = Q(¢) and 
let A =Z[¢] be the ring of integers of K. Let /=pA and R=Z+/C A. 


Theoreni 3.1. SK,(R, 1) > SK, (A, /) is not an isomorphism. 


Proof. By [2, Th. 3.6] we have SK, (A, /) = 0. I will use the methods of [2] to show 
that SK, (R, 7) #0. 1 will actually ae a slightly more general fesult which will be 

useful in §6. Let A=1--¢. Then p= (A) is prime and (p) = perl Let B=Z+ pec A. 
As usual, u,, denotes the group generated by es 


Lemma - 2. There is a non-trivial homomorphism SK (B, 1) > up given by sending 
lL a to (?) 
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Proof. The Jacobi symbol ( 2 ),, here is the one considered in [2]. This satisfies 
(MSIa), (MS2a), and (MS2b). We must verify (MS1b). As in the proof of Proposi- 
tion 3.1 of [2]. we have 


Ft, Ge LG, 


plb, prp 


and it is sufficient to show that the second term is unchanged if we replace a by 
a+tb with r€@B. Since there is only one prime p in A, the term in question is just 
(2°) which we abbreviate to (a, b). Now e = ord,( p) = p~ 1. Since @=1 mod pR, 
we see that a@& U y(p --1). By [2, A17] we have (c, 6) = 1 ifc = 1 mod perl If 
re p2. we have (a+ tb, b) = (a, BC ta7 eh, b) but L+a7 tb = 1 mod pPtl. The set 
of € B such that (a+ 7b, b) = (a, 6) for all a= 1, b= 0 mod / is obviously a subgroup 
of B. We have just seen that it contains p? so it will suffice to show that it contains 
~1. Nowa — b, b) = (a, b) (1 -- a7! b, b}. But @= 1 mod p so a7! = | mod p. Let 
a7! =} +cp. Then(1 - a7'b, by=(1 — 5 - epb, b)=(1 -- Bb. DV — (1 ~ by! epb, b). 
The second term is 1 by |2, A17]} as above because pb = 1 mod p2 and so mod p?*!. 
Bui (1 - b, b\= 1 for any b [2,A13]. 

It remains to show that the resulting map SK, (8, /) > uw, is non-trivial. By (2, 
All| we can find a@€A such that @= | modp and Aa is prime. Let CEA may onto 
a generator of U(4/Aa). Then { - ). #1 so at least one of ( E ). and ( a ),, is non- 
trivial. Clearly (@, p) and (a, pc) lie in W,. Since SK (R, D> SK (8. /)is onto, it 
foilows that SK ,(R, /) #0. 


A more explicit example is obtained by letting p =3,@=1+p¢ and b=p. Here Aa 
isprime since V(a) = 13. By definition, 


6 = pe-IP = 34=3 mod 13, 
7/p 
so [7¢3¢ | #1 in SK,(R", 1). By (MS1b). the image of this in SK,(R, 1) is 1. 

It would be very interesting to have commutative examples of characteristic p 
for p #0. In §5,] will show that the methods of the present section will not yield 
such examples. The problem is discussed further at the end af §4. 

The proot of Lemma 3.2 obviously extends to more general cases. For example, 
let A be a totally imaginary algebraic number field, let A be the ring of integers of 
A. and let p be a (rational) prime such that u, C K. Let (p)= i: Ips in A, Since 
Z[S] C A, we see that (p - I)le;. Write ¢; = (p— 1)e;. Let /* I] p;t and 
B=Z+ |) pj"! Then/C B it n; > m;. Wf, in addition, m, +n, > 1 + pe;, the proof 
of Lemma 3.1 shows that there is a nun-trivial homomorphism SK ,(B, /) > u 
which sends [ 2 ] to ( Z ae If also n; < pe; for some i, then SK, (A, /) = 0 by 
[2,. Th. 3.6}. 

If p # 2, we can choose /= pA son; = e; aud let m; = 1+ e,. Ifp=2,/=pA will 
not work since e; = e; but we can let n; = 1 +e;,m,;=e,. For this choice of 1,, 

SK ,(A, /) will be zero provided that 2 ramifies in K so that some e; > 2. 
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§ 4. Generators for the kernel 


In this section, | will show how to tind a set of generaiuss for the kernel of an 
excision map. The result is particularly simple in the commutative case (see Theorem 
4.6). 


Definition. Let / be a 2-sided ideal of a ring A with unit. For’ #j, 7), ....7,€R and 
XE /, define e;(r), ..., 7,5) to be ej, (x) if n= 0 and, for n>, 


(1) Cl), sixes ry X) = ej (ry esr. as r+) ell y! : 


Theorem 4.1. The group ECR, 1) is generated by the elements CG ye Pg XD) for all 
NEEL LG oot ER XEL 


3 
The proof uses only the Steinberg relations and so can be carried out in the Stein- 
herg groun St(R). | will give a more general version of Theorem 4.1 which also ap- 
plies to all Chevalley group schemes and their Steinberg groups [13]. For any ring R 
with unit St(R) has generators x, (7) fori #/, rER. The Steinberg relations are 


(SI) x,(r+ sp= x(x 9) ; 

(S2) Pfs od ate, cee. 
(S3) [x 7). x), 69) = x (rs) if Gtk, 
(S4) [x,,(7), x ,(9)] =X (sr) fiksek. 


The relations (S3) and (S4) are equivalent by taking inverses. The map ¢: SR) > E(R) 
is defined by y(x;(r)) = e,(r) and E(R, J) = y(St'(R, 1)) where St(R, /) is the smallest 
normal subgroup of St(R) which contains all x, (x) with x €/. 

Suppose, more generally, that we have a group G generated by elements x, (7) tor 
r& Randa€ ¥ where © is an index set. We assume that © has an involution which 


satisfy the following relations (and possibly others): 
(a) X(r +5) = X4(r) XQ (5). 
(b) aX -B. [xg(r) xg(s)} = TE] x, (4) 


where the 7; lie in a certain finite subset S,, of 2. We make the following additional 
hy potheses 


(c) IfyE{B}US,, then -y¢ {B} US, . 
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(d) The set {6} U Sg can be ordered in such a way that for all 
y. 5 E{B}US,, we have S,, C{SES IE > 75> 4}. 


(ec) In relation (b) if rE/ or sE/, then all GET. 
Condition (c) is needed to insure the existence of Ss in (d). 


Example 1. Let G = St(R) or E(R) and Jet 2 be the set of pairs (4, /) with ¢#/. Define 
(i j)=(, t). Then (a) is (S1) and (b) is the set of relations (S2), (S3), (S4) The set 
Sag has at most one element so there is no difficulty in verifying (c), (d), and (e). In 
(d) we order {6} U S,, by choosing 6 to be least. 


Example 2. Let G be the Steinberg group associated with a Chevalley group scheme 
[13]. Let = be the root system. Then {8}U S,,, consists of all roots of the form 
pa +qp where p 2 0,q > Oare integers. Ifa=f, S.2 is empty. Ita # +B then a, B 
are linearly independent and we order S,, by ordering the pairs (q, ») lexicographi- 
cally. Conditions (c), (d), and (e) are clearly satistied. 

In the general situation considered above define x, (7), ..., 7, X) forry, ... 7, ER, 
x€/, to be x(x) ifn =0 and, fora >0, 


xy. ici rs) = xr, yx 


seiten Speenel 
Uae eee Fy DED * 


Let N be the smallest normal subgroup of G containing all x(x) fora@e 2x EL. 


Theorem 4.2. The group N is generated by the elements X (ry, .... Py) forall n, 
OS flip aly = Kye ed. 


Proof. The elements clearly lie in V. Let H be the subgroup they generate. Since all 
x,(x) with x €/ lie in H, it will suffice to show that H is normal in G. For this, it is 
enough to show that the generators x, (r) of G normalize H. The following lemma 
gives a more precise statement of this. 


Lemma 4.3. /fa# ~B, then x) Xg(7y, My @) x vy! is a product of elements 
Of the form X (81. 1.4 Sys b) with YEX, $4, 04S ER, BEL and m &n, 


Ifa= ~B, our element will just be x (7, ry, .... 7,4). Therefore, in all cases, we 
see that conjugation by x,(r) sends the generators of H into elements of H. 

To prove Lemma 4.3, we use induction on nm. If n =Q, the result follows from 
relation (b) together with (e). Suppose now that A 2 1. Then 


XQ PX os rp:ayx (ry! = XX (Pay os r,a)xo! 
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where 
X= XY (rE | Lx, cr bxg(ry) 


by relation (b), Under the hypothesis that Lemma 4.3 holds for n < k, I will prove 
the following more general statement. 


(*)Lera, pe Lwitha# B LetSC{B}US,, and ler x = il Xy;(t;) where each 
YE Sand qER. LetSEX, ry. ry ER GE andn<k. Then x xs(ry, 0.5 Fy :a) xo! 
is a product of elements of the form x (Sy, .... Sy). 0) with €€ X and m <n +}. 


Proof. Let S = {o,. .., Og} where 0, <...<9, in the ordering of (d). If TC{B}US,. 
write T={1),..., tT, } where 7) <1) <<... <1,. We write S< Tif 0, <7, orit 
Oy 71. 07 < 74 (a partial ordering). 

Ifo, # -6, move all terms xy,(7;) in x with 7; = 9, to the right and combine them 
using (a). By (b) this introduces new factors x¢ (u;) into x but by (d) all such iF 
satisfy [; > 0,, and lie in Sag By the induction hypothesis Xo (PX (Ty, My a) xo (ry! 
is a product of terms of the form x,(5,. ..., 5,,. 0) with nr <n. We must conjugate 
these by the element y where x = VX (r) is the expression obtained by moving all 
x,,(f;) with y, = 0, to the right. 

Now y = 7 Xp,(u;) where all nj lie in a set 7 C {B}U Sg: This set differs from § 
in having o,, missing and in having (possibly) new elements ¢ j7 9,. Since a) <0 
we can always choose v=] or 2 with o,, # 8. It tollows that T>S. Since {8} Sa 
is finite we can only repeat th: argument a finite number of times. The only cases 
where we cannot repeat the argument are those where x= 1 or x =x,(1) with o= - 5. 
In the latter case, our element is x,(f, 74. |... 7,4). This completes the proof, 


We now consider the problem of excision. Let f: A +B be a homomorphism of 
rings with unit. Let / C A, JC B be 2-sided ideals such that f: /+J. We wish to 
determine the kernel of the epimorphism A , (A, J) > K ,(B. J). Since f: A > f(A) is 
onto, we see that A, (A, 1) > K,( f(A), J) is an isomorphism. Therefore, there is no 
loss of generality if we assume that fis an inclusion. Therefore we suppose that A 
is a subring of B (with the same unit) and /CA is an ideal of B. Then K ,(B, 1) = 
GUAB, D/E(B, |, and K (A, 1) = GL(A, D/E(A, 2. Since GL(A, J) = GLB, 7), we get 
an exact sequence 


0 E(B, DIE(A, D> K (A.D KB. >0. 


Using Theorem 4.1, we see that the kernel of A, (4,07 A (8, /) is generated by 
the images in A, (4, /) of the elements e,;(), ..., b,x) where 6; € BL x€ 1. 

Now suppose / “j,k #/ are integers and let PE GL(Z) be the permutation 
matrix corresponding to the permutation (ik) (j/). Let Q@ be the image of Pin 
GL(A) — GL(B) under the unique map Z -> A of rings with unit. Then Q is also a 
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permutation matrix and Oe ,(b\O" = e,,(b), Qe,;(bO™ =e,(b) for all b€ B. It 
follows that Oe (by. on. bys KIO! = eg Pye oes By i XV 80 


pl ye nen Dy XV GD ys ooo bys XV! = (QO. (By. ons Bx E [GL(A), GLA, 1) 
= E(A, 1) 


by [14,Th. 15.1]. Therefore e;(by, ..., by x)and e,7(d), ..., by. x) have the same 
image ‘in A, (A, /). 1 will denote this image by €(b, ..., by, +x) since it is independent 
of the choice of &, . 


Corollary 4.4. Let A be a subring of B, both rings having the same unit. Let 1€ A 
be an ideal of B. Then the kernel of the epimorphism K ,(A, 1D) > K ,(B, 1) ts gener- 
ated by the elements €(by, .... b,.x) foralin20, by, ..., 6, € B, and xE. 


A less explicit form of this result says that the kernel of A, (4,7) > A ,(B, /)is 
generated by the images in K,(A,/) of all Fe,9(x) E>! forx € 1, EE £5(B). We can 
even allow all E € GL4(B). The €(d), ..., b,,: x) all have this form and all these ele- 
ments lie in the kernel since e;5() has image 0 in A ,(A./) and [E, ex) € 
(GL(B), GL(B, J] = E(B, J. It follows that there is an exact sequenc 


E(B, I) > K (A, 1) > K (B.1)> 0. 


This may be interpreted as a stability theorem for the kernel of an excision map. 
The kernel of K (4.4) > K ,(B, /) is also generated by the images in K (A, /) of 
the elements [e,2(d), x} for all b EB, x€ F5(B,/). We can even ailow all 
x € GLB, 1) = GL»(A, /). Clearly all these elements lie in £5(B, J). Modulo these 
elements we have €(D),..., By: X) = €(b), .... by x) = ... = €(x) = 0. 
We now consider the case where B is commutative. For any r,s€ B, the matrix 
Mr, 5s) = ( a ee ) satisfies M(r, 5)* = 0. Therefore U(r, s:x) = 1 +xNU, 5) is unipotent 
and lies in GL»(B) for any x E #. An easy calculation shows that 


€,7(b) U(r, s;x)e,9{b)"! = U(r- bs, 8, x), 
€5,(b) Ur, 8x) e5,(b)! = UU, s-br, x). 


It follows that the elements e;5(b), .... b,,:x) all have the form U(r, s,x) for x€L. 
Since 
ltrsx r2x 
U(r, 8.x) = ( ) 
-stx |-rsx 
lies in SL4(A, /) for x € i, we may take its image u(r, s:.x) in SK,(A,/) and we have 
4 
} 
{ 
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r-x 
u(r, S$. X)= : 
lL +rsx 


In particular, we see that e(b, x)= u(1,-b:x)= [,*,,]. Now 
[ rx | x r pty? [ rx i 
u(r, SX) €(--rS, X) =F = = 
[ l+rsx JL lt+rsx 1+rsx { ] +rsx 
= €(—rs, rx). 


Therefore u(r, six) = e(--rs, x)! e(-—-rs, rx)? so the subgroup of K,(A, /) gener- 
ated by all u(r, s; x) is the same a, the subgroup generated by all €(b, x). Since all 
e(b,, ..., 5.x) have the form u(r, s.x), this subgroup is the kernel of A,(A, D> 
A, (8,7). Furthey simplifications result from the following lemma. 


Lemma 4.5. For b € B, x1, e(b.x) = [, "| i additive in b and inx. If BEA, 
then e(b, x) = 0. If x, y G1, then eb, xv) = 0. 


Proof. By (S1) we see that €4(d, ae Ope T= ej(Dy, siege Xd ejj(by. am Ope VD 
Therefore €(b, x) is additive in x. Now 


x 
€(b,,. x) €(b5, x) = 
1 : ion er 
(1-byxW1-b5x)) LL -byx- baxtb) box? J 


Using (MS1b), we can subtract (b, byx)x from the denominator since 6; bx ELC A. 
Therefore we get 


e(b,, x) €(b,, x)= = €(b, + by, x). 


el 
1—-b,x--b9x 
If bE A, then [, *,,] = 1 by (MSIb). Finally 


xy f x ¥ 
002 oF Lice hal 
1--bxy 1--bxy JL1- bxy 


by (MSIb) since by, bx EI CA. 


The following theorem summarizes the above results. 


Theorem 4.6. Let B be a commutative ring and let A be a subring of B. Let | be an 
ideal of B which lies in A. Then there is an exact sequence 


(B/AVQU/P) 5 K (A.D > K (B70. 
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The tensor product here is over Z and wo is induced by the map B SI K (AN) 
sending b®x to &b, x)= [, “,,1- 


There is no need to assume that A or B has a unit since [17] K,(4, =K,(4".D, 
K (B,D = K,(B*, Dand Bt /A* = B/A. 


Corollary 4.7. Let f. A > B be a homomorphism of commutative rings. Let !C A, 
JCB be ideals such that f. | = J. Then there is an exact sequence 


(BI(AN@IP + K (A, D> K (BS) > 0. 


This sequence is natural with respect to (A, B, 1, J, f). 


We need only observe that A, (A. /)=K (f(A), J). The naturality will be exploited 
in 8S, 

Theorem 4.6 gives us a simple universal example for excision. If R is a commutative 
ring with unit, let Pp =R[u, v], Ae = Pav. and Ap = R +p. Let €p = E(u vyE 
Ky (Ag, %,,> This ties in the kernel of K, (Ag, Up)? Ky (Pp. Up). In the situation | 
of Theorem 4.6, if A and B are R-algebras each e(4, x) with bE B, x E/ is the image of 
€p under the map 'p > B sending u to b and uv to x. Thus if €g = 0, excision will 
hold in the case of commutative R-algebras. [t is quite reasonable to conjecture that 
€p #0 for every R #0. To prove this, it will be sufficient to consider the case where 
R isa finite field. This is shown by the following argument. 

Write A= Az, T=Pz, &= Uz, and €= ey. Then Ap =R&EA, Tp = ROP, 
Ae =RG Wand ep is the image of € under the canonical map [> Pp. Since Ky 
preserves filtered direct limits, we can express R as a filtered union of finitely gener- 
ated subrings R, and Ay (RQA, R&A) = lim K(R, BA, RO AW). If ep =0, the 
image of € in this limit is zero and it follows that ER,,= 0 for some a. Therefure we 
can assume that & is a finitely generated ring. Let J be a maximal ideal of R. Then 
Er Maps to Ep jg under the map induced by R > RAM. We now apply the following 
result which is presumably well-known. 


Lemma 4.8. 4 field which is finitely generated as a ring is finite, 


Proof. Let F be the field and let k C F be the prime field. Hilbert’s nullstellensatz 
implies that F is a finite algebraic extension of R [19, p. 165] so we are done unless 
k = @ In this case, F is an algebraic number field. If so, let R be the ring of integers 
of F. Then QR =F. If F is generated as a ring by x,, .... x,. Write x; = a;/m; where 
a,;=R,m,;€ Z. Then F= Z[x,,...,x,] =R[N7!] where N= [ Tm, If p is a prime 
not dividing N and p/p is a prime of R, it follows that ord (x) 2 0 for all x © F. This 
is impossibie for x = p=). 


We can also get universal examples for excision in the non-commutative case. Let 
R,, = Rtv), .... ¥, ix} be the non-commutative polynomial ring on the indicated 
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indeterminates. Let /,, be the 2-sided ideal of R,, generated by x and let R,, =R+/,,. 
We consider €(1';...., ¥,3X) in Ay(R,,. /,,). These elements are all non-zero by §1. 


§ 5. Rings of arithmetic type 


I will now show how Theorem 4.6 can be applied to extend the qualitative results 
of [2] to rings of “arithmetic type” which are not integrally closed. It would be very 
interesting to have a corresponding extension of the quantitative results of [2] which 
give the precise order of SK, (R, /). 

Let R be an integral domain with quotient field K. We assure that A is either 
algebraic over Q or that K has characteristic p # O and has transcendence degree < } 
over the prime field. Let ug denote th: group of roots of unity of K. Let7CR be 
any ideai. We do not assume K finitely generated over the prime field. 


Theorem 5.1. Under these conditions, SK \(R, I) is isomorphic to a subgroup Of Ux. 
and SK (R, J) = 0 except in the following case 

(A) A isa@ totally imaginary field of characteristic zero and R is integral over Z. 
In case (A) if R is finite over Z, there is a non-zero ideal J of R such that SK ,(R. ) = 
Up whenever 0 #1C J. 


It is not necessary to assume that | © R here since SK )(R, J) = SK,(R*.D= 
SK ,(R’, 1) where R’ is the image of R* in K, R'=Z- 1 +R. For the proof, ! will, of 
course, assume that R has a unit. If K has finite characteristic and is algebraic over 
the prime field f then R = K and the theorem is trivial. Therefore we can ignore this 
case. We first reduce to the case where R is finitely generated. Express R as a filtered 
union of finitely generated subrings R, and let /, = / R,. Then SK,(R, )= 
lim SK (R,.4,)- 

~ We note first that if case (A) does not apply to R, the same is true for all suffi- 
ciently large R,. Clearly the characteristics are the same. If rE R is not integral over 
Z, then RK, is not integral over Z as soon asr€ R,. If K is not totally imaginary, it 
has a real conjugate and the same is true of all R,. If we can prove the theorem for 
the case where R is finitely generated, it follows immediately that SK,(R, N= 0 
except in case (A). To see that SK, (R, J) is isomorphic to a subgroup of lin we use 
the following result. 


Lemma 5.2. /f G = lim G, is a filtered direct limit of Abelian groups and each G, is 
isomorphic toa subgroup. Of up then the same ts true for G. 


Proof. Since yy is a torsion group, the same is true of G, and G and we can consider 
the p-primary components separately. Assume all G, are p-groups. The p-component 
of ux is either Z/p"Z for some n or the group Zp which i is the only infinite Abelian 
group which is a filtered union of cyclic p-groups. If x,y € G then x and yp are both 


238 R.G. Swan, Excision in algebraic K-theory 


in the image of G, for some a. It follows that any finitely generated subgroup ci G 
is a cyclic p-group and so G is either Z,= or Z/p'"Z for some m. hug * zip" Z, all 
elements of G, have order dividing p”. The same is then true of © so m Sn and G 
is isomorphic to a subgroup of Z/p"Z. 


We can now assume that & is a finitely generated ring. i follows that K is a global 
field. 


Lemma 5.3. Let R be a domain whose quotient field K is a global field. Let A be the 
integral closure of R in K. Then A is finite over R. If R is a finitely generated ring, 
then A is a ring of arithmetic tvpe in the sense of [2]. 


Proof. If K has characteristic zero, let B be the ring of integes of A. Since 2 is finite 
over Z, the ring RB is finite over R. Since B C RB, it follows from [15, A22] that 
RB = By for some multiplicative set S in B. Thus RB is a Dedekind ring and so is 
integrally closed. It follows that RB is the integral closure of R. If K has finite char- 
acteristic, the proof of [15, A23] shows that we can find x © R such that K is sep- 
arable over R(x) where R is the prime field. Now R[x] C R and the integral closure 
B of Rix] in K is finite over R[x] [15, A9]. As above, it follows that RB is the 
integral closure of R and is finite over R. 

If R is finitely generated, so is its integral closure A which is finite over R. Let A 
be generated by ay,..., a,. If p is a prime of K such that ordy a; #0 for all i, then 
AC Oy and conversely. Since A is Dedekind, A = QQ) over such p and all but a 
finite number of primes of K occur. 


We can now prove Theorem 5.1. Since K 1 (R, 0) = O we look only at non-zero 
ideals /. 1f 0 #/CJ are ideals of R, then by [1, VI, Prop. 1.4], SK,(R, J) > SK, (R,J) 
is onto, Clearly R is a Noetherian domain and dim R = dim A = |. Therefore, we 
need only look at sufficiently small ideals /. Note that any quotient of a subgroup 
Of Ux is again isomorphic to a subgroup of uy since its p-primary components are 
cyclic. 

Since A is finite over R we can find, #0 in R such that rA C R. If / is an ideal 
of R, then 0 # rA/ C J and rA/ is an ideal of A. Since SK,(R, rAl) > SK (R, /) is 
onto, we need only look at ideals of R which are also ideals of A. 

if case (A) applies, then by [2, Th. 3.6] there is an ideal Jq of A such that 
SK ,(A,J) = ug for all ideals J of A with JC Jig. HIZO IC Jo, then SK (A, J) > 
SK | (4, J,) is onto and therefore an isomorphism. !f case (A) does not apply we set 
Jy =A, since all SK, (A, J) are zero by [2, Th. 3.6]. 

Let rA C R with r # 0 as above and let J = (7Jg)?. Let #0 be an ideal of A con- 
tained in R with / CJ and consider the following diagram obtained from Theorem 

4.6 by using the fact that all e(r, x) lie in SK, 


A/R® I? (Pf —+ SK, (R, 1?) ——> SK ,(A, 2?) —> 0 


0 
A/R® I/P ——+ SK (R, 1) ——~ SK,(A, )——> 0 . 


$6. Failure of exciston for Ky - 


The left vertical map is obviously zero since it is induced by the inclusion /* C /. The 
right vertical map is an isomorphism since /? C J C Jy. The middle vertical map is 
onto, An easy diagram chase now shows that SK ,(R, /) > SK,(A, J) is an isomorphism. 
Since SK, (A, J) = ug in case (A) and SK, (A, /) = 0 otherwise, we are done. 


Remark. In the hope of inspiring someone to extend the quantitative results of [2], 
I should point out that Theorem 5.1 can also be obtained using the methods of (2]. 
Using the above remarks and [1, V1, Th. 2.3] we are reduced to a rather tedious re- 
working of the methods of [2, Part I]. There is only one point wor'h mentioning 
explicitly. In order to find a prime element 7 of R by Dirichlet’s thecrem we look 
instead for a prime element of A which satisfies the required conditions and, ii addi- 
tion, the condition 7 = 1 mod / where /C R is an ideal of A as above. Now ifarER 
with a © A, we have a = an mod/ andsogE Rt+/= R. In particular An R= R7sm 
Rv is prime in RX, 

Ihave not attempted to prove any:hing beyond the results of Theorem 5.1 by 
this method but it is quite likely that more precise results could be obtained at least 
if /C R is an ideal of A. The case where / is not an ideal of A will probably be even 
more difficult. In particular, | do not know whether SK ,(R; = 0 in case (A). 


§ 6. Failure of excision for K, 


A number of definitions have been proposed for K,(R), 2 2 2 [5, 9, 10, 16]. 1 
will show here that in all of these theories excision fails completely tor A,. Rather 
than consider each separately, | will state a number of axioms which are satisfied 
by all these theories and deduce the results from these axioms. The results do not 
apply to the K-theory of Karoubi and Villamayor [6, 8) for which excision is known 
to hold. The axioms below are not satisfied by this theory because its A, is not the 
usual one. 

I will denote Milnor’s Ky by MK, here to distinguish it from the other A under 
consideration. Thus MK4(R) = ker [St((R) > GL({R)] . Suppose we are given a functor 
K from rings with unit to Abelian groups and also a relative functor Ky detined on 
the category of pairs (R, /) where R is a ring with unit and / is a 2-sided ideal of R. 
The values of K are to be in the category of Abelian groups. We assume that the 
following three conditions are satisfied. 

(A) There is a natural map @: MK, > K>. 

(B) If / is a 2-sided ideal of R, there is a map 0: K3(R/1) > K,(R, /) such that the 
diagram 


MK.(R//) K\URD 


“| | 


K(R/) ——>K (RD) 
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commutes. Here K ,(R, /) is the usual relative K, and the map 0: MK3(R/N > KR, D1 
is the usual map in the exact sequence 


(1) MK.,(R. 1) > MK3(R) > MK4(R/D) > K,(R. > Ky(R) > Ky(R/D) >... 


(C) There is a natural map t: K>(R, 1) K(R) such that cis a monomorphism 
whenever R > R// is a split epimorphism of rings. 
In the theories of [5, 10, 16] there is actually a sequence 


(2) > KR) > Ky(R/D > KR, D > K(R) > KY(R/D > K (RD >... 


and a natural map of (1) into this which is the identity on the A, terms. If we take 
AK = MK, we can define K(R, J) to be the kernel of A(R) > K(R/D). This was 
denoted K'4(R, J) in [14]. In the other theories (C) follows immediately from (2). 

In [9], Milnor defines MK(R, /) to be the Stein relativation of MK. We will 
see that this does not satisfy (C) and so does not fit into an exact sequence (2), For 
any K» as above, we define K AR, My to be the Stein relativation of Ky. This is de- 
fined as follows [12]. Let 


? 
D ue Pee R 


P2 . | 
; 


Rese 


be a Cartesian diagram, and define K5(R, /) = ker [K (D) > K (R)} . By (C) we have 
K3(R, J) = K(D, J) where J is the kernel of p, because p, (as well as p>) is split by 
the diagonal map A: R > D. The map p3: (D, J) + (R, J induces a map K5(R, /) = 
K(D, J) > K4(R, 1). 1 will show that this is not an isomorphism in general and that 
K5(R. 7) does not satisfy (C). I will also show that excision fails for K S(R, I). 

The obstructions to excision are given by a certain secondary K-theory operation. 
We begin by defining this and showing that it is non-trivial. 

Let R be a ring with unit. If 2, b € R satisfy ab = 0= ba, then in GL(R) we have 
€12(a) €y,(b) = 1 + ae) + beg, = €3)(b) ey 2(a). Therefore the element [x (a), x2,(6)] 
lies in the kernel MK(R) of y: St(R) > GL(R). In the notation of (9, §8] it is 
€17(a) * €5,(b). 


Definition. If a,b € R and ab=0= ba, let c(a, b) = 8([x2(a), x2,(b)] )E K(R). 


This is clearly natural. If f: R>R’ then K 3(f)(c (a, b)) = c( f(a), f(b)). We also 
note that c(a, 6) = Oita or b is 0. The ring Z[x, vy] /(xy) is clearly a universal example 
for the operation c: If ab = ba=0 in R, define f: Z[x, y] (xy) > R by f(x) =a, 

f(y) = b. Then c(a, b) = K4(f)(c(x, y)). 
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Theorem 6.1. (x, vy) #0 in K4(Z[x, | (cy). 


It would be interesting to know whether this result extends to the case where Z 
is replaced by some cther commutative ring R, e.g., a field. This would imply that 
all the results obtained below continue to hold if we restrict ourselves to the category 
of R-algebras. At the end of this section | will show how to do this for the fields 
Z/pZ with p 2 §. 

Since c(x, y) is universal, it will clearly suffice to find some ring R for which 
c{a, b) # 0. We begin by reducing our problem to one concerning K ,. 
Lemma 6.2. Let R be a commutative ring with unit and let 1 be an ideal in F. Let 


under the map 0 given in (B) is the Mennicke symbol | - fe 1 & SK,{, 2). 


Proof. The commutative diagram of {B) shows that dc(a, 5) is the image of 
[x }2(@), X,(b)] under the map a: MK4(R/J) > KR, J) in sequence (1). This 
sequence is obtained by applying the snake lemma to the diagram 


1 > SU(R, 1) > SUR) > SUR/D > 1 
' ; 
1 +~GUR,D) ~GL(R) ~ GLR// . 
Lift [x ,2(a), x2,(b)] back to [x,5(a), .x2,(b)] in SUR). The image of this in GL(R) 
is 


ltabtazb2 I 


le, (2), €5,(b) 7 ( ab2 1--ab 


This lies in GL(R, /) and represents dc(a, b). Since [e (2), ¢>,(b)] is a commutator, 
it ties in SL(R, 7). We now apply the following well-known result (cf. [ 1, p. 300} ). 


Lemma 6.3. The image in K (R, Dor (2 "ye SLR, Dis (2) = (5178 = 1b = (S 


Proof. The image is [7] by definition. Since ad — bc = 1, we have (7 | [5] = (PH =, 
Lived = 71 = (7) = 1 and simitarty (91 = (S171. also (2VIST = (2) = 10 
,a(d~l)ta-ly — pa-ly - sa-ly - 

a Pe el hes 


Now let ¢ be a primitive cube root of 1 and let A = Z[¢]. Let A=1 ~ ¢. Then the 


ideal (X) of A is prime and (A)? =(3). In fact, A* = —3$. Let /=(A3) and set a= a2, 
b= —t2). Then abEl. 


Lemma 6.4. For this particular A we have | 2 | #1 in K,(A, Dand so e(a, 6) #0 
in K (A/D). 
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Proof. By |2, Th. 3.6], there is a homomorphism SK, (A, J) > 43 given by (4) fb (2), 
Now ab2 = th4 =9 and 1 ~ab = 1+ §2A3=1—3d = -243¢. Since M(1 ~ 3A) = 19, we 


see that (1 - 3A) is prime and A/(1--3A) = Fyg. Since (19-~- 1)/3 = 6, we have by defi- 
nition, ( oxK ) = 96 = -8 mod (1 +3)). Therefore this element is non-trivial. 


We now apply Theorem 6.1 to prove a number of negative results concerning K 5. 
Consider the Cartesian diagram 


Z\[x.v] xy) -—" > ZI] 


(3) Ps | J 


VA 


Danse Ee Z 

where f(t) = 0, py (0) = 4, py (v) = 0, p9(¥) = 0, pov) = & For convenience, we write 
R=2{t]. /=kerf, D=2[x,¥] (xv) and J=kerp,. This notation is used in all the 
following corollaries. 


Corollary 6.5. The map K3(R, 1) > K(R, 1) is not an isomorphism. 


Proof. By definition A5(R, J) = K3(D,J)= ker [K(p, ): K2(D) > K(R). The image 
of e(x, v) under A 4(p,) is c(/, 0) = 0. Thus e(x, ') € K5(D, J). Its image under K4(p>) 
is (0. 7) = 0 so c(x, ¥) lies in the kernel of A4(D, J) ~ A4(R, 2). 

It follows that the sequence 0 > K3(R, 1) > A(R) > A2(R/1) > 0 is not exact 
even if R > R// is a split epimorphism. In particular there is no sequence of the form 
(2) with A4(R, = £5(R, 0). 


Corollary 6.6. The map K (DJ) > K4(R, 2 is not an isomorphism even though 
Dy: (DJ) > (R, Dis a split epimorphism and py: J = 1. 


Thus excision fails for Ky. We have just shown that A4(D, J) > K4(R, J) is not an 
isomorphism. Clearly py: J ~ / Define g: Z[t] > Z[x, v] (xy) by g(z) = y. Then pyg 
is the identity. Also g(/) C J since /= Rt and J= Dy. Therefore (D, J) > (R, J isa 
split epimorphism. 

Corollary 6.7. The map K 5( D,J)>K 5( R, I) is not an isomorphism. 

Therefore excision also fails for A5(R, /) even under split epimorphisms. 
Proof. To find K5(D, J) we must consider the Cartesian diagram 


(4) q2 | |r 
D aaa ee D/J 
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where we have identified D > D/J with p,;: D> R. If we regard (3) as a map of 
Py: D>Rtof: R > Z, and apply Stein's construction, we get a map of (4) into (3). 
Explicitly, this ts 


oe cere sy 
he ger “_ Py 
P ae ae 
o | emiced 
G2 a 
5 Py wea 
| see | ee f 


Deo Di 


where hi(d,, dy) = (p(y). p(y )). Since K3(R, 1) = ker Ky(p,) ard A3(D, J) = 
ker A4(q,), the top square of (5) gives us the diagram 


0 > KYD,J) > KE) KD) > 0 
+ | yo PA ’ 
0 > KR.) > KD) > KR) > 0. 
Consider the elements @ = (x, x), b= (0,1) in E. Then ab= 0 so e(a, b) € A 4(E} is 
defined. Since q,(b) = 0 and h(a) = 0 we see that c(a, b) lies in the kernel of 
K3(D, J)> K5( R, 1) just as in Corollary 6.5. To show that c(a, b) # 0 we observe 


that ¢4(a) = x and q4(b) = y. Theretore the image of c(a, b) under A4(q>) is 
c(x, Vv) #0. 


If we have a map f: (Ry, /,) > (Ro, 15) with f: 7, = 7, and if f: Ry > Ro is onto, 
it is easy to see that the map MK3(R,, /,) > MK4(R5, /2) is onto [9, Lemma 6.3]. 
The condition that f be onto is really needed here. Let g be as in the proof of 
Corollary 6.6. 


Corollary 6.8. g: (R, 1) > (D, J) has g: 1=J but K3(R, 1) > K(D,J) and KX(R, D> 
K5 (D, J) are not onto, 


In fact, A (p>) K5(g) = id. If K5(g) were onto, it would follow that A4(p3) is 
an isomorphism. 

We can also get a negative result in the absolute case. Here we only need to assume 
that K 5 satisfies (A) and (B). 


Corollary 6.9. There is no functor K from rings to Abelian groups such that for every 
Cartesian diagram 
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A 
| ‘ 
Asa 
I 
with f and g split epimorphisms, there is an exact Mayer-Vietoris sequence 


' 


K3(A,)®K3(A2) 7 K3(4.) > K3(A) > K9(A,) © K (AQ) : 


In fact, since f and g are split, the existence of such a sequence would imply that 
Ki(A) > Kx(A,)® K (A>) isa monomorphism. But in the case of diagram (3), the 
element c(x, +) of K>(2 ‘is non-zero and maps to zero under p, and pp. 

Finally, we consider the extension of A to rings without units considered in 
[16.17]. If A has ao unit, let A* be the ring obtained by formally adjoining a unit 
tou A. We have a split extension 0+ A + A* + Z > Oand we define K,(A)= 
ker [K4(A*) > K4(Z)]. This is consistent if A has a unit provided that Ay preserves 
finite products (when applied to rings with units). This is certainly true fur MK, 


Corollary 6.10. The extension of K4 to rings without unit does not preserve finite 
products. 


Proof. Using the diagram (3) again, we see that R = /* and D=(/x J)". Since x and 
¥ map to zero in Z, c(x, ¥) lies in K4(/ x 1). Its images under p, and p> are Zero so 

K (1x 1) > K4(/) x K3(/) is not a monomorphism. Note that A(R, x R3) > 

A(R, )% K(R4) is always a split epimorphism because the inclusions i,,: &,,> 

R,* R given by i,(7) = (7, 0), /p(r) = (0,7) are ring nomomorphisms. Since A,(0)=0 
it is easy to check that the composition A(R.) x K3(R3) + A2(R, x Ry) 

A(R, ) A(R) is the identity. 


To conclude this section, I will show that c(x, ») # 6 in Ky (R(x, y /(xy)) for 
A= Z/p2 where p is prime and p 2 5. To do this it will suffice to exhibit a ring B 
and an ideal / with a, b€ B, ab€/ and [ he # 1 in SK, (B,J) such that p(B//) = 0. 
For this, we choose B and / as in Lemma 3.2. Let a = XP~ 3xu~!, b =A2u where 
A=1-—¢,x€ A andu is aunit of A = 2Z{t]. By [2, All] there is an element EA 
with Am prime and 7 = 1 +p (mod p2). Since (p) = (AP~!), we can choose x EA $0 
that | -ab= 1 - Ply = 7, Now each conjugate m of 7 satisfies 7) = 1 + p(mod p2) 


so Na = [] a =(1+pyP-! = 1 - p(modp?). Therefore k = (Na- lip =~ 1 (modp). 
Since 7 is prime, 


ab? yPrl 
(25) e (~34) = Pt! xu)k (modz). 
p p 


Ifu=¢", then u* = ue! and we can choose r so that (nP* 1 xu )* #1 mod. 
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Using the remarks at the end af 83, we can get many other examples and pro- 
bably all finite fields of characteristic p # 2,3 can be obtained in this way. The 
example considered in Lerima 7.4 shows that c(x, ¥) #0 for R = Z/9Z bui I have 
not yet found an example for R = Z/32Z. An example for R = Z/4Z may be ob- 
tained as follows. Let A = Z[i],B = 2+ 2A, and /= 2A where A= 1—-i, i= /—1. 
Let a= ~2i and b= Xi. Again | have no example for A = 2/22. 


§ 7, Further results on Milnor’s K, 


In this section, | will give an analogue of Theorem 4.6 for Milnor’s A. I will 
now denote this functor by Ay rather than MK, as in 86. The Stein relativization 
of K4 will be denoted by A3(R./)as in [9] and A(R, / will denote the kernei of 
K(R) > Kx(R/0. 

Let f: A -+ B be a surjective homomorphism of rings with unit. Let VW =ker fand 
let /C 4 andJCB be 2-sided ideals such that f: 7 = J. We can regard / and N as 
2-sided A-modules and hence as modules over the ring AS = A@A. 


Theorem 7.1. /ff: A > B ts onto with kernel N and f: 1*J, there is an exact sequence 


(NIN? )@,e UIP) > KAD > KB) > 0. 


The rings are allowed to be non-commutative here. 
The map y is obtained as foilows. Consider the Cartesian diagram 


Py 
Aja A 
¥ ¥ 
An-~-—» Afl 


IifxEN and yvE/ then xy, yx EC IN+ NI CN OJ =. Theretore the elements (x, x) 
and (0,¥) of A, have product zero and we can define ¥(x, ¥) = c((x, x), (0,.»)) in the 
notation of §6. | will show that y is A¢-bilinear and is zero if x N2 or VEL. 


There is also an analogue of Theorem 7.1 for Ay provided the extensions 
A>A/I, B>B/J split ina consistent way. 


Theorem 7.2. Suppose f: A > B is onto, N= kerf, and f: 1=J. Suppose also that 
there are ring homomorphisms a: A/i > A, 8: B/J > B which split the canonical 
maps A> A/I, B> B/J such that the diagram 


a 
ee 
| 
fi if 
+ Bg Ff 
B We ene Bye 
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commutes, where f' is induced by f. Then the diagram 


K (A, A) ce K4(B, J) 
’ i 
KA, ly Bee ie ee ge \4(B, J) 


is cocartestan. 


It follows that the kernel of K4(4, J) > K(B, J) maps onto the kernel of 
K'5(A, 1) > K3(B, J). Using Theorem 7.1 we deduce the following result. 


Corollary 7.3. Unde? the conditions of Theorem 7.2, there is an exact sequence 


¥ 


a yo, ! ae 
(NIN?) 8, UP) > KAT) > (B,J) > 0 
where wis induced by the map sending x Sy to c(x,¥). 


1 will actually prove Corollary 7.3 and deduce Theorems 7.) and 7.2 from it. To 
do this consider the Cartesian diagrams 


P) 41 


A joes acy By elerein ani B 
Pa , and a2 | ; 
A -———-» A il | | eer Bil 


Let /, =kerp, andJ, =kerq, and let f,;: A, > By by flay, a2) = ( fla,), f(ay)). 
If flay, ay) = 0 then a), ay EN. Since (a),a3)€ A, we have a, - a, € /. But 

1A N= 0 so a; =a. Therefore ker f, = {(a,a)}a€ N} = N. The diagonal maps 
&,:A~ A, and Ag: B> B, split the maps p, and q,. All the hypotheses of 
Theorem 7.2 are satisfied by f;: (A;,/,) > (B;.4,). Therefore the exact sequence 
of Theorem 7.1 follows from that of Corollary 7.3. If in addition, the hypothesis 
of Theorem 7.2 applies to f, we get a diagram 


(NIN>,@U/P) > KAD) > KB,J) > 0 
| id | | 
a, Y 
(N/INQU/P) > KYA,D > KYABS) 70. 
By examining the definition of y and w’ we see that this commutes and an easy 
diagram chase yields Theorem 7.2. 


We must now prove Corollary 7.3. If x€N and y€/ then xy = vx =0 so 
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c(x, v) © K (A) is detined. Its image in A 5(4//) is e(0,¥) = 1 so cx, vy) E KA, f). 
Its image in A4(B, J) is (x, 0) = 1. To show that c induces the map W’ of Corollary 
7.3 we must make a few computations in St(A). 


Lemma 7.4. Let ab = ba = 0. Then for any pair of indices i # fj we have 
[x,,(@).x,(b)) = cta.b). 


Proof. If (= 1, /= 2. this is the definition of c(a, b). As in [9, §9] let 

Wye = XRD) Xe xg). As in [9, as 9.4] , an easy calculation with the Stein- 
berg relations shows that wy; Xj (7) Wey Wrangler) where 77 is the banspesuon 
(AD) and € = 1 unless (=k or = k when € = —1]. If 7 # 2, we have w, 72 (4, by wry = 
[xy (a). x;,(b)]. iF I we have Wry fx, ;(a), x,(b)| wal = [x, (a), xjj(b)| . Since 
c(a, 6) is central, the result follows trem this. 


Corollary 7.5. /fab = ba = 0, then cla, by = cd, ay! 


This follows from the identity [xy v] = [x] “| The following result is a special 
case of [9, Lemma 8.1]. 


Lemma 7.6. /fa,b = 0 = ha,, for v= 1, 2, then clay +ay,b)= cla), b) cla, b) and 
c(b, ay tay) = Cb, a, )e(b, ay). 


This follows trom the identity [xv, 2] =x[4. 2]7! Lx, z] and the fact that (a, b) 
is central, 


Lemma 7.7. /f xyz = 2x¥ = ¥zx = 0, then c(x, vz) c(z, xv) eC, 2x) = OT. 

Proof. Since c(a, -b) = cla, by”! by Lemma 7.6, it will suffice to show that 

cx, -yz)pe(z, -xv)e(y, ~2x)= 1. Using Lemma 7.4 and the Steinberg relations, we 
can write this expression as 


[x 4x ), [x,,077, X3,(2)| | [x 5, (2). [x,,(xy"! . X4300) | x 


X [x530h). £4,627 x pO] - 


Since the c's are central, the fact that this is | follows immediately from P. Hall's 
identity 


Bla, (Bd) 16. (v7! ad) “Ly toh] = 


Here ®x stands for @xB7!, etc. Hall’s identity is valid in any group and is proved by 
writing out all commutators and checking that everything cancels. 
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We can now show that the map W’ of Corollary 7.3 is well-defined. By Lemma 
7.6, there is a map N@/—> A 4(A, /) given by sending x @y to c(x, v). Since xv =0 
forxEN, ves, we have clax, ) c(va, x) = c(ax, ¥) c( va, x) c(xy, a) = 1 by Lemma 
7.7. By Corollary 7.5, we get c(ax, ¥) = c(x, va). Similarly c(xa@, +) = c(x, ay). There- 
fore we get a map N@®,e 1 > K3(A,/). lfxy, xy EN then c(xp x9, ¥) = CCX yx. ¥) X 
C(VX), X2) C(X2¥, X1) = 1 by Lemma 7.7 since NV = N/ = 0. Similarly c(x, ¥,¥2)= 1 
for y;,.¥2 EL Thus c(x, ¥) depends only on x mod N2 and y mod /*. Therefore the 
map W’ of Corollary 7.3 is well-defined and it is clear that the composition of y’ 
with K'5(A, 1) > K'3(B, J) is zero. 

Let R ~ R/I be a split epimorphism of rings with unit. Then there is a subring R 
of R with R =R#/. The extension 1 > St'(R, J) > SR) > SUR/D > 1 splits and 
we can identify St(R) with its image in St(R). It acts on St'(R. J) by conjugation so 
we can regard St'(R, /) as a group with St(R) acting as a group of automorphisms. 

I will refer to such a group as an St(R)}-group. 


Lemma 7.8. Let R be a ring with unit, R a subring with the same unit and 1 @ 2-sided 
ideal of R with R = Rv. Then Sv(R, 1) is generated as an SUR) group by all x ZW) 
with v © Land the following are a set of defining relations 


(1) XO FYE XYVOV AYO), 

(2) [xO xgQ = if GFL GFR, 

(3) [xj x) = xg) if Pek, 

(4) Xp XX) E Xx) for rER, 

(5) Xi) Xp yxy i GAL PEK TER, 
(6) Xj (0) Xjg(XV= (XX) if PAK TER, 
(7) XO) XgAXV= Xyl xr) x(x) if PEK, TER. 


In relations (4) to (7), the dot indicates the operation of St(R) on S1'(R, /). The 
proof is the same as that of Lemma 8.4 of [16]. 


Remark, For any 2-sided ideal / of a ring R, SUR, /) is detined to be St'(R,, /;) 
where R, is the pullback of the diagram 
fy 
ans 


} 
P2, 


¥ ¥ 
R— + R/I 
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and /, = ker p,. Since p, is split by the diagonal map R + R, we can use Lemma 

7.8 to get a presentation of St(R, /). It is generated as an St(R)-group by the elements 
vy (X) = xj ((0, x)) for x €/. The relations are like those of Lemma 7.8 except that 

we write v(x) for xj(x) and R for R. This presentation was given in [14, p.214| 

but it unfortunately appeared in a rather garbled form. 


Now suppose we are in the situation of Theorem 7.2. If s € St'(A, N) and yE/, 
the element [5s, x,,;(¥)] lies in St'(A, N) 9 St'(A, J) since both these subgroups are 
normal in St(A). Therefore its images in St(A/N) = St(B) and in St(A//) are both 
trivial. The commutativity of 


SU(A, 1) ~~ --» St(B, J) C SB) 
GLA, D--- +GLBS) 
shows that y{[s,x,,Q)]) = 1 so [s. x; j(V)) lies in K'(A, J) and is central in St(A). Let 
C be the subgroup of St’'(A, /) senbiaied by all the elements [s, x, jy )] fors€ Sr'(A, N), 
¥EL 
Lemma 7.9. The sequence 
1>C> Sta, N-~ St(B, J) | 
is exact. 
Proof. Pew. s€ $t (A, NV). VE /, then s(rx yore lyse! = (07! st Xi Met sey ty = 


1 Xi,(V y¢7! modC since 7! 2 € St’ (A, N) and C is normal in St(4). Sirice ‘tlie elements 
txily yr! generate St'(A, /), it follows that St’(A4, M) acts trivially on G = St(A, DIC. 


Now let 4 = a(A//) C A and B = (B/J) C B. The commutativity of 
St(A} —---»St(A) 
7 

St(B) ~~ > SUB) 
shows that 

| + St(A) St'(A, J) > St(A) > S(B) > | 
is exact, so we can regard G as an St(B)-group. Define the map St(B, J) > G to be 
the S1(B)-homomorphism sending xv) for y EJ to the image in G of x,,(x) where 


x EJ, f(x)= y. The relations of Lemma 7.8 are easily verified. Since St’ (B, J) is 
generated as an St(B)-group by the x,;(v), and G is generated as an St(A)-group (and 
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hence as an St(B)-group) by the images of the x(x), we see that the compositions 
of the two maps G > St'(B, J) and Su(B, J) > G in either order are the identity maps. 
Theretore G > St'(8, J) is an isomorphism. 
Corollary 7.10. The sequence 

0-C>K,(4, D> KB, J) > 0 
is exact. 


This follows by the snake lemma applied to the diagram 


17> C7 SAND > SUBS > 1 


¥ ' ‘ 
11> 1-7 GLA, D> GUB,S) > 1. 


For any ring R with unit, let SR) act on itself by inner automorphism. Since 
the center acts trivially, this action factors through the canonical map vy: St(R) > E(R). 
lio © E(R) and x © S(R), we define o*x =pxy7l where y is any clement of SR) 
with y(y') = 0 


Lemma 7.11. Ler o = (a,,)€ E,(R) and let g7h= (b,,,). Then 
(1) If if >n, oxy lr)=xy(r) 

(2) If i>n jen, ox; jr) = R Xj, (rb; v) 

(3) If isn, J>n, O°X;;(r) = U Xj(Qyil) - 


Proof. This is clear for o= 1. Since £,,(R) is generated by all c pq(S) with p,q Ss 

sER, it will suffice to show that if the lemma is true for a it fA alse true for en ren 
Now ¢p, g(s) a xjj(r) = Xpg(sha- Xj) Xpg(s)'. In case (1), Xng (s) and x; Ane cori 
mute and the result is clear. In case (2), x,g(s) commutes with x,(7b;,) foi v#) 
and XngfS) X jp (rb; ») Xpglsi! Xigl- Fb; 8) Xjp (rb; »). Therefore, the only change in 
the right-hand side of (2) is that x, (rb, iq) iS replaced by xig(r(bjg ~ Bjp8))- But, if 
(e, g(s)ay! = ote, q’ s)=(b. } then by, = by, , fore #q and bi = byg - bjpS. The 
grou of (3) is erailae. 


me 


We can now prove Corollary 7.3. The group C above is generated by all |s, x;;()’)] 
with sE St'(A, NM), EL. Let o = ys) € E(A, N). Then {s, x xj(y)} = =(o° x00) x40)". 
Suppose o€ £,,(A, N). Choose N>n. Then x,(v) = [xiv (¥), Xyj(1)] so o+xy(v) = 
forxy (1). o-xy WL. Let 0 = (a,,,) and o-! = (b,,). Since 0 € E,,(A, N) © GL,(A.N), 
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we have a,,,- 5.,EN. Since N/ = O and y€/, A a uv. By Lemma 7.11 we have 
Ox (V) = TL Xun (Qui P) = Xpy QV) and a+ xy (1) = IPT, xy,(b;,). Since 

ow! oa GL,(A, N), bj, aa Sip EN Theretore ifvF i, [x;v), Xyp(b;,)} = Xiy(Vb;,) =] 
unless v=j. It follows that oxi (y) = IxivQ), i] Xv (5j,)] = [x (v), Xyj(bj)XyAb;,)| = 
[XiyQV), Xj (bp) XQ lOg)? [Xiey HD. Xv lby)] ONG by, The first bracket is 

Xj (b,,) = xj;(V) since b, -- 1EN. The second bracket is c(y, bj) = ef bj.¥y! by 

Lemma 7.4 and Corollary 7.5. Since this is central, o-x;;(v) = Cb VT xy) so 

[s. x(v)] = cb, vt. Therefore the group C is generated by elements c(6, ) with 
bEN, y€/ and so lies in the image of y’. This proves Corollary 7.3 and hence 


Theorems 7.1 and 7.2. 
I will conclude by proving a stronger version of Lemma 7.11. 


Theorem 7.13. For any ring 8 with unit there is a unique action of GL(R) on St(R) 
which satisfies the identities of Lemma 7.11 for o€ GL,(R). This action extends the 
action of E(R) on St(R) used in Lemma 7.11. 


Proof. If we have such an action and a € GL,,(R), choose N > n and use the fact that 
O°x, (7) = [G-xiq(1), O°Xy,(r)]. The terms inside the brackets are determined by the 
identities of Lemma 7.11. Therefore the action is unique. If o€ F,,(R) the same 

argument together with Lemma 7.11 shows that the action agrees with the usual one. 


Now let 5, be the subgroup of St(R) generated by all x;,(r) with i, 7 Sm. If 
o€ GL,(AR) and x €S,,,, let 


ike 0 0} 
p= 10 Im-n O} 
\0 0 | 


where 7 is chosen to make p € E(R). For example, we may take r= a! , 14, Lem. 
13.3]. Define o-x = p-x. If we choose a different 7, getting a new p,, we have 


l,, O 
os (ee m 
Pp p,> 
I (, “= 


and this acts trivially on x by Lemma 7.11(1) (we must renumber the indices here, 
of course). Therefore o+x is defined. Clearly o+(xy) = (a°x) (oy). 0,0 EGL,(R) 
and we have found corresponding elements p, p © E(R), we can choose pp’ to corre- 
spond to oo’. Therefore go’ +x = o*(0'* x). 

Since we can choose 7 to have the form 


ey 
—T=- 
0 o7! 


252 R.G. Swan, Excision in algebraic K-theory 


we see that the actions of GL,(R) on S,, and S,,,,, agree. Therefore GL,,(R) acts 
on US,, = St(R). The inclusions GL,,(R) C GL,,,;(R) are clearly compatible with 
this action so GL{R) acts on St(R). The required identities follow directiy from the 
definition of the action and Lemma 7.11. 
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H-spaces which have the homotopy type of a finite CW-complex and, in particular, 
topological groups with that property share many of the homotopy theor tic proper- 
ties of Lie groups. In particular, such spaces satisfy Poincaré duality [14, 7.9] and 
have rational cchomology rings which are exterior algebras on generators of odd 
degree [19]. Recently, the study of such H-spaces has been enriched by the con- 
struction, using a technique of A. Zabrodsky, of many examples which are not 
homotopy equivalent to any Lie group [34, 30, 18, 15]. 

Two sets of phenomena which have proven important in the theory of Lie groups 
are the maximal torus with its associated Weyl group and the properties of the co- 
homology ring of a homogeneous space. [t is therefore interesting to know to what 
extent these phenomena generalize to the homotopy category of topological groups 
with the homotopy type of a finite complex (to be called FD-groups below). The 
generalization of these phenomena depends on giving a definition of subgroup which 
makes sense in the homotopy category. In $1 we propose such a definition which 
essentially requires that the quotient space of a group by a subgroup have the homo- 
topy type of a finite complex. We will prove in §2 that quotient spaces are Poincaré 
complexes and that their cohomology rings satisfy various theorems of Borel et al., 
when the subgroup is of maximal rank. In §3 we examine the case of a subtorus and 
define an analogue of the Weyl group. We will show that this group is isomorphic to 
the classical Wey! group in case the FD-group and subtorus are a Lie group and a 
maximal subtorus in the classical sense. 

In the remainder of the paper, we will provide examples of groups and subgroups, 
and, in particular, we will provide an example of a group which contains no torus of 
maximal rank. For the latter example we will use an exotic multiplication on S3 
first constructed by Slifker [28]. We will give a much simplified construction of 
these muitiplications using Zabrodsky’s homotopy mixing construction [34]. 

The author would like to thank Al Vasquez for a very useful discussion leading 
to the proof of Theorem 3.6, I would also like to thank Larry Smith and Frank 
Quinn for suggesting the central idea in the proof of Theorem 2.1, which is analogous 
to a theorem in the latters thesis (Princeton 1970). 


' The author was partially supported by NSF-grant GP-20552 during the preparation of this 
work 
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§ 1. Subgroups 


Results of Stasheff [29] et al., show that for homotopy theoretic purposes we 
may regard a topological group to be the loop space on some space and a homo- 
morphism to be induced by a homotopy class of continuous mappings of spaces. 
For if G is a topological group, Bi, its classifying space [25], then there is an QB, 
fitted with a natural group structure and a homomorphism 28¢- > G which is an 
A, equivalence in the sense of Stasheff. We will thus call two groups equivalent if 
they have homotopy equivalent classifying spaces. 

The group structure on a loop space is technically easiest to construct in the 
appropriate simplicial category. If X is a simplicial set with one vertex, there is a free 
simplicial group GX and a principal fibration 


GX > PX > X 


with PX contractible [30, 22]. There is also for a simplicial group G a classifying 
fibration 


G~>WG-> WG 


[26]. In the category of spaces, LY may be given a group structure by using a Moore 
loop space with appropriate reductions to insure the existence of inverses. Care must 
be taken to insure that all spaces, in particular product spaces, be given a compactly 
generated topology and are of the homotopy type of a CW-complex. The author is 
prepared to take the responsibility for details in the simplicial category and therefore 
the notation GX will be used for the loop complex of XY. The more familiar notation 
B,,; will be used for the classifying complex. Whenever an obvious space such as a Lie 
group is mentioned, the singular complex of that space will be meant. It will not be 
necessary for us to explicitly consider technical details in the simplicial categories. 

We shall mean by an FD-group structure a simplicial set X with a single vertex 
such that GX has the homotopy type of a finite complex. A homomorphism is a 
simplicial map ¥ > Y of FD-group structures. Two homomorphisms are equivalent 
if they are homotopic and two group structures are equivalent if they are homotopy 
equivalent. If K is a finite complex, we shall mean by a group structure on K an FD- 
group structure X such that GX ~K. If X is an equivalence class of FD-group struc- 
tures we will call H=GX an FD-group. Now, given a simplicial group H, we have a 
group structure B,, functorially determined. This structure is unique up to equiv- 
alence since there is a natural homotopy equivalence Xx Bc y. So if H is an FD- 
group, we denote by B,, the FD-group structure determining it. A similar convention 
will be applied to homomorphisms. 

LetH 4Gbea homomorphism of FD-groups. By replacing Bc by a homotopy 
equivalent complex By (mapping cylinder) we may replace the map B, by an equiv- 
alent inclusion. Thus we may replace the homomorphism f by an equivalent inclu- 
sion of simplicial groups GB, ~ GB. We then have a principal fibre bundle [8] 


GB = GB, ~> GB; /GBy. 
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The homotopy type of the base of this fibre bundle is easily seen to be determined 
by the equivalence class of f. We denote the base by G//f, We now propose 


1.1. Definition. A homomorphism f: H > G of FD-groups is an inclusion of FD- 
groups if G//fhas the homotopy type of a finite complex. In that case we denote 
G//f by G/H and the principal fibration above by 


F 
H-G->G/H . 


An alternate definition could be obtained as follows. Replace By, by an equiv. 
alent complex By and By by an equivalent map By so that B, is a Kan fibration with 
fibre F. Then Fa G//f, So 


1.2. Proposition. (. H > G is an inclusion of FD-groups iff the fibre of By (made into 
a fibration) has the homotopy tvpe of « finite complex. 


Our notion of inclusion is a generalization of the classical notion for Lie groups 
in the following sense. Let H > G be a pair of compact Lie groups. Then G/H isa 
compact manifold and is homotopy equivalent to the fibre of the inclusion of classi- 
fying spaces By ~ B,;. thus 


1.3. Proposition. /f H -» ( is an inclusion of Lie groups it is an inclusion of FD-groups. 
We have the following transitivity property of FD-inclusion. 

1.4. Proposition. Let K © H and H © G be FD-inclusions. Then the composition 

K © Gis an FD-inclusion. 

Proof, We have fibrations 

Fo > By > Bg 

Fi >Br > By 


with Fy and F, having the homotopy type of finite complexes. Let Fg, be the fibre 
of the composition By > By > B:. Then there is a fibration 


Fi >For > Fo. 
By (23; Th. 1] the Wall obstruction to finiteness of Fg, [33] vanishes. 
Now suppose F > X + Y isa fibration. Then the sequence of simplicial groups 
: Gf | 
GF +GX > GY 


is not an exact sequence. But if GF = Ker Gf, then there is an inclusion of free 
simplicial groups GF C Ker Gf which induces isomorphisms of homotopy groups. 
Thus Bop Be pe F. So we have an exact sequence of groups 
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GF +GX > GY 


with GF equivalent to GF. Thus we may make 


1.5. Definition. A sequence of FD-groups K-*H->G is an extension it it is equivalent 
to an exact sequence of groups, i.e., if the sequence By > By, > Bg is a quasifibra- 
tion [17]. An FD-inclusion K > H is normal if it is equivalent to the fibre of an 
extension. 


Let K and G be FD-groups. We wish to classify all extensions K ~ HG. This is 
equivalent to classifying fibre homotopy equivalent fibrations 


By + By > By. 


Let H(By ) be the complex of homotopy equivalences of By (see Appendix). Then 
fibre homotopy classes of fibrations By + X > Bg are in one to one correspondence 
with the elements of [B. H(Bx )| (see Appendix). Thus 


1.6. Proposition. Let K and G be FD-groups. The equivalence classes of extensions 
of FD-groups K + H + G correspond one for one to elements of [Bc, H(Bx )I. 


Proof. We have yet to show that if 
Br ~X- Bc 
is a fibration then X is an FD-group structure. But there is a fibration #>GX>GBe. 


FxGBy with GBy and GBc having the homotopy type of finite complexes. Thus, 
again by [23, Th. 1], GX has the homotopy type of a finite complex. 


§ 2. FD-homogeneous spaces 


We will show in this section that quotients G/H of a pair of FD-groups H © G 
share many of the homotopy theoretic propertiesof homogeneous spaces of Lie 
groups. 


2.1. Theorem. Let G and H be connected FD-groups, H an FD-subgroup of G. 
Then G/H is a Poincaré complex, 


Proof. Let dim H =m, dim G =n, dim G/H = 1. Consider the principal fibration 
H>G->G/H. 


Since H and G are connected groups, 7,G/H acts trivially on all homology groups 

in sight. Let {E”} and {£, } be the homology and cohomology Serre spectral 
sequences of the fibration above with coefficients in the commutative ring A. Since 
dim H =m, dim G/H = |, it is clear from the spectral sequence {E” } that dim G = 
1+m. In fact, since H,,(H. Z) = Z, H,(G;Z) = Z, and no nontrivial differentials enter 
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or leave E% _ . we have 


"Tam 
7 id . -~ -2 paced f *. ‘= 
HAG/H,Z) = E},, = H,(G:Z)=Z. 


The basic idea of our proof is this. We want to construct a map of spectral 
sequences 
. . EPG - + 
beg oa me oe er 
such that 
(i} fb ee. g 7 Ayn. gh: Adis the duality map H4(H: A) H,, (HiA). 
(ii) fe: Eg° - Ee pee H,_ (Gil. A) is cap product with the top class. 


(ili) The duality map H ( GVA) > A, (GLA) preserves filtrations from the 
spectral sequence, and f_. FE + E™ is the graded map associated to the duality map. 
If these conditions are satisfied, then with appre priate reindexing of {F” }, the 

maps f, satisfy the conditions of the Zeeman comparison theorem {35]. Thus the 
cap product H?(G/H, A) + Hy__,(G/H; A) will be an isomorphism. To carry out this 
program without going to the trouble of investigating cap products in {E,} we pro- 
ceed as follows. 

First we suppose A to be a field k. For each finite complex Y we may identity 
HX, ky with (H*(X.k))*. Also we may identify E with (Eee »*. The filtration 
of H(G.k) from the spectral sequence may now be identified as 
FTH (GRY = {fe (H(GLK))* | SOF, | HAG K)) = oO}. 


Duality arises as follows. We have a graded symmetric bilinear form ¢, ): 
H*(G, k)H*(G, k) > k given by 
xy, dimx +tdimy=n, 
(x, 7) = 
QO otherwise. 
The duality map of G is f: H*(G.k)-+ H 


"t 


_ (Gk) given by 


f(xMy) = (x,y). 
This map is an isomorphism. Now in H*(G; k), 


FF =0, ptq>l 


since gE? = 0,s>/. Therefore, f(F,)& F '-P Similarly, define a form(.), on E), by 
x‘y,  bidegx + bideg vy = (/, m). 
x,y), > 


0, otherwise. 
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We have /, given by 
FXVV) FO). 


The maps Jf, satisty the conditions (1), (ii). (ili) above. All that remains is to show 
f, d,=d"- f,. But if bidegx + bideg d,y = (7. mi, then f, (xd, ) = x°d,v = 
+d,x-v = f,(d,x)(¥) since d, is a derivation. We have thus proven the theorem. 


We will now give detailed results for H*(G/H; k) when H is of maximal rank. 
Recall 19] that if G is any connected FD-H space, then 


H*(G:Q)= No IX>,, eh “Irae | I 


an exterior algebra on m generators of odd degree. The number 77 is an invariant of 
G and we call it rank G. 'f H is an FD-subgroup of G, we say H is of maximal rank 
it rank Af = rank G. 

Let k be a field, p= char k. Suppose p= 0, or H*(G.Z) has no p-torsion: then 


HRAG, ky Ay [X>,, as vee X apo] . 
and, by a standard Serre spectral sequence argument, 
H*(Bo;-k)= kly, . Vay | 


where the generators x2,;..1 transgress to $'7;. 
Many of the classical theorems on cohomology of homogeneous spaces (see ¢.g. 
{1 2]) are included in 


2.2. Theorem (Borel [!1]). Ler H be a connected FD-subgroup of the connected 
FD-group G, k a field of characteristic p. Suppose 

(a) H and G have no p-torsion or p= 0, 

(b) H is of maximal rank. 
Then, if f: By, > Be is the inclusion, 


(i) H*(Bg:k) 5 H*(By: k) is monic, 


(ii) H*(G/H: k) = H*(By,.k)//H*(Bo kK) as an algebra (i.e. H*(G/H; k) = 
(By; KNOB, - Kk) ky, 


(iii) H*(By,. kK) = H*(G/H. KS, A*(BG: k) as a H*(Be;, kK) module, i.e. H*(By,k) 
is a free H*(B. kK) module of dimension equal to x(G/H), where x is the Euler 
characteristic. 


It is an open question whether the attempted generalization in the Lie case by 
Baum (9, 10] tc subgroups of less than maximal rank holds for FD-groups. The 
result for Lie groups has been announced by P. May. 
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Proof of 2.2. The proof by Baum [10] goes through without change. We outline the 
proof here since we wish to draw some corollaries from the proof. The essential 
aigredients are the following two lemmas. Let A=k[x,, .... x,,|. deg x; > 0. and let 
1] A be an ideal, 7 = (;,.... 3',,), where the v,; are homogeneous elements of A and 
are an irredundant set of generators of /. Then [10] 


2.3. Lemma. dim, A// ts finite iff'm 2 n. 


2.4. Lemma. /f dim, A/I is finite, 1 is a Borel ideal iff m = n. 


The theorem now follows from these lemmas and a spectral sequence argument 
on the fibration 


G/H =P By — Bg. 


From 2.3 we have immediately, 


2.5. Corollary. [f H is an FD-subgroup of G, then rank H < rank G. 


$3. Tori and the Wey! group 


Let Tbe a connected homotopy Abelian FD-group. Then by a theorem of 
Hubbuck {20], 7 has the homotopy type of a product of circles. But then B7 tsa 
product of A(Z,2)'s and ts unique up to homotopy type. Therefore 
3.1. Proposition, There is a unique torus T" with rank T" = dim T" =n. 


Corollary 2.5 becomes 


3.2. Proposition. /f G is an FD-group and Ta subtorus, then rank TS rank G. 


An FD-group need not have a torus of maximal rank. In §3 and §4 we will 
provide an example. 


Let By i, B,; be a subtorus. We have the following analogue of the Weyl group of 
a Lie group. 


3.3. Definition. The Weyl group of G with respect to the inclusion of a subtorus 
ff: Br i By; is 


WG, f) = {a € (Bz, By] | a is ahomotopy equivalence and f= a~f}. 


Note that since By is an Eilenberg-MacLane space, [B, By] is isomorphic to 
Hom(Z", Z”), so 


(3.4) WG, f)& Gin, Z), rank T=n. 
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3.5, Remark. We may generalize W as follows. Let H(G, f) be the complex of all 
homotopy equivalences a: By > By (see Appendix) such that fo a~f. Let 


WAG A= 7, AIG, f). 


Clearly Wo(G, f) = W(G, f). Perhaps these groups will provide useful information 
about G if they can be calculated. It is plausible that WG, ) = 0, i>O, if G isa 
Lie group and f the classifying map of a Lie maximal torus. 


We are justified in calling Wa Wey! group since 


3.6. Theorem. Let G be a connected Lie group, T” a maximal torus (in the Lie sense}, 
and W the Wevl group of G. Then 


Wr WG, Sf) 
where fis the classifving map of the inclusion T > G. 


Proof. Let a € W. Then a induces a nontrivial automorphism H1(7", Z) > H'(T", Z). 
so a may be considered to be an element of Gl(n, Z). To see thata & WG, f), recall 
that a is induced by an inner automorphism a7!(_ Ja sending T into T. Leth: a~1 
be a path froma to |. Then define H: Tx 1>G by 


A(x, t)= h(t)! x A(t) 


H is acontinuous deformation by homomorphisms of a~!(__)a@ to the inclusion 

T" +G. Thusa~!(_ )a and the inclusion induce homotopic maps B7 > B,. Thus 
8S WG, f). We must now show MG, f) © W. Let A= H*(By:@Q). Then 

A= Q[x,.....x, |], dimx, = 2. Now H*(&¢:Q) may be considered to be a subalgebra 
lof A. and P= A™, the fixed subalgebra under the action of W. Clearly [is also 
fixed under the action of W(G, f). To show W(G, f) © W we will use some elementary 
Galois theory. 

Let A be the quotient field of A, K™ the fixed subfield under the action of W, 
and Ky © K*’ © K the quotient field of P. Now K : K™ is a normal extension [5, 
Cor. to Th. 14] ; so it suffices to show K™’ is fixed under W(G, [). But WG, f) leaves 
Ky fixed so it suffices to show Kg = K® Now [K:K] = [W1, so it suffices to show 
[K: Kg] = !W1. We recall from Lie theory that A is a free F module and dim, A= |W 
(11,27.1]. Since A is a finite f module, A is integral over F [32, pp. 74-76]. Fur- 
thermore, since every rational function which is integral over the polynomial ring A 
isin A, A is the integral closure of Fin XK. But then [32, p. 78] any x EEK may be 
written x = a/b where a€ A and b€ LF. Thus [K: Kg] = dim, A=|W[ and Ky=K"™. 


3.7, Remark. We see from the above proof that the analogue for FD-groups of the 
classical theorem that any two maximal tori of a Lie group are conjugate would be 
that aay two inclusions f, g: B > Bg of a torus T of maximal rank be homotopic 
up to a self equivalence of B. We do not as yet have such a theorem. Indeed, if G 
is a Lie group, we do not know whether an inclusion of a torus is homotopic to the 
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classifying map of a Lie inclusion. Thus the Weyl group defined above must @ prion 
be taken to depend on the inclusion f 


§ 4. Tori in groups on S° 


We here undertake to provide an example of an FD-group containing no non- 
trivial torus. We will use an exotic structure on $3. To distinguish between group 
structures on S? and to refute the existence of subtori in appropriate cases, we will 
use Adams operations in KO-theory. 

Let B be a group structure on S3, i.c., GB s. By using the Serre spectral 
sequence of the fibration 


GB-> PB>B 
we may show that 
H*(B. 2) = Z[x4l, 
dim x, = 4. We want to calculate the KO-theory of B. For a systematic account of 
KO-theory see [13]. or [3]. We need the following facts: 
ZZ, i=Oor -4 (mod 8) 
KO(pr) = \ 2), i=-! or -2 (mod8) 


0, otherwise, 


Z, i=O0 (mod 2) 


te = 
ales 0, otherwise. 
We have a generator 7 of KU-2(pr) so that KU*(pr) = Z[n, n7! |, and generators 
Ny» 2.4, 1g. n; E KO” (pr) so that KO*(pr) is generated by n,, Ng, Ng, ng! as an 
algebra with relations 27, = 0, ni =19,NyNz =O, 2 Ng = 0, na = 4ng. Under the 
complexification homomorphism c: KO*CY) > KU*(X), cng = 2n?, CNg = n’. 

We may now use the Atiyah-Hirzebruch spectral sequence for B [3,7] to calcu- 
late KO*(B) and KU*(B). 


4.1. Lemma. KO*(B) = KO*(pr){ [x] ] ,x €KO*(B), and x represents x4EE3(B) 
in the Atiyah-Hirzebruch spectral sequence. KU*(B) = KU*[ [X] ],  @KU4(B), x 
representing X4, and X may be chosen so that cx = x. 


Proof. The spectral sequences collapses for dimensional reasons. 

In order to distinguish homotopy types of the spaces B we are going to use the 
Adams operation ¥2 [3] applied to n4x © KO(B). To do this we must know how 
this operation depends on the choice of the generator x. We will only be concerned 
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with this operation evaluated cn 7gx~ so we will do our computations in KO*/KOG. 
Note that an additive basis for KO*(B)/KOg (B) is {x, 14x?) If x’ is enone 

representative of x4, then x’ =x +engx*. Put vy = ngx, 3 = 4X ¥ = Ngx*, y = 7X, 

Then vy’ = n4x' = Tgx + engx? = y+ 4ez, Now since vy © KOg, V2y = 4y ta’z 

{3, - 2]. We ed a’ is divisible by two. For cy = 2° © KU(B) and cz = p2, SO 

cy? ve a vp) = 8 + Jai? = ¢(4y + 2az). Thus 


Wy = 4y + Jaz (mod KOg). 
We must determine how a depends on the choice of x. Calculate modulo KOQg(B) 
to get 
Wy = W2(y + ez) 
=4y+64e7 + 2az 
=4y' +(2a+48e)z 
=4y' + Nat 24e)z. 
Thus a is well determined (mod 24). The choice of xg was unique up to sign. Also 
wey. -v)=4(—4) -- 2az. Denote a by a(B). We have proved 
4.2. Len:ma. /f BB’, then a(B) = + at B’) (mod 24) 


We will prove in the next section that 


4.3. Theorem. There exist FD-group structures B on S3 such that 
a(B)= +41,4+5.+7, of £11 
(0d 24). 


4.4. Remark. Note that KO(B)/KOo9(B) is just the KO-theory of the projective plane 
of the multiplication on S$? determined by B. The invariant +a(B) distinguishes the 
four H-classes of multiplications on S3 which may be made associative [28]. 

The main result of this section is 


4.5. Theorem. // B is ¢ group structure on $3 with a(B) = +5 or +7, then B contains 
no non-trivial torus. There is a B with a(B) = +1 which contains a circle. 


Proof. The B with a(B) = +! maybe taken to be HP” by 4.6 below. The case a(B) = 
+11 is as yet undetermined. Let B be a group structure on S3, X4 the generator of 
H*(B; Z) and f: CP” > Ba subtorus of a one. Now H*(CP” ; Z) = Z{t], dim = 2. 
An immediate consequence of Theorem 2.2 is that f *(x4)= +72, When a(B) = +5 or 
+7, we will show f does not exist by showing that f cannot commute with ¥2. We 
get no more information from KO(CP™ ) than from KU(CP~ ) so we will calculate in 
KU-theory, 
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Recall that KU(CP™ ) = Z[[&] |. where & + 1 is the canonical line bundle, and & 
represents ¢ in the Atiyah-Hirzebruch spectral sequence. Furthermore 


weee(g+ iy — 1 


[3]. Chose x4 so that f¥(x4) = 1+. We have KU(B) = Z[[P] |, » representing x4. 
Therefore 


ri = re + 4b + e,t? (mod KU). 
Furthermore 
Wi = 4p +05? (mod KUg). 
Calculate (rmnod KUg).: 
WPF EWE + 038? + e4k*) 
S427 +(448e,)E + (1+ 120, + Loe, e4 , 
fey = "(48 + av?) 
=4t?+deit3 +(at4e, i. 
Equating coefficients gives e; = — | and 
Therefore 
a=1 (mod 12). 


The theorem is thus proved. 


4.6. Lemma. a(HP™ ) = 1. 


Preof. If B= HP™ in Lemma 4.1, the generator x may be chosen so that ngx t 1),= A, 
the canonical quaternionic line bundle [31, p. 250]. Let f: CP” + HP” be the 
inclusion and let ¢ = & + 1 be the canonical line bundle over CP”. Then 


pr=sat . 


as a complex bundle (31, p. 251]. Therefore as a complex virtual bundle 
' 
nf ‘ngx = 2~ Ft 


7 
=| f- itt 
= £21 +£) 
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since € = 1/¢ (3, 5.1]. Therefore 
Wn 2cf'ngx = (48 + 483 + CL HEY? 
= 47 /(1 + £) + AML +8)’. 
Consequently, 
Wn gx = 4n4x + 2ngx? 


since f' and c are monic [4], [1, §2]. 


§ 5. Multiplications on S° 


We will now provide the multiplications of Theorem 4.3. Suitable examples were 
first constructed by Slitker [28] using other methods. We give here a much simpli- 
fied construction using the Zabrodsky mixing procedure [34]. We will use this con- 
struction in the next section to find sub three-spheres in an exotic FD-group. 

Let 


f; HP™ +K(Z,4),  i=0,1, 
be maps such that 
(i) f represents 7, times a chosen generator u, of H4(HP™ .Z), where 
(ii) Mp is odd, and 
(iii) m, is a power of two. 
By a theorem of Zabrodsky [34, 1.2], we may factor f; by 


pm / + M, fy N(Z,4), 
where 
(i) f;’is a fibre map, i= 0, 1, 
(ii) fg and f; are mod 2 equivalences [27], 
(iii) fg and f, are mod 3, 5, 7, ... equivalences, 
(iv) all maps f,, f; are pauonal equivalences. 
(v) f*: H4*(M;. Z)> H* (HP™ . Z) has degree n,,t=0,1, 


Let B be the fibre product of fg and f;. We have a commuting diagram 


§§, Multiptications on S° 


f fo | 
wpm, + Kea.) 
2 4 BOY Seer > 
| Po 2~ : fy 
( ) B eG Laan Selene atl M, 
a 
fy 
See. 4 
HP” 


It is clear from a Serre spectral sequence argument that pp is a 2-equivalence and 
p, isa 3,5,7, ....equivalence. Thus 


§.2. Lemma. H*(8;Z) = Z[x4|. dimx, =4, and GBx S. 
5.3. Proposition. +a(B) = 9ng - 8n, (mod 24). 


That this implies Theorem 4.3 is evident trom the following table 


een rams em santa samt aroha OE TN I aL eee al lh et em RR EH Ne MR RP GAO te mR Oe em ee 


Ng (mod 8) n, (mod 3) + a(B) (mod 24) 
l 1 a | 
1 1 + 7 
3 l +5 


Proof of 5.3. Carry over the notation of §4 for KO(B). Let KO*(HP™ ) = 
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KO*(p1)[(u]], and let v = ngu, w=ngu?. By Lemma 4.6 we may choose u so that 


Wey= 4ut+2w. 


We will compute a(B) by chasing diagram 5.1 with KO-theory. Since Mg and M, 
have very bad torsion, we must localize KO-theory at the relevant primes. So let 


yKO*(X) = lim KO*(X")@Z(¥] 
" 


sKO*(X) = lim KO*(X")@Z_,, , 
n 
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where Z,) is the integers localized at the prime ideal (2). These theories are cohomo- 
logy theories with ring and W* structures. 

We may chose generators xg € 7KO4(M,)) and x, €,,KO4(M,) so that p3x, =x, 
where we will use the symbol x also for the inclusion of x in ,.KO or ,KO. Then 


»KO(M,) = ,KOCpA IX g1 | 


,.KOUM, = ,,KO(pn[[x, 1. 


+ 
Let 5 NgXj. <j 7 Ngxj. sO 


Wy, =4y, + Jaz, (mod KO,). 
Now 


.! >. ¥ 
fx, Fnjure nu” (mod KOg) 
so 
t 
fv, = nyt dew. 
Also 


> ..! ; 

Wefey, = anu + (Qn, + 64e)w 
oe vee. 

fou, = any + (nea + loe jw. 


So, recalling that the denominator of ep is prime to 2 and that e; is a power of 2. we 
£ gis p i p 
have 
a= 1/Ng (mod 8) 


= lin, (mod 3). 
But I/ag = ng (mod 8), I/n, = ny (mod 3) so 


a= 9ng ~ 8&n, (mod 24). 


§ 6. The Hilton-Roitberg example 


To illustrate how the techniques of §4 and §5 may be used to construct and study 
subgroups of exotic FD-groups, we will show that for each BS? constructed in §5, 
there is a multiplication on the Hilton-Roitberg “criminal” [18, 30] containing that 


BS3. Associative multiplications on the Hilton-Roitberg bundle were first constructed 
by Stasheff [30]. 
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We shall consider principal S3 bundles over S’. We will distinguish homotopy 
types of total spaces by a KO-theory invariant. 
Let FE be a simply connected complex such that H*(E.Z) = Az([tg, t7|, dim ¢,=7. 
The total space of an $3 fibration over S7 is such a space. Using the Atiyah-Hirze- 
bruch spectral sequence, 


KO*(£) = Axonpnl ts: ty | ‘ 


where £3 and f7 denote representatives of the corresponding elements in H*(E; Z). 
We want to compute W? in KO- (EF) = KO(SE). Put u = N4tz. W = Ngls. then 


Weu=4u+4bw (mod KOg), 
: : : ; 2 2 
using, as in §4, complexification and the fact that ¥*u = u* (mod 2) [6, 3.2.21. 
If ¢' is another choice for £3, 73 = f3 + engt7, then for u’ = ngtz,u =u + 4ew. As in 
§4 we compute 


6.1. Lemma. t b(E) is a@ homotopy invariant (mod 12). 


Let $3 + E+ $7 bea fibration, and let f: S’ +S” be of degree d. Let E be the 
fibre product 


Then an easy verification gives 
6.2, Leinma. b(E,) = + deg f: B(E) (mod 12). 


Now tet B be a simply connected complex with H*(B; Z) = Z[x4, xg}. dimx; =i 
(es. SSp(2)). We have 


KO*(B) = KO*(pr) [[x4, x9] ] . 
Put w= 4X4, U =TgXa, W = NpXg. Using the Serre spectral sequence, we have 


where, under the adjoint map SGB > B and suspension, X4>t, Xg > fy. Using the 
same map, uu, Ww w and 
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Wu = 4u + lav+4bw., 


where of course +b is well determined (mod 1! 2). 
Suppose B contains an FD-subgroup BS}, where BS? is some FD-group structure 
on S3. Then we have a quotient fibration 


S83 +GB-S'. 


Now GB is an H-space: so, by a theorem of Curtis and Mislin [15], GB has the 
homotopy type of a principal S3 bundle over $7. Ail such are obtained as follows. 
Let $3 > Sp(2) > S’ be the standard quotient of Lie groups. Let f- S' +S" be of 
degree d and let £, be the pull back bundle 


9 = 83 


Now principal bundles over S! are classified by an element of T.S° = Z1> with 
generator w corresponding to Sp(2) +§7. So Ey corresponds to dw. Using Lemma 
6.7 below, b(Sp(2)) = £1 so 


DEG) = td (mod 12). 


The number 6 thus classifies the homotopy type of the space £,, since E_ y= Ey. 
We have proved 


6.3. Proposition. /f B is an FD-group structure containing a group structure on § 3 
and if H*(B, Z) = Z|x4, Xg). then GB has the homotopy tvpe of Eg where 
d = +b(B) (mod 12). 


The Hilton-Roitberg criminal is £5. We may now prove 


3 * 4 ited 
6.4. Theorem. Let BS? be one of the group structures on S~ constructed in §5. 
Tien there is a group structure on Sp(2) and a group structure on E 5 containing 
BS as an FD-subgroup structure. 


Proof. Let BSp(2) be the standard (Lie) structure on Sp(2). We have an inclusion 
HP” + BSp(2). H*(BSp(2); Z) = Z[x4, xg], H*(HP™ ; Z) = Z[c*x4], and i* xg = 0. 
As in §5 we may construct the following commutative diagram 
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fo fo 
HP™ mses emer mee ff mm een ene ee 1 4) 
gh ie incl “i Jt 
re iA re | 
¥ Ro ‘ £0 tt 
BSp(2) DP shes se: cae No Snes ai +> K(Z, 4) xK(Z, 8) 
BS} eee ee eee “ah 
/ | / 


* 


B ————_____—_—-+ - 


where 
(i) f, fn, are asin §5, 
a "f ; oo 
(ii) &,' &; tepresents ax. m xg, | 0, I, 
(ili) mg prime fo 2, mz, prime to 3, 5 ere 
(iv) 29, 8) are 2 equivalences, 
(v) g,. a ate 3,5, 7, ... equivalences. 
By Proposition 6.3, B is a group structure on £7, d = 6(B), and it is easy to see that 


Bs3 is a FD-subgroup of &. It remains to calculate b(8). But using Lemma 6.7 below 
and the technique of $5, 


6.6. Lemma. +5(B) = 4m) ny ~ 3nigtg (mod 12). 
The theorem now follows from the table 


an nar te oR ea ty IR ne BAe a ene teen yiintaet menee GA omanten, ete ADE Pompe ee A eRe A Siete SRR ym eee, + NAA teen Ae P eR = SURI A Np me I Ne 


a(BS*) ngo{mod 4) mt, (mod 3) = mg (mod 4) = m,(mod3) b(mod12) 
1 1 l | l t 
+1 1 1 1 ~1 +§ 
+§ ~1 1 ~} +t 
2§ ~| ] I ! +$ 
t7 ] -1 1 ~ | a | 
+7 1 ~] 1 ! +5 
+11 I “1 1 ! +1 
1 - | +§ 


So ne ee Lene eee teen tte ne enim EE SEE nes RR Sn HN gar eg Sot ne 
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6.5. Remark. It is not yet known whether there is a group structure on F,, witha 
subtorus of maximal rank. One can, however, get an exotic “quaternionic torus” 
BS3 x BS3 contained in a BE, . One uses the S> x S3 + Sp(2) and the above mixing 
procedure with mg and mt, equal to 1. By comparing the table following 6.6 with 
that following 5.3, one sees that the BS? which arise are those with a = +5 or £7 
(mod 24). 


6.7. Lemma. b(BSp(2)) = -- 1. 


Proof. Let 7° be the maximal torus of Sp(2), H*(By2:Z) = Z[x1. X>], dimx;=2. 
Let //*(BSp(2), Z) = Z[t4. tg| and, if cis the inclusion of T?, i*f, = x + x3, 
t*fg = xtXx3. We have the complex representation ring RUT?) = Z{z). a 129, 23! }. 
and KU(B;) = RU(72), with KU(By) = Z({E,. Ea/]. &) =2y-1. &> = 29-1, where 
E, represents x;. Now (2, 76] RU(Sp(2))=Z[A,. A>], where A; = are the ith sym- 
metric functions of 2), 2) .23,23. Furthermore, A, is symplectic and A, real. One 
calculates that 

”) = (A, _ 4) 

Ny = (Ay ~ 2A, +2) 
parer are et eae : . ani 
fepresent ¢*f4 =x} +xX5 and u* ty, = x5 x5 respectively. Furthermore, 7, is symplectic 
ann, real. Calculate 


tag | as e...% 
wen, <4, + ny 272 - 


Transferring this information to KO-theary via the results of [4] gives the lemma. 


Appendix 
Fibre homotopy equivalence of simplicial fibrations 
We wish to have in simplicial language the results of Dold and Lashoff [16]. Let 
X be a Kan complex. We have a complex X* of maps of XY into XY. An n-simplex of 


XX is a fibre map 


f 
Xx A, XA, 


| | 


A, A 


n 


where A,, is the standard n-simplex. A theorem of Moore [e.g. 24. p.69] states the 
X* is a Kan-complex. 
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A.1. Definition. The complex H(X) of homotopy equivalences of X is the subcom- 
plex of ¥* of maps f above such that f restricts to 2 homotopy equivalence on the 
fibre over a vertex of A,,. Clearly 


A.2. Lemma. H(X) is a simplicial monoid and a Kan complex. 


Moore [26] gives a construction of a principal classifying fibration 
HX) > WHY) > WH(X) = Bix) 


so we may talk about bundles with fibre Y and structure monoid H(X). We wish to 
prove 


A.3. Proposition. Fibre homotopy classes of Kan fibrations 
X->ik->B 


with fibre X and base B are in one to one correspondence with homotopy classes 
of maps B> By yy. 
Proof. We must show that every fibration is fibre homotopy equivalent to an HCY) 


bundle and any A(X) bundles which are fibre homotopy equivalent are equivalent. 
Let F, 


eee ae 
fF oe X <> f 
be a minimal subcomplex, ja retraction, // = 1, i ~ 1. Then dand/ induce a homo. 
morphism 


HUF) +> HX). 


Or foaep, 


Since i: 7 ~ 1, this map is a homotopy equivalence. Therefore we have a homotopy 
equivalence 


Biayey > Bryxy - 


But clearly H(F) = A(F) [8], the automorphism complex of F, since F is minimal. 
But B 4, ,-, classifies isomorphism classes of minimal fibrations [8], and fibre homo- 
topy equivalences of minimal fibrations are isomorphisms. Furthermore, every Kan 
fibration has a minimal fibration as a deformation retraction [26]. The proposition 
now ollows. 

One would like to relate this to the topological case. Let RX be the geometric 
realization of X. For any n-simplex f: Xx 4, > Xx A,, of X*¥ we can dejine a pro- 
jection f: Xx A, > X and thus a map 


Rf: RXX RA, > RX. 
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But RA, is the standard topological n-simplex so we have defined a singular simplex 
RFE Sin RXR where Sin denotes the singular complex. We thus have a simplicial 
map H(X) > Sin H(R.X), wnere H(R.X) is the space of homotopy equivalences of RX. 

There is an adjoint map 


RH(X) > H(RX). 


A totk conjecture is 


3, Proposition. The above map 
RH(X) > H(RX) 


isa weak homotopy equivalence. 
The author intends to prove this in a future paper. 
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Introduction 


It is easily shown that ery finitely Yenerated torsion-free modu'e over a commu- 
trative integral domain may be embedded in a free module. A well-known extension 
of the concept of a torsion-free module is the idea of a nonsingular module [5,6]. 
We consider the above result in this context, where it does not alwavs hold. and 
prove the following characterization: 

If R is aring with zero right singular ideal, then every finitely generated non- 
singular right R-module can be embedded in a free right R-module iff Op ss flat and 
(QO &p O)p is nonsingular, where Q is the maximal right quotient ring of R. 


Preliminaries 


R will be an associative ring with unit, and all modules will be unitary. All tensor 
products will be taken over R. We shall use F(A) to denote the injective hull of a 
module A. Q will denote the maximal right quotient ring of R. 

Let § £§'} denote the set of all essential right {lett} ideals of R. Recall that the 
singular submodule of any right {left} R-module A is the set Z(A) {Z'(A)} of those 
elements of A which are annihilated by some member of S {S'}. A is said to be 
singular {nunsingular \ if its singular submodule is A {0}. 

N.B.: We shall assume throughout this paper that Xp is nonsingular. However, we 
do not assume that pF is nonsingular, but will prove this in certain circumstances. 


Remark (a). If A is an essential submodule of B, then B/A is singular. If A is also 
non-singular, then so is B. 

Theorem 1. Q is a regular ring, Qg is injective, and Op = E(Rp). 

Proof. [4], Theorem | + 2, p. 69. 


* This research was supported by an N.S.F. Graduate Fellowship, and constitutes a portion of the 
author’s doctoral dissertation. 
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Proposition 2. (a) Ap is singular iff Homp(A, Q) = 0. (b) Any extension of singular 
modules is singular. (c) For anv A», Z(A/IZ(A)) = 0. 


Proof. (a) follows from Proposition | of [5], and then (b) and (c) follow easily. 


Theorem 3. /f A is a finitely generated right Q-module such that Z(A) = 0, then A Q 
is projective and injective. 


Proof. One checks that A is nonsingular as a Q-module and then applies [8], 
Theorem 2.7. 7 


Theorem 4. /f A p is finitely generated and nonsinguiar, then A can be embedded in 
a finite direct sum of copies of Qp. 


Proof. [2]. Lemma 2.2. 


Lemma S. /f J </€ S and (1/J) @ Q = 0, then JE 


Proof. By [7|. Proposition 2.2, //J is singular, hence Preposition 2 says R/J is singular. 


Lemma 6. Let B be a right Q-module with Z(B) = 0. If A ts any R-submodule of B, 
then Z(A @ Q) is the kernel of the natural map A * Q > B. 


Proof. This is proved in exactly the same manner as [1], Lemma !.8. 


Remark (b). Lemma 6 says that 2(Q @ Q) = O iff the multiplication map @ ¥ Q@>-Q 
is an isomorphism. 


The main theorem 


Theorem 7. Let F be a ring with Z(Rp)= 0, Q its maximal right quotient ring. Then, 
every finitely generated nonsingular right R-module can be embedded in a free right 
R-module iff Op is flat and Z|(Q ®pQ)p| = 0 


Proof. Necessity: Let /: p/ > pR be an inclusion, x € Q # / such that (1 @ 74x) =0 
Ja finitely generated Ap < Q (with inclusion k: AQ) and vE A @/ with 
(K#@1)(v) =x. 3 a monomorphism f: A > F with Fp free. Extend fol: fA +A to 
g: fF > Q. and note that gf = k. Then we have a commutative diagram (diagram 1) 
with A and i monic. A simple diagram chase yields x = 0. 


ke] 


Fel” | 
1% Lh=1@; 18 
FER __ gay 


eae Diagram |}. 
OER 


+ Jes _-* 
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Next consider any x€ 2(Q *Q). Find 4, k, ¥. f) g as above (replacing J by Q). 
Then we have a commutative diagram (diagram 2) in which the columns are exact 
by Lemma 6. Z(F ®Q)= O since (FROG is free, and then another simple diagram 
chase yields x = 0. 


ZA %Q) F%Q AQ *Q) 
i” a 
3 cy gX | 
«| aed 
ARO Sse > 9«Q 
v 1 v 
Q tip deataedtes Sano ots A asain pope ado A iia eg QO Diagram 2. 


The proof of sufficiency requires several intermediate results. For Lemmas 8- 11, 
we make the standing hypothesis that Op is flat and Z2(Q ®Q) = 0. P will dencte the 
maximal lett quotient ring of Q. 


Lemma 8. Q ts a left quotient ring of R. 


Proof. [3], Proposition 2.2. 


Lemma 9. Z'(R) = 7'(Q) = Z (P) = 0, and P is the maximal left quotient ring of R. 
For any ay, ....a,€P.1= {rE Rl ra,ERWiES’. 


Proof. Z'(R) = Oby [4], Proposition 3, p. 70. Then Z'(Q) = 0 by remark (a). P is 
the maximal left quotient ring of R by [4], Proposition D, p. 66. Now pR is essen- 
tial in pP. so remark (a) says that Z'(P)= Oand R(P/R) is singular. Then each lett 
ideal {rE R{ra,E R315 in S’, hence so is their intersection. ie. /. 


Lemma 10. P, is flat and Z(P) = Z2(P2Q)= Z'(P#Q)= 0. 


Proof. Py is flat since Q is regular, so Qp flat + Pp flat. Since pR is essential in pP, 
any nonzero cyclic submodule of Pp has a nonzero homomorphism into Rp (in- 
duced by a left multiplication), hence Z(P) = 0. 

Consider any x € Z2(P%Q). Ja finitely generated Ags P (with inclusion 
k: A>P)and vEA &Q such that (kK @1)(+) =x. Ag is projective and injective by 
Theorem 3. Then 4, is a summand of P,, hence k #1 is monic and v € Z(A & Q). 
But (A ®Q)p is a summand of a direct sum of copies of (Q® Q)p, hence 
Z(A ®Q)= 0. Thus x= 0. 

Lemma 6 now says the multiplication map P®Q — Pis an isomorphism, so 
Z'(P&Q)= 0. 


Lemma 11. Given ay, ..., a4, €Q, 3 a finitely generated JES" such that Ja; < RV i. 
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Proof. Set /= {rER [ra, RVI}, Ry = pR fori=0, ....", Q)= pQ fori=1,..., A, 
F=R,%...¢R,,. Note that JES" by Lemma 9. 3 an exact sequence 


f- 58 . 
dQ-f>F > Q,f...#Q, 


defined by f(r) = (r, ra), ray, ..., Fa,,) and B(rQ. Ny. os Py) = gay Fy. O92” P20 
rod, -¥,). Set A= gk. By Lemma 10, Pp is flat and each Z'(P& Q;) = 0, so 


Ped +(P&Q,)2...2(P#&Q,,) 


is monic and Z'(P® A) = 0. 
Set P, = pP for #=0, ..., 2. 3 an exact sequence 
h k 
QO- P> Po OO ie ®P, >P, : @ P,, 
defined by A(s) = (s, say, Say, ..., Sa,,) and K(Sq, 54, ..., Sy) ‘ (Sg@,- Sy, $942 S2.-- 
$y@,,~- 5,,). We have a commutative diagram (diagram 3) with exact rows. / is monic 


by Lemma 6, suv is an isomorphism and p(P®/) is cyclic. Then J a finitely gener- 
ated J <J/ such that Pe (///) = 0. By Lemma 5,JES". 


QO | —>Px] + Pa F-—~-+ Pwd ----> 0 


(Vases Pp eos Po? eo epi P, @.. eP, Diagram 3. 


We are now in a position to complete the proof of Theorem 7. Thus let Ap be 
finitely generated and nonsingular. By Theorem 4, it suffices to consider the case 
A <Q. By Lemma 11 3a finitely generated JE 5° such that Jd <R. If by, .... 8, 
generate pJ, then each b; induces a homomorphism f;: A > Re. The map 
@f,: A> Rp is monic since Z'(Q) = 0. 


Remark (c). V.C. Catetoris ({2], Theorem 1.6) proves several conditions equivalent 
to “pQ is faz and Z(Q ®p Q) = 0”. In case R is commutative, these conditions will 
then be equivalent to the assertions of Theorem 7. 


Coroliary 12, Let RK be a ring for which Rp is finite-dimensional and nonsingular. 
Then, every finitely generated nonsingular right R-module can be embedded in a 
free right R-module iff E(Rp ) is flat. 


Proof. Q is a semisimple ring by [7], Theorem 1.6. Thus (Q *Q)o is projective, 
so Z(Q0 © Q) = 0. 


The following result of V.C. Cateforis ([2] , Theorem 2.3) is an immediate con- 
sequence of Theorem 7: 
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Theorem 13. For a ring R with maximal right quotient ring Q, the following are 
equivalent: 

(a) Z(R,) = O and every finitely generated nonsingular right Remodule is pro- 
jective. 

(b) R is right semihereditary, Qp is flat, and 2\(Q %p Q)p | = 0. 
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Introduction 


Concrete algebraic structures with a topology have long arisen in mathematical 
practice, leading to the notion of a topological space with algebraic operations 
making the underlying set an algebra for the type under consideration. Classes of 
such objects (together with continuous maps respecting the algebraic structure) 
form categories which, understandably, do not share some important properties of 
their purely algebraic analogues. Specially, their relation with the base category § 
of sets is not satisfactory (e.g., they are not monadic (i.e., tripleable) with respect 
to the natural forgetful functors). This is essentially due to the fact that taking 
forgetful functors into S is forgetting too much. Of importance is also the fact that 
the set of morphisms between any two such algebras carries a topology which is 
inherited from the topologies of the algebras, and which is not taken into account 
(it is ignored). That is. the ubiquitous “always at our disposal, no need to be de- 
fined” representable functors do not retain any topological information. 

The category of topological spaces is actually the natural base category (that is, 
the place where the forgetful and representable functors land) for a categorical 
approach to the study of classes of topologized algebraic structures. However, this 
category is not “set-like’’ enough to make such an approach possible. Categories 
which, like S, have enough structure to serve as base categories have been recognized 
by category theorists during the sixties, when the concept of closed category was 
developed. The category K of compactly generated Hausdortf topological spaces 
is such a convenient (closed) category. 
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The study of enriched category theory has reached a level of development which 
puts at our disposal enriched versions of most of the important machinery of ordi- 
nary category theory. ff the base cacegory V is good enough, the V-world is as good 
as the set-based world. Although not completely, this is very much the case with K. 
Working in the K-world allows us to deal with topologized algebraic structures ina 
purely aleebraic wav, The continuity of the functions is always guaranteed, the 
topology in the constructions does not require ad-hoc definition, The topological 
information is carried automatically due to the closed structure of A. The (left) 
adjoints to the representable functors, currently called rersors and cofensors, can 
not (in the K-world) be obtained as colimits and limits. Thus, they provide a (cate- 
gorical) characterization for certain constructions which is not available (or even 
possible) in an ordinary set based approach. The algebraically defined categories of 
groups in K, modules in K over a ring in A, algeoras in A over a ring in K, etc. etc., 
are all K-monadic (i.c., K-triplezble) with respect to the natural “forget-the-algebraic- 
structure” forgetful K-functors into K, in exactly the same way that the analogous 
categories in the set based world. 

We intraduce here a svstematic treatment of categones of (complex) topological 
algebras considered as categories based in the category K of compactly generated 
Hausdorff spaces. This leads to the definition of A-topological algebras (i.e., the 
concept of associative algebra over the field of complex numbers relativized to the 
K-wosld). Roughly. a A-topological algebra turns out to be a complex algebra with 
a topology making the operations continuous when restricted to compact sets. This 
is a broad class of algebras, containing a// algebras with jointly continuous product, 
and also many interesting algebras with discuntinuous, separately continuous, pro- 
duct (cf. Examples J.3 and 1.4). 

Cotensors realize the (classical) construction of algebras of continuous functions, 
and play an important role in duality theory, as illustrated by the following simple 
formulation of the main result in Gelfand Theory: “The complex numbers are a A- 
codense K-cogenerator of the K-category of commutative C*-algebras with identity”. 

In Section | we introduce our basic definitions and show how K-topological 
algebras (and subclasses like algebras with involution, Banach algebras, Fréchet 
algebras, C*-algebras, etc.) form A-categories, in Section 2 we establish some proper- 
ties of these K-categories, and in Section 3 we show that any complete locally m- 
convex commutative algebra with identity, and with an involution such that fora 
defining family of seminorms {p?} the identity p(xx*) = p(x)? holds, is the algebra 
of all continuous complex valued functions, with the uniform convergence on com- 
Pact sets, on a certain topological space (topologically as well as algebraically, if 
considered qua A-topological algebras) (cf. Theorem 3.13). This is done by inter- 
preting functional representation within the general framework of an (enriched) 
dualny machinery. This machinery is basically the interplay of the cotensors with 
the contravariant representable functor determined by the complex numbers (which 
realize the classical construction of the spectrum of an algebra), in what could be 
called an iterated double dualization process, 
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Let us remark that the words “topology”, “topologized”’, “continuous”, etc., 
could have been omitted (except in the ecamples, of course) immediately after 
Section 0. where we collect some known basic properties of K. We did not do so 
in order to remind the reader (and ourselves) that we are dealing with topological 
spaces and continuous functions. 

Finally, we point out that other categorical approaches to standard Functional 
Analysis theories have been exploited, for instance, in the recent papers [25, 29, 30]. 


$0. The category K 


We will denote by A the full subcategory of topological spaces whose objects are 
the compactly sare’ Hausdorff spaces, that is: XE K, if and only if X is a Haus- 
dorff space and X = colin, K, A running over all the compact subsets of X. This 
means that ¥ is topologically equal to the tepological colimit of its compact subsets: 
in other words, a map X ~ Z into any other topological space Z is continuous if and 
only if it is continuous on each compact subset of X. Following [16], we will call 
such a space Kelley space. Given any Hausdorff space Z is clear that Z, as a Set is 
equal to the colimit of its compact subsets. The colimit topology defines a Kelley 
space denoted KeZ, and the inclusions K + Z of the compact subsets of 2 determine 
a (unique, continuous) map KeZ = colim, K > Z. Z isa Kelley space if and only if 
Z = KeZ. KeZ has the same underlying set as Z, and its topology ts the finest among 
those having the same compact subsets as the given topology of Z. Given any topo- 
logical space H, a map KeZ > H is continuous if and only if Z > H is continuous on 
compact subsets. Also: given any Kelley space XY, a map X — Z is continuous if and 
only if ¥ + KeZ is continuous. Denoting by Top, the category of Hausdorff spaces 
and continuous maps, for any Z © Top, . the assignment Z ~~ KeZ is then a functor 
Top, KS K (Kef= f. for any Z £2’) which provides a right adjoint (coreflexion) to 
the full inclusion K ~ Top, . We call this functor the A-arion functor, and tor 
ZE Top, , KeZ will be the K-ation of Z 

We will give below a list of properties of the category K. The reader is referred to 
[16] for quick proofs of the results below, For a more extensive treatment and addi- 
tional results, he can use [31], {35], [37], and for a treatment with a categorical 
flavor, [32] and [33]. 

The categorical language and terminology used here is by now standard in articles 
written in English on this side of the Atlantic. The basic categorical concepts can be 
found in [26]. For the notion of closed category and related subjects there is a con- 
densed presentation in [10]. A more extensive presentation is given in [6]. On the 
other hand, [14] is a complete, exhaustive and meticulous reference article. [7], 
{10} and [23] consider further developments of the subject. 

If X and Y are Kelley spaces, the set of all continuous functions from X to ¥ will 
be denoted by Ko(X, Y). Thus, K(X, Y) = Top, CX, Y). 
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0.0. Jf X © K, then CC Z is closed if and only if CO K is closed in X for all K com- 
pact in X. For Z& Top,, the family (CC 2. CO K is closed in @ for all K compact 
in Z} is a basis of closed sets for Kez. 


0.1. Metrizable spaces are Kelley spaces. 

0.2. Locally compact Hausdorff spaces are Kelley spaces. 

0.3. Any Hausdorff quotient of a Kelley space is a Kellev space. 

0.4. A closed subset of a Kelley space is a Kelley space with the induced topology. 
0.5..An open subset of a Kellev space is a Kelley space with the induced topology. 


0.6. Definition. Given a continuous monomorphism X & Y between Kelley spaces, 
iis a full injection if given anv other Kelley space V, a function V > X is continuous 
if and only if the composite V > X + Y is continuous. This is equivalent to saying 
that the topology of X is the K-ation of the inverse image under? of the topology 
of Y. A topological subspace is a full injection, but the converse does not hold. 


0.7. K is a complete category. That is: K has all (small) inverse limits (limits). Hf 
A> K (A ~~* X,)is a functor, then lim XY, € K is the limit space of the X, with the 


rN 
K-ation of the limit topology (which is automatically Hausdorff). 


0.8. A is a cocomplete category. That is: A has all (small) direct limits (colimits). 
If A+ K (A ~~> X))is a functor, colim XY, €K is the largest Hausdorff quotient 


rN 
of the colimit space of the X, with the colimit topology (which is automatically 
compactly-generated). 


0.9. Given two Kelley spaces X and Y we will denote by X @ Y the product of X 
and Y in K (the existence of which follows from 0.7). We have Xa Y = Ke(X x Y), 
where X x Y denotes the ordinary cartesian product. If tr: Xa Y-Y @ YX is defined 
by 7(x,3') = (vy, x), then 7 is an isomorphism, or X a Y = YX. The Kelley space 
consisting of a single point {* } will be denoted by 1. It is a rerminal object of K 
and ¥mil=1ea XX forall YER. 


0.10. Given two Kelley spaces X and Y, X Y= colimAK x K’ where KC XK’ CY 


KK’ 
range over all the compact subsets of X and Y. 


0.19.16 X is locally compact (whence X EK, see 0.2), then X @ Y = Xx ¥ forall 
YE K and in fact this property characterizes locally compact spaces. 
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0.12. For all XEK, the functor K BN K, ¥ ~* Ya XN hasa right adjoint 
KK. K pn ACY, F) where ACY, F) ts the space of all continuous functions 
XV with the K-ation of the compact-open topology. Thus Kp(¥ @ X, V) = 
K(¥. KCX, V)) with wy wo = id (we denote this bijection with the same letter 


in both directions). We will also write: 


YsY¥~oV 


FO KX PO 


0.13. It follows (categorically ) that the above bijection is actually a (natural) homeo- 
morphism KCY am X.Y) = K(Y, K(X, V3). There are also homeomorphisms 
K(Y. K(X. Fy) = KOX, KOY, PY) and the (obviously defined! maps in the following 
list are well defined and continuous: 

Y > K(K(X, b). 1) 

Y>K(X,Y 2X) 

K(X, YyanX¥-¥ 

K(X, Y) 2 ACY. PF) KX) 

ete. 


0.14. Proposition. /f X 4. Y is a full injection (see Def. 0.6) then KWWLX) KR KOVY) 
is also a full injection for all VER. 


Proof. Let '€ K be any Kelley space and consider a commutative diagram 


f 
We = KV) 


‘ 
‘ 


ge KD 
oe 
K(VY) 
where g is continuous. The proposition will follow if we prove that fis necessarily 
continuous. Consider now the diagram 
_ O&A 
Le St cere aa oe? 
RT IN i 
a 


‘ww 


Y 


where wg is the bijection of 0.12 and A is the function (v.¥) wwe f(x). The 
diagram clearly commutes, and hence / is continuous. By naturality of we the 
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diagram 


w,(h) 
MW’ —---—-» K(V, X) 
; of 


N - KD 
& ar, 


K(V,Y) 
also commutes. lt follows that f= wo(/) and therefore fis continuous, as desired. Q.E.D. 


We summarize: the category K is a symmetrical monoidal closed category (0.9 and 
0.12) with a tensor product given by the (categorical) product (0.9). That is: K is a 
cartesian closed category. Furthermore, K is a complete and cocomplete category 
(0.7 and 0.8). Finally, it is easy to observe that 1 © K is a generator and that K is 
well-powered (i.e., the class of subobjecis of any fixed object of K is a set). 

Observe that K is equivalent to the category of al! Hausdorff spaces and all func- 
tions that are continuous on compact subsets, between them. More precisely, denot- 
ing by ATop, this category, the inclusion K > KTop, is still full and the A-ation 
functor Ke is also a functor ATop, Ke, k The map KeZ>Z (for ZC KTop, yisan 
isomorphism in ATop, and therefore Ke (together with the inclusion) is an equiv- 
alence of categories. Thus, the choice between K and ATop, ts just a matter of 
personal taste. 


§ 1. Categories of topological algebras 


The field of complex numbers with the ordinary (metric) topology is a Kelley 
space, that we will denote by C. 


1.1. Definition. By a A-topological algebra we will understand an algebra over C in K. 
Specifically, a K-topological algebra consists of the following: 
A Kelley space X (that is, an object of K} together with 
L.l.l.maps (in K) X2X>yX 
15x 
X>X 


such tnat 
(i) + ts associative and commutative. That is, the diagrams 


id & + T 
XAWYRY----- 7 X¥RNX XBX---- 7 XOX 
i 
oa, at and | 
+ & id j . 2 + SS ‘ + 
Xa X —- X xX 


commute (where 7 is defined as in 0.9). 
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(ii) Ois aunit for +. That is, the diagram 


id O | 0 & id 
XaXe 0) XTX SLE Ne NOY 
P Ho 4 
ao X ge 7 


commutes. 
(iii) - is an inverse for + with respect to 0. That is, the diagram 


3 ae 
+ we is ad 0 ee + 


as w yee 
Ny Y¥ “< zi 
commutes (where A(x) =(x,x)andX%NX=N¥+1%X }. 


- & id 4a 4 id & - 
X® » Gates _ See Ae Le x »>V¥ean X-———— Yun Y 


1.1.2. a map fin K) XX —>X such that 
(i) + as assectative (in the same sense as +, see 1.1.1.44)). 
(ii) + is distributive with respect to +. That is, the diagram 


id % + 
NRX DX nee NOY 
' ie 
| a o0 id 0 id _ 
v “a 
XE X¥aXe XY X 
I es 
| id @r id ue 


-K- 
YeXeXoX > xe 


(and the corresponding one expressing distributivity on the right side} commute. 


1.1.3.a map (in K) Cw X >X such that 
(i) Ca X > X is distributive with respect to + and to the sum of complex num- 


bers (also denoted by Ca C +C }. That is, the diagrams 


id G+ 
Cae xaxk—-——s Car 


| 4 wid wi "he 
CoCta* yy 
| id & r @ id a 


- i: 
Ci Xe Cae ee 


and 
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+ & id 
CacuX—-- > C@Xx 


id Kid BA 
+ ‘N 
CeCuexa xXx ak 
i ee 
idG@ef ; aot 


+ . & re rs 
Ce XeCcuX--- > X¥u xX 


commute, 
(ii) Co X > X is associative with respect to - and the product of complex 
numbers (also denoted C % C *C)}. That is, the diagrams 


id & ° id @ 
CuaCza2x— ~-—~ CryXx Ce Xex---- 7 Cmax 
; . , : 
"Bid + and "Bid : 
ee ee rt a 


commute, 
(iii) The action of 1 > Cis the identity. That is, the diagram 


_ Lw@id bas 
X=1a X———~Cax 


: ™ xX 


commutes. 
We will denote such a K-topological algebra by A =(X, +, ., .) and tts underlying 
Kelley space by X =| A]. 


It is clear that the complex numbers with the ordinary topology and algebraic 
operations form a K-topological algebra, which, by abuse of language, we will also 
denote by C. 

Part 1.1.1 in the above definition expresses the fact that a K-topological algebra 
is an Abelian group in K (in the sense of [15] exercise 2.¢ of [13]), or a weak group 
in the sense of [34]. The continuous sum XY @ XY +X i is in general only continuous 
on compact subsets when considered as a map X¥ x X * X and hence the topology of 
X will not (in general) be a group topology. This notion was introduced by Spanier 
[34] to obtain some results in algebraic topology (exploiting the clear fact that for 
arbitrary Z € Top, , the identity map KeZ > Z is always a homotopy equivalence). 
A different notion relating group structures and functions continuous on compact 
subsets has also been considered: Noble in (31, Chap. V] defines a ‘‘k-group"’ as 
being a group X with a group topology behaving within the category of topological 
grdups as compactly generated spaces behave within the category of all Hausdorff 
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topological spaces. More precisely, a morphism of groups X > G into any other 
topological group ts continuous if and only if it is contZ:..cous over compact subsets. 
The topology of a k-group, however, need not be compactly generated (cf. [31] 
corollaries to Th. 5.2). 

The product (1.1.2 above) of a K-topological algebra will be, in general, continuous 
only on compact subsets as a map ¥x X¥ > X. On the other hand, the product by 
scalars (1.1.3) is continuous Cx X > X, because C being locally compact, we have 
CaxX=CxX (0.11). 

We see then that a A-topological algebra is simply an algebra over the complex 
numbers with a Hausdorff compactly generated topology which makes the sum and 
the product continuous when each variable is restricted to a compact subset, and the 
product by scalars globally continuous. 

Any Hausdorff topological algebra with continuous multiplication (in the sense 
of [17], tor instance) determines canonically a K-topological algebra consisting of 
the same underlying set with the A-ation of the given topology and the same algebraic 
operations. This is clear since the tunctor Ke being a right adjoint, preserves limits, 
and therefore for any Hausdorff spaces Y, Z there is an isomorphism Ke( Yx Z) = 
KeY & KeZ. Observe that different topological algebras may determine the same 
K-topological algebra. 

Definition 1.1 is categorical and could have been given in any category with 
finite products and a terminal object (the empty product). If considered in a category 
equivalent to A, Det. 1.1 would yield the concept of a mathematical object which is 
categorically indistinguishable from the concept of K topological algebra. Therefore 
(cf. end of 80) we can think on A-topological algebras as being a Hausdorff space 
with a structure of complex algebra in which sum, product and product by scalars 
are continuous only on compact subsets. A morphism is then a linear multiplicative 
function which is continuous on compact sets. In this approach, any topological 
algebra in the classical sense with a product continuous on compact sets és a K- 
topological algebra. With this interoretation, however, algebraically isomorphic topo- 
logical algebras with the same compact subsets are considered equal. Observe that 
metrizable algebras (in particular, Frechet algebras, normed algebras) satisty directly 
our definition of K topological algebras, since metrizable spaces are in K (see 0.1). 

It may be interesting to observe that the K-ation of a topological algebra may fail 
to be a topological algebra. We have the following: 


1.2. Example. Let 4 be an arbitrary complex vector space of dimension larger than 
No, and define a (locally convex, see [22] ) topolegy on A by means of the semi 
norms p(a) = | f(a)| where f ranges over the set of all linear maps f: A > C. If the 
product on A is defined by ab = 0 for all a,b € A, clearly A is a topological (locally 
m-convex, see [27] ) algebra (observe that the continuity of the product is obvious, 
and therefore we actually don’t need to know that A is locally m-convex). It tollows 
from [22] (p. 53, Ex. H), that the compact subsets of A are finite dimensional, 
whence the topology of KeA can be described by: OC KeA is open if and only if for 
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avery finite dirnensional subspace FC A it follows that OM F is open in F (for the 
only Hausdorff linear topology of F/), i.e., KeA has the finite topology of [20]. But 
then it follows from Th. 1 in [20] that KeA x Ked > Ked is not continuous, and 
therefore KeA is nora topological algebra (although its product is continuous). 


Observe that, as in the example above, we can always make a K-topological 
vector space (namely, an object YE K together with 1.1.1 and 1.1.3 of Def. 1.) 
above) intoaA topological algebra by defining the product (ab = 0) as 
(Ya X¥ > Xy=(XaX> 1%). 

The concept of A-topo ogical algebra includes many types of algebras which fail 
to be topological algebras, and which have been studied under the somewhat arti- 
ficial concept of topological algebra with partially continuous operations. The fol- 
lowing examples also show that A-iopological algebras abound in traditional fields 
such as von Neumann algebras and convolution algebras. The text resumes on 
page 298. 


1.3. Example. Let 1 be a complex Hilbert space with inner product (x { 4) and 
norm {ix {f= (x |) 4. We denote by ‘8(H) the set of all linear bounded operators 
T: HH. If TE BCH) we denote || T{! = Sup {{] Tx (!; xE HG Ix fl < 1}. and 

T* E BCH) will be the adjoint of 7, characterized by the identity (7x |v) = (x | Tty) 
for all x, EH. We define BF) xXWHK) > BH). BF x BIO “> B(H) and 

Cx BK) > BCD) by (S+7T)x = Sx+Tx, (ST)x = S(Tx) and (AT)x = ATx. It is clear 
that aS +67 Ii Slal USH+IBLTH. FSTISUST UTIL UT = TN. (as + BTY* = 
aS* + BT* and (ST)* = T*S* for all S, TE BCH) and a, 6 complex (a8 are the con- 
jugates of a, 8). In particular 6 (4) is an algebra over the complex numbers with an 
involution T ~~~ T*. lf dim H= n < + then By) is isomorphic to the algebra of 
nx it complex matrices. For general facts concerning Hilbert spaces, we refer to [8] 
or {il}. 

We will consider now several topologies on B{d) that have been extensively used 
in von Neumann algebras (cf. [8] ). 

The uniform topology on 8(H) is the topology induced by the norm 
7 = Sup {ff Tx ls x EH, lx I} <1}. With this norm.'3 (H) is a C*-algebra with 
identity 7 = idx, (cf. [9] ). 

The strong topology on ‘8(H) is determined by the following notion of conver- 
gence: if {T. Jac, is anet in B(H) and TE BH), then 7, > T in the strong 
topology (or strongly) if for each x © KH, we have ||T,x - Tx |> 0 with aE A. If 
Sq > 5, 73> T strongly, it is clear that Sq + Ty)x ~ (S+T) xi <N(S.- S)xil + 
MT - T)xll ~ Oso that B(H) x B(K) > BH). is continuous for this topology. 
Also, if , > Xin C(= complex numbers), the ||A ylgX - ATX SITOA—A)xil + 
[ALT T,X Tx |} > O and Cx BCH) is also strongly continuous, 

"The ultrastrong topology on 8 (3) is determined by the following notion of 
convergence. Let X = (x, jp, be a sequence in H with the property 


(*) Dy {lx [2 < +20 
k= 
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and tor TE B(K) define p y(7) = ee | Tx, ll" |"? (observe that E Bye ) Tx, \12 
Walle Lee Xe li? is finite). A net { T, | bag in BCH) is convergent to TE aS 
in the ultrastrong topology (or udtrastrongly convergent) if p(T, - T) > 0 for each 
X= {x,y heey satisfying (*). Since it can be easily verified! that py(S+7T) <py(S)+ 
x 7) and PyidT) ={A[ py(T), it follows that BID) x B (HK) > BGO) and 

x BCH) +B (40) are ultrastrongly continuous. 

The weak topology on ‘B(H) is determined by the following notions of conver- 
gence: aset {The 4 converges in the weak topology (or weakly) to Tit 
(Tx|¥) > (Tat y) tor all x,y © 5 Again if S, > S, 13> T weakly, then 
((S, + Ti; xt vy = OS xfayt (T3x| V) converges to (Sx[p) + ¢Txlv)= (St Tx fr) 
7 if ve ~+ Ain C, tnen IQA, T.Xt¥)- (ATX Ee)} > 0: thus B(H)x BCH) and 

"x BH) > BCH) are weakly continuous. 

The ultraweak topology on _ is determined by the following notion of con- 
vergence. _ X= (xp tee, and Yalu de sal tisfy (*) above and TE BE HC), set 
Pyy (7) = Eel Txgl Vey ue dats , Px, | ay < Hy Tis LT \ xpi lvl! < 
tT (Ly ,! Xp rea (Lye, UV rye < cea Then. aset (7, }e.4 converges in the 
ultraweak topology (or ultraweakly) to Tifpy y(T,- Y)> 0 for all sequences X, ¥ 
satistying (*). We have again py ¥(8+ 7) Spy y(S)+ py. y(7) and py y (AT) = 
[Al py y (7) and theretore BIO) x BIO) > BAO and Cx BH) > BO are ultra- 
weakly continuous. 

It is easy to see that the uniform topology is the stroogest and the weak topology 
the weakest, and in fact we have: 


strong y 


uniform ~ ultrastrong y p weak . 


ultraweak 

If dim H = ©, all these topologies are different [8]. if dim H < 9%, they all coincide. 

A *subaigebra A of B(H) (that is, a subset AC B(H) such that whenever 
S.TE A, and XE C we have St TE A, ATEA, T*E A and JE A, where / = id, bis 
by definition a ron Neumann algebra provided it ts closed in the weak topology. As 
a matter of fact, it can be proved (see [8] 1.3.4, Th. 2) that a *-subalgebra of BGIIO 
is weakly closed if and only if it is closed in either the ultraweak, strong or ultra- 
strong topologies (but not the uniform topology ). Given a von Neumann algebra A, 
we will denote by A,, A,, A,.. Ay and A,y, the algebra A together with the topolo- 
gies uniform, strong, alltastonk weak andi ultraweak, respectively. 

Assume now that KC A is compact in any of the above topologies. Then, neces- 
sarily, K is weakly compact. This implies that for x, vy € KH, the function T ~~ (71 v) 
is (continuous, hence) bounded on K. It follows from the principle of uniform 
boundedness {9] (or using the elernentary proof in [18]) that Sup {fl 7: TEK } < +0, 
that is to say, K is norm bounded in ‘B(H). With this remark in mind, we can now 
prove: 


1.3.1. A x A-> A is continuous on compact sets for each of the topologies: uniform, 
strong and ultrastrong. 
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In other words, S, T ~~~ ST is continuous as a map Ke(A, x A,) > A, 
Ke(A,x A.) -> A, and Ke(A,.« Ay.) > Ay, and therefore: KeA, = A,, KeA, and 
KeA,,, are K-topological algebras. 

Consider the case of A. The product is continuous everywhere due to the in- 
equality |] ST (| < {S$ ! {| Tj moreover, this topology is metrizable (being deter- 
mined by a single norm) and therefore (from 0.1), Ke, = Ay. Observe now that 
(cf. [8]: 


1.3.2. [fr > and B,C BK) is the ball B, = (TE BCH). NT Sr} then the strong 
and ultras trong topologies agree on B,. This can be seen as follows. Let {7 boeus 
be a net in B, converging tne to TER,. For X = ie ike = satisfying (*) above 
we have Ly. 1 WT: De I = phe =] NT - TVX, The ae Net WT: ‘T)x;, 1? < 
eae WT, Trxyll? + Ir Dee Ni ix, H*, so that lim sup,,.4 2g ces T)x,\? < 


lim sup... 4 he 7 MT a: T)x,{!* + 27 r Bhs Nel Ix, l*. But praea Ne Ta T)x, {17 = 0 
hence lim supy. 4 Ups, WT, - Tyxgll? <r They ay lg H2 forall = 1.2. ..., 


and this means that p y(7,~ 7) ~ 0. thus the strong and ultrastrong topologies agree 
on B,. 

The first consequence of this fact is that it is enough to prove the continuity of 
the product on strongly compact sets. This is done as foliows: let (1S, 1.4 and 
{Ts bgeg be nets such that S, > S, 7, > T strongly and |] 5, li <r, il Tgli <r for all 
a, Band some r > 0. Assume X¥ = (x, by. satisties (*) above. Then py(S, 7, - ST) < 
Py(S,( T3 - T)) + py(S, - S)T). Now, for all GV & BCH ) it is easy to see that 
Py( UV) < || U4 Py( MY) and py(UV) Si} V {| py(U). Then Py(S, qT; a ST) S 
WSU py(Ty- Tht Til py(Sy - SYS rpy(Tg- T)+ NT py (Sy 5) > O with a, 
BE B. Therefore, S, T ~~> ST is strongly (eq., ultrastrongly) contmuous as a map 
B,* B, > B,2, and our claim follows. 

The second consequence of the agreement on normed bounded sets of the strong 
and ultrastrong topologies is that they have the same AK-ation: tor any von Neumann 
algebra A, KeA,= KeA,,; this means that A, and A,, are the same A-topological 
algebra. 

It should be remarked that KeA, = KeA,,, is a genuine A-topological algebra in 
the sense that it is not obtained as the K-ation of a topological algebra with contin- 
uous product. In fact: 


1.3.3. /f A=B(H) with dim KH = ~, es product is not continuous as a map 
ee A,x A,> A,. Any w 7? Auw or Ays® Aus Aus Cf. [36] or 
{8} 1.3, Ex. 2). This ean be seen as hee Assume H is separable: if X= {xy}, k=] 
satisfies (*) above with ¢ = a xp (I?, define B= (TE B(H): Py(T) = 1}. Let 
ah {€1 jr be an orthonormal basis for JC. For all N,M positive integers we have 
Sh CAL Hcg ley PP) < EL (CE lle?) = SM jNxgl s c and therefore 


an (2x. loglepl? ')<c which shows that lim,. . 2 k= | I(x, | en = = 0. Choose 
{ d)\e 1 a sequence of nonnegative reals such that d? L7_, I(xglepil? <1 for/=1,2,... 
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and lim)... d)=%. Let 7,,€ BCH). n=1,2,.. is defined by 7,,e) = Pn dne n Ons 
Kronecker’s delta). Clearly Spy ll yxy PS Salto en T el = 

ae xg he,) Wa? < I, ie., 7, € B and || ne =a. -~ 2, This means that 

Sup (4 Tl; TE B} = 00, and iherelore by the iniforii boundedness principle (see 

[11] ) there isa z€5€ such that Sup {| 72 ll; TEB} = 0, with (necessarily ) z #0. 

Now we will prove that, for x. v€ 4 both different from zero, no choice of 

as Yeey will make true that if S, T © B then \(STx|¥)| S 1. In fact. if 2 satis- 
fies $ 


nl 


(**) Sup {| Tz i: TER} = ©, 


define SE B(H) by Su = A(ulx)z where AEC and |A] > 0 is small enough in order 

that py(S)S 1 or SEB. Then choose TEB with [Af Uv] 7S x ti = Well IAl2 ix WNT > 1 
(use (**) above) and U © B(H) unitary and such that U*p = p7Sx where pEC satis- 

fies ful U7Sxi= "vd. Then U7, SEB and |(UTSx|¥)1 = ((7TSx| Oty) = [Auli TSx\I" >1, 
as claimed. This shows that $,7 ~~ ST is discontinuous at S = T= 0 € BH) as a map 
BIO). x BH), 7 BGO, which implies that the product is discontinuous in all four 

the weak, strong, ultraweak, or ultrastrong topologies, as claimed in 1.3.3. 

An argument similar to the one given above (1.3.2) shows that KeAy = KeA,,,. 
But in general, the product is zo? continuous on weakly compact sets, in fact not 
even sequentially continuous, as the following example shows: take 1 = /°(Z) where 
Z= (0, t1, 42...) is the integer and let U € BCH) be the shift defined by 
Ulo,) = dy where dy = C4). K=0, £1.22... Then U" >0, U~"~+0 weakly as 
n> oo However, U"U-" = Ider tity. 

We see then that some weak von Neumann algebras are K-topological algebras (the 
finite dimensional algebras, for instance) while some others (O(30),,, dim H = 2%) are 
not. The following umportant algebra is another example of the former, as we shall 
see. Let S be a (fixed) set, K = = /2(S) the Hilbert space of all complex functions 
x: §> C such that 2 (lxtsii”, seS} < +00(with operations defined pointwise and 
inner product (xj ¥) = 2{x(s) v(s); sES}). Let 1°(S) C BH) he the algebra con- 
sisting of all the operators on /2(S) expressible as 7x = dx for some d: §> C satis- 
fying Sup { | d(s)|. sES} < +o and where dx is the function (dx Ms) = d(s)x(s). It is 
not hard to see (cf. [8] 1.7) that /"(S) is a von Neumann algebra which is Abelian 
(i.e. ST = TS for §, TEL" (S)). We shall identify TEI” (S) with d: S> C when 
Tx = dx for all x & /2(S). It is clear that || 7 [| = Sup {1d(s)|: s€S}. T* =d the cun- 
jugate function, and (dd'\(s) = d(s) a’(s). It follows trom ({8] HIL6, Prop. 5,6 and 7) 
that /°(S),. = /°(S),y, and 1°(S), = 1° (S),,, (in fact, with the notation of [8], 

CA = 1 when A=!"(S)). In other words, the weak (resp., strong) topology coincides 
on 7°(S) with the ultraweak (resp., ultrastrung). Actually one can prove in a very 
elementary way that the weak and ultraweak Lopolouics on /°(S) both agree with 
the weak * topology of /°(S) as the Banach dual of /'(S) (cf. [11]), which means 
that on /°(S) the weak or ultraweak convergence is determined by the seminorms 
x~~> | E{ x(s)2(s); sES}| where zE1'(§), iie., E {2(s)]: sES} < te, With this 
in mind, one can prove independently of w = us, s = us, that 
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1.3.4. 6 K C 1°(S), the following are equivalent. 
(i) K is strongly (= ultrastrongly ) compact, 
(ii) A isultraweakly compact, 
(iii) A is strongly closed and norm bounded, 
(iv) A is ultraweakly closed and norm bounded, 
(v) A is weakly closed and norm bounded. 
Moreover, if K satisfies anv of the above, the weak, ultraweak, strong (and ultra- 
strong) topologies coinciae on K. 


We will indicate a proof of 1.3.4 based on the plan! (iii) <= (1) > Gi) & Civ) and 
(ii) > (v) > (i). The following remarks are elementary: first, the equivalence (ii) = (iv) 
is the Alaoglu-Bourbaki Theorem [11]: second, we observed above (last paragraph 
before 1.3.1) that weakly (hence ultraweakly, strongly or ultrastrongly) compact 
implies norm bounded, whence (i) = (iii), On normed‘bounded sets, the strong and 
ultrastrong topologies agree (1.3.2 above) and therefore the strong topology is 
stronger on these than the ultraweak, which proves (i) > (ii). For similar reasons, 
(ii) => (v). The implications (ii) > (i) and (v) > (i), together with the second half of 
1.3.4 tollow from the following: if fd, jvc 4 isa net, Ida il <rand d,(s) > 0 for 
each s€& §, then d, + 0 strongly. In fact, for each reP (S) anda finite F CS, we 
ae dy xl? < SLi pe ld gs) x05? + Dg p Lx(s)|?. whence lim supge 4 dx ll? < 

Y oop p X(S1? and since Fis arbitrary. lim e4 ld xllt = 0 as claimed. 

Another way of writing 1.3.4 is the following: 


1.3.8. For anv set §, 
Kef"(S),, = Kel"(S),, = Kel (8), = Kel ™(S),,, . 


It is interesting tu observe that the product 8, T ~~~ ST is nor weakly (= ultra- 
weakly; or strongly (= ultrastrongly} continuous, even when restricted to (*(S§), 
when S$ is infinite. In fact. we can assume that § D (1,2, ...} = NW. Let AE A(S) be 
detined by (71) = 1 /n, nEN, h=0 elsewhere, Consider V = {d€/™(§): tdh il <1}. 
Vis a strong neighborhood of OE 1"(S). We will see that for no strong neighborhood 
W of OE17(S) it will be true that d?€ V if dE W. Clearly, W can be assumed to be 
of the form W= id: Dy, de, ll? < € } for some sequence {x4 }gz4 in * satisfying 
((*) above): 2 || Xk iI é $0, Since Ley = Ix,(n)I? < °° we conclude that 
{Ley i xg(nl? oP. is summable (this is the same argument used in the pide) of 
1.3.3). Therefore | for some positive integer m we have e7! Lz} | x(n? <m 
Choose A real such that e7! ree 1 Ix,(n)/? < 7-2 i. See define dy € / *(S) by 
d oe dg= 0 elsewhere. Then © g= Ndoxgll” = Zpey M? Lam)? = = 
2 SP. Lam? < € and a2 all = =)‘m-! > 1 so ‘Hal do W and d2 € V. as 
claimed. This shows that d ~~> d? is not continuous as a map /“(S),,, > /"(S),. 

A similar argument shows that d ~~> d2 is not continuous as a map /*(S)uy 71° (S)y,. 
and therefore the product in /”(S) is not continuous for any of the topologies weak, 
ultraweak. strong, ultrastrong. 


$1. Categories of topological algebras 395 


Actually, this proof yields a bit more: if P = {d&/"(S). d(s) > 0} and 
Py. (= Puy) Py (F Py) denote P with the relative weak (= ultraweak) and strong 
(= ultrastrong) topologtes, respectively and y: P > Pis the map yd) = d~, then we 
just saw the proot of the first half of: 


1.3.6. If S is infinite: 
(i) gis no! oe ms asamap Py > Py, Po Po (Pay, 


we 
(i) PS PL = PS Py is a homeomorphism. 
Ss Ww 


led 


us 


p > 
Pig rl ye) 


uw 


It is clear that 1.3.6 (ii) follows from & Sa? (sy x(s)v(s)| = Ts xOsy vs \- 
for x, EFS). . 

Observe that if we assume that KeP, = Py. then PS Py = KePy=KeP, is , 
would be continuous contradicting 1.3.6 (i) when S$ is infinite. Thus: 


1.3.7. Uf S is infinite, then Kel “(Si #77 (S),, 


In fact, it can be proved ce when § is countable, Ke/7(S), coincides with the 
relative product topology of 77 (9) © cue This completes our Example 1.3. 
1.4. Example. For general results concerning topological groups we refer the reader 
to [2} and [3]. Let G be a Hausdorff locally compact group and denote by U(G} 
the algebra of all bounded uniformly continuous functions on G with values in the 
complex numbers C. The norm {ff ffi, = Sup: f/(sdl, s€G- makes O(G) a Banach 
algebra (in fact a C*-algebra since it is easy to see that U(G) is uw closed *-subalgebra 
of the C*-algebra BUG) of all bounded complex valued function on G with the 
norm [fil ). For s€G and sé L(G), the function yis)fis defined by [yes] = 
fis!) Clearly ys) fE UG) and fy6) fil, = Ai.. Thus G acts (isometrically )on GIG) 
by s ~~ y(5). ESC OG) is any subset, we denote by ACS) the linear subspace of 
UG) spanned by S. If fe UG), then [ff] C OCG) denotes the subspace [f] = 
Ain DF sEG + generated by the (ett) translates of /. We shall abbreviate 
dim[f] = dime [/}. 


1.4.1. dim[/] is finire for all f& UG) if and only if G is finite. 


Proof. It is clear that if G is finite, dim-U(G) = card(G) < + and therefore 
dim|f] < card(G) for ail FE UG). 

Assume now that dim[{f] < +o fos all fE U(G) and define U,, = {fe UG). 
dim[f] <n} form=1, 2,.... Clearly U(G) = UPL, U,,. We claim that each U,, is 
closed in U(G). In fact, assume f; > f (1s) > in U(G) and f;€ U,, torp=,2 
Then for any choice of 7+} elements 5, 51, ..-. S, Of G the functions 7(5g)J), ---. 
¥(S,,)f; are ua mepencen ane taeretore fee are eumpiex numbers 
af,ah,...,a/ such that Dyug Ly sy) fj = Oand Tho lagl =| for each f= 1, 2... 
By easing to an appropriate ube quence we can assume that aj > a as j > tor 
each k= 0, 1,...,n and therefore 2 = | also. But clearly from f; ~> fand a! > a 
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(as j + 2) we obtain af (5p) fj > Og 15,)f in L(G) and therefore Lyg a, VS, )S = 
lim). oo eT 4 a; ¥5,)f; = O which shows that any +1 translates of fare linearly 
dependent or in other words, that f€ U,,. (Observe that we have actually proved that 
U,, is closed in O(G) tor any linear, translation invariant topology on U(G).) Since 
UG) under [fll is a complete metric space, from Baire’s Theorem (see [21] ) 
follows that there exist 1g, fg© Un, and € >0 such that if AE U(G) and lA ll, <e, 
then A- foEUy,. ie.. dim[A~ fg] Sag. Observe now that for ff € UG), Aa 
nonzero scalar, always dim[ f+f'] <dim[f] + dim{f’] and dim[Af] = dim[/]. 
Hence, for fE C(G) and A small enough (so that A fll, <e) we have dim[/] = 
dim! Af] < dim[Af- fg] + dim[ fg] < 2g. Thus U(F) = U2, . But now if s,, .... 5), 
are distinct elements of G. there is a compact neighborhood of V of the identity of 
G such that the sets s,V. 7= 1, .... mare pairwise disjoint. Let f€ U(G) be a function 
with support in s, V and satistying f(s, )= 1. Clearly dim[ f] 2 m. It follows that 
mS Jno and therefore G cannot have more than 2, cifferent elements, or, G is 
finite. 


We recall that if fis a function on a locally compact group G and 4 is a measure 
on G, the convolution p* f is the function 


(ut fKx) = ffiss'xy duts) 
and in particular, if €, is the puint mass measure at fEG with total mass +1, then 
(+) E* f= Wf: 
if wand v are measures on G, u*v is the measure satisfying 


fre acurneer= ff ford du(sy deta) 
ir Xr 


for each f, say, continuous with compact support. Fubini’s Theorem applies to show 
that 


(++) (utr) = vAn* f) 


where for any function A and measure B, we write S(h) = fi h(x) dp(x) and Bh) = 
h(x7! ) dfx). A table of sufficient conditions for the existence of u*f and w*p 

can be found in the last page of [3]. One of these is the following: if and v are 

bounded then p*v exists and is bounded (we recall that a measure 8 is bounded if 


Bil = Sup (1A A SEK(G), [si <1 forall SEG) 


is finite: |{ Bil < +00, where we denote by A(G) the space of contin.:ous functions 
with compact support). It is not hard to prove that w*v has desiral e properties and 
in particular that the set of bounded measures under ordinary sun aad convolution 
is an algebra which we will denote by M!(G). The vague topolegy denoted T;) on 
M(G) is the topology corresponding to the simple convergence c A(G), i.e.. 

My > M vaguely if u(/) > u(f) tor each fE K(G). If G is compact hen all measures 
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are bounded and M!(G) can be identified with the dual of the Banach space K(G) 
under the norm {If ]l = Sup {| f(s)is@G}, the vague topology coinciding with the 
w*-topology. In particular, the vaguely relatively compact sets coincide with the 
nerm-bounded sets of M!(G). Denote by M, the algebra M 1(G) endowed with the 
vague topology 7). 


1.4.2. Let G be acompact group. The convolution M, x M, > M, is continuous if 
and only if G ts finite. 


Proof. If G is finite, M'(G) is finite dimensional and therefore any biliaear map 
M,x M, > M, is continuous. Assume now that G is infinite. First, let us observe 
that a neighborhood base of O€ M, for the vague topology is provided hy the sets 
V= (peMy lus) Se.7= 1,2... } where e>O and fy, fo, .... fF, © ACG). Let 
now JE A(G) he such that dim[ f] = (cf. 1.4.1 above). We are going to show that 
for any choice of functions fy, ....S,.. 24. 0. By in A(G), there are measures 4, v 
such that ul f,) = 0, o(e,) = O for all 1 <j <n, 1 <k < mand yet (u*y)\(f) FO. 
This will show that up ~~ p*p is not continuous at 0. According to (+) above, 
{u*f, wEM,' D [y(s)f.sEG] and in particular the linear map uw ~~~ y*/, 

M, > K(G) has infinite dimensional range. Clearly the subspace VC Af, of all 
measures satistying u(f,)= 0, 7= 1, 2, ....m has finite codimension in M,, and there- 
fore the linear map up ~~~ w*f restricted to NV > A(G) also has infinite dimensional 
range, which we denote by R C A(G). Hence the subspace (gy, .... g,,) generated 
by 2). ..-. 8, can not contain R. tt follows then from the Hahn-Banach Theorem 
[11] that there is an element v € (A(G)) = M, vanishing on (gy,..-. g,,} and such 
that Ah) #0 for some AER. But then necessarily A= &* f for some wand (cf. (+4) 
above) (u*ey ff) = oi") # 0. as desired. 


1.4.3. Let G be a compact group. Then the convolution KeM, & KeM, + KeM, ts 
continuous. In other words, (M,, +, *) is a K-topological algebra, 


Proof. In fact, assume 4. 0, ¥3-> O vaguely and [lm il <Z, llygll <L fer some L 
and alla, 6. Let fEA(G) and define f, = 4, */, or f(x) = [ fisx) du,(s). It is clear 
that f(x) > O for each x EG, We shall prove that the family {/, } is equi-unitormly 
continuous on G. First, for each neighborhood V of the identitye€G, detine 
VU = closure U {x Vx7! }. Clearly VC VG and V© is compact. Assume now 2 € pe 
for all V. Then one can pick xp EG, vpE V such that xp vp xy! E 2V¥ for each PV, 
for that, in particular, xp vp xy > z following the filter {V}. G being compact, 
there is a subnet {x,; } of {xp } such that x,, > x for some x€G. Hence xji- xv! 
and since v,- € V, clearly v,;; > e. Thus z = limy: Xp Vy: x7! = xex7! = e. We con- 
clude that NV© = {e}. It follows easily that the family {V } is also a neighborhood 
base of e. We go back now to the equi-uniform continuity of { f, }. Assume € >0 
and choose V such that if xy7! EV then | f(x) — fOv) | < e/L. This is always 
possible because f is continuous and G is compact. Assume now that xy?! EV. Then 
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Lf SVS fi tisx) F(sv) td lel (sd S 2 Supt] f(sx)-f(sv)lisEG |. But 
clearly (sx) (srr a zyxp7l sol E sts! CVG so that Sup! |f(sx) - ftsy yi sEG }se/h 
and therefore | f(x} - f,(v)| S € as desired. Finally, it is easy to see that if f,(x) > 0 
for each x and the family is equicontinuous, then /, > O uniformly on G. Hence 
PSS WSU eg SUI > 0 and (uy*r3)(F) = vgl fa) > 0 as desired. Q.E.D. 


There are several interesting variations on this theme. For instance, in the case of 
a locally compact group G, one can consider the following topologies on M1(G): 


Ty. the weak topology of A7'(G) as a Banach space under the norm {I 8 
cetined above. 
Tyyy. the topology tor which wy > wif and only af 


freerdueo > f 100 du(x} forall (GC 


continuous and bounded. 
Tyy the topology for which wy > mw it and only if w(2) > u(U) for each open 
ser Uo CG. 


The convolution product is net continuous on either of the above topologies, 
Yet. it is continuous on compact sets in all cases. In other words, if My, My, and 
Myy denotes the algebra M1'(G) with the topologies Ty. Tyyy and Ty respectively, 
then KeAf, ts a A-topological algebra, bq < IV (ef. [3] Chap. VIE, §3, Ex. 11). 
In fact KeMy; = KeMpy although Af;;, # Myy. This completes our Example 1.4. 


By a morphism of A-topological algebras we will understand a continuous func- 
tion which is linear and multiplicative. Specifically: 


1S. Definition. Given two K-topological algebras A, B, a morphism A *. Bisa map 
[Al S!BLin K such that the diagrams 


pk y id & 
|Alma1A {2 Bi mw [BI CalA|—--—» CaIBl 
74 eae and | ! 
ve . . + ‘ v 
(Alert oF PA Reteta Soca B\ 


commute. 


The class of K-topological algebras with the above morphisms between them 
torm a category that we will denote A. Given 4,BE A, Ap(A,B) will denote the 
set of not pies from A tu B. Clearly Ap(A,B) C Ko (IAl. BI) and we have a 
functor A _, K, the “underlying Kelley space” functor. If A & B in A, then lyl=y 


1.6. Proposition. A is a K-category in such a way that A> .K isa K- -functor. Further- 
more, A(A, Bys K(\A|, |B!) is a full injection (cf, 0.6}. 
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Proof. Detine A(A, B) to be the K-ation of Ag(A, A) (considered as a subspace of 
A({ A. {| Bl). The proof then is completely straightforward. For example, the com- 
position A(A,B)& A(B,D) - A(A,D) in K is defined in the diagram 


A(A,B)% A(B,D) —~"—> A(A.D) 
! 
ae A 
‘ ko 
K(UAL IB) @ KUBLIDI)—-- KCAL IDI). 


Sirce & is continuous (see 0.13), it follows that y is continuous (use the tact that 

ied : _ ae : as rae . 
A(A,D)-+ K({ AJP |)is a full injection), that is, yEK. The commutativity of the 
diagram above is precisely one of the conditions of K-functoriality. Etc... © Q.E.D. 


Observe that 49(A, B) is a closed subset of K({A|,|B}), and hence, the topology 
of A(A,B) is actually the relative topology (see 0.4). 

An identity for the product in a K-topological algebra isa map | |A\| in K such 
that the diagrams: 


: ae 
i id suet 
t 


id % ¢ e@ id 
{Al mI Ale [Ale l=|Al= le l|Al----—~-|Ale@lA| 


“= ae 


commutes. If the product of A has a unit, we will say that A is an algebra with 
identity. Given two algebras with identity, a morphism in A which preserves the 
identity in the sense that the diagram 


|A|---—» |B| 
a 


ey 
I 


commutes, will be called a morphism of algebras with identity. Algebras with identity 
and morphisms of algebra with identity form a (not full) subcategory of A that will 
be denoted by A’, and we have A,(A.B) C Aq(A, 8). Proposition 1.6 holds similarly. 
In general, we have: 


1.7. Proposition. Let C be a subcategory of A (i.e., a class of K-topvlogical algebras 
with certain morphisms of K-topological algebras between them, containing all the 
identities and closed under composition). Then C is a K-category and C U Kisak- 
functor such that for all A,B © C, C(A.B) ook ({A], |B]) is a fll injectian. 


Proof. Similar to the proof of Proposition 1.6. Q.E.D. 
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We deduce from this that some standard classes. for example, commutative A- 
topological algebras, normed (or Banach) algebras. A-topological algebras with 
involution and morphisms preserving the involution, C*-algebras, locally multiplica- 
tive K-topological algebras, Fréchet algebras, etc., etc., are all K-categories. 


$2. Categorical properties of 4 and 4’ 


An this section we will show that 4 and A’ are K-complete K-categories (cf. [10]. 
This property furnishes the basic (and only!) too! needed for the duality theory 
developed in §3. A second important property to be established is the existence of 
the tree K-topological algebra over a Kelley space. Furthermore, we will show that 
A and A’ are K-monadic (or svnonymously, K-tripleable) over K, and that both A 
and A’ are also K-cocomplete. These facts will be exploited later on. 


2.1. Proposition. A and A’ are cotensored K-categories. Furthermore, the ‘‘under- 
lying Kelley space” K-functors preserve cotensors (strictly }. 


Proof. The above statement just means that all the representable functors A°P week 
have a K-lett adjoint. In order to prove it, it will be enough to show that for all 

A&A and XEK, the cotensor of A with X exists, or in other words, there ts an 

object ACY, 4) € A and a K-natural isomorphism 


A(--. AX. AN & K(X, AC- .A)). 


Detine |A(X. A)| = K(X, |A[) with operations: 
ies canes 
A(X, (Al) @ KCXY,|A1) = ACY, [AL @ {Al K(X." 2") ACY, Al), 


—— y 


Fee %F 
- 


K(X, 
K(X, | Al) —-——> K(X, [ A]). 


CEKX IAN) KUXIAD 
C+ KUIALIAD | °° KUKUIAD. ROX LAL) 
CelAl> ta) ° 


1 K(X, Al) 
and ae 


Io ¥> 1 {A] 
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A routine diagram decomposiiion process shows that these operations make all 

diagrams in Definition 1.1 commutative, and therefore ACY, A) € A. It can be 

checked that the above definitions produce the standard point-wise operations on 

functions. The advantage of this presentation resides not in the algebraic properties 

to be checked, but in the fact that the continuity is automatically guaranteed. 
Given any other BEA, consider the diagram 


A(B, A(X, A)) K(X, A(B, A)) 
| 


} : 
ey ; K(X. i) 
gd 
a 


KB). K(X,1A)) & KOC KUBLIAD) . 


[t is easy to see that the isomorphism o restricted to the upper level provides a 
byection. Since both vertical arrows are full injections (see 0.14). this bijection is 
bicontinuous, i.e., an isomorphism in A. The A-naturality follows now from the 
K-naturality in the lower level and the fact that | | is a K-faithful K-functor. Finally, 
the commutativity of the diagram above [completed with A(B, ACX, A)) > 
K(X, A(B, A))] means that | | preserves (strictly) the cotensor just constructed. 

For A’ we manipulate similarly: if AGA’, define A(X, A) = A(X, A) with the 
identity 

Ie ¥>1 [Al 


rs ma Wa me a ace 


| al a 
1+ K(X, {A |) 


The proof follows the same lines as in the case of A. Q.E.D. 


2.2. Proposition. : _-¢ 

(a) Given any functor T ©. A such that the composite T 5 A+ Khas a limit 
(= lim), then TF Y, A has also a limit which is strictly preserved by A UK. Further- 
more, given anv A ECA, the limit of T is also preserved under A 2G UK 

(b) Similar to (a) with A replaced by A’ 


Proof. Define | lim IP, | = lim | P, | with operations: 


lim{ P| @ limi P| ---- > limi Pt lim{ Py) ---- > hm iP, | 
-~ + Sh eh SS: ie << + + 
d ae, A A! A 
PP ae —?p ' ip 
A A : A : r 
| ‘ ’ 4M \ 
IP\f@ Py) So PY Ty] ——— IT, 
Ca@lim{P,| ----- > lim P| 1 -~---— limIP, | 
_ - -_ 
A A Re r 
ae 4 


’ ‘ 
Ca@iryl -—-—- IF,l IT, | 
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The fact that for any aS wink, Py | pas |f, | isa morphism of K-topological 
algebras, is all what it is needed in order to check the commutativities required for 
the existence of the dotted arrows. It is indeed a straightforward matter that the 
axioms (Definition 1.1) are satisfied. In order to see that the resulting A-topological 
algebra is actually the lim of F and that it is preserved by the representable functors, 
consider the diagram: ~ 


A(A, lim P,) lim A(A, PY) 
ae lim 4 | 
bat | On 
4 ’ 
K(iAl. lim Py) = lim ACALIP I) - 
d A 


The homeomorphism at the lower level (which is in fact a homeomorphism 
because K(| AJ, -) has a left adjoint) induces by restriction a bijection in the upper 
level which is continuous in both directions because both vertical arrows are full 
injections (it can be checked easily that a lim of full injections is a full injection). 
Similar arguments apply to A’. , Q.E.D. 


Since K is a complete category (see 0.7), it follows from the Proposition above 
that A and A’ are also complete. The fact that the limits in A and A’ are preserved 
by the representables into K means (see [10] for definitions) that they are K-/imits. 
This together with Proposition 2.1 amount to saying that A and A’ are K-complete 
K-categories. It also follows from the proofs of Prop. 2.1 and 2.2 that the inclusion 
A’ ~ Aisa K-functor which preserves limits and cotensors. 

We proceed to prove now some other facts promised at the beginning of this 
section. 

Let X be a Kelley space and A a A-topological algebra. We say that X generates A 
{via f) if there is a continuous function X L, {A (i.e.,a morphism in K) such that 
the set-theoretical image of f algebraically generates A (or, no proper purely algebraic 
subalgebra of A contains the image of f). The class of all K-topological algebras 
generated by any given Kelley space X is a set. In fact, there is only a set of surjec- 
tive functions with domain X. For each of them, there is only a set of algebras 
algebraically generated. and finally, for each of those there is only a set of possible 
topologies. 

A similar definition and conclusion are clear in the case of K-topological algebras 
with identity. 


2.3. Proposition. The K-functors A 4 K and A" > K have left adjoints K fr. Aand 
K - A’. Furthermore, © and F' are K-functors and K-left adjoints. 


Proof. Since A is well-powered and A'-> K preserves limits, by the Adjoint Functor 
Theorem [15] it is encugh to obtain, for any given XE K, a solution set. But the set 
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of K-topologica! algebras generated by ¥ furnishes a solution. In fact, let ¥ 4 | A{ 

be anv map in A and let /EA be the algebraic subalgebra of A generated by the set- 
theoretical image of g endowed with the A-ation of the relative topology correspond- 
ing to/ CA. It is clear that fi is a A-topological algebra and the inclusion / > A isa 
morphism in A. The map X45. {A| has a factorization 


£ 
X--9 fA] 


Since fis a full injection, fis continuous and it is clear that X generates / via f. there- 
fore the set of A- topological algebras generated by_Y is a solution set, as claimed. 
Thus. A> K has a left adjoint K -+ A. Since A is cotensored and | | preserves co- 
tensors, the lust part of 2.3 follows as an application of the criterion given in [23] 
4.1, p. !73. The corresponding results for A’ ‘4K are obtained in the same way. 
Q.E.D. 

A description of FX, X€EK can be given as follows: let V(X) be the tree complex 
vector space over X (which can be pictured as the space of all functions a: X > C 
such that a(x) # 0 holds only for finitely many x EX). A topology on VCY) is 
determined by the convergence a, ~ a if and only if for each AGA and X4 | Al, 
ya morphism in K, we have Y fa, (0) (xp. xEX! + 2 (a(xp ax) xEX |. This 
topology can be lifted to the tensor algebra TTVCX)] = V(X) (VOX) @¢ VAX) ® ... 
and F(X) = largest Hausdorff quotient of Ke7[V(X)] . Similarly, F’A is an extension 
of FX by C with trivial action (cf. Proposition 2.10). 


2.4. Proposition. The K-functors A 4 K and A’ K are (strictly) K-monadic. More 
specifically, A and A‘ are (K-isomorphic te) the K-categeories of algebras over the K- 
monads determined in K by the pairs of K-adjoint functors F 4x | \ and F’ Ag V1. 
Proof. This result is an easy application of the enriched version of Beck's Triple- 
ability Theorem (cf. [10] Theorem il. 2.1). There is no difficulty in checking the 
hypotheses for the “underlying Kelley space” K-functors A 4 Kand A YK. QED. 
2.5. Remark. Given anv map A ¥, B in Afresp. A'} ean be factored in A {resp. A’) 


A—*+ B 


where y isa surjective function and i is a full injection. 
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Proof. Define / to be the set-theoretic image of y with the A-ation of the relative 
topology. It is easy to check that /€ A and clearly y factors as 4 “2145.8. Finally. 
y is continuous because / is a full injection. Q.E.D. 


2.6. Proposition. The K-categories A and A’ have all coequalizers. 


Proof. Let ASB, AS Bbe any pair of maps in A. From 2.5 follows that there is a 
solution set for the coequalizer of y and W (namely the set of all B > D in A which 
are surjective functions and such that dy = dy ) and therefore the coequalizer of y 
and y,B 4, H does exist. In fact, form the category F whose objects are maps 

B4. Das above and whose arrows d 4d’ are maps D + D’ in A such that d’ = Id. 
Tis a small category and there is a functor r5 4, TBS D)=D,Tl=1 Since A is 
complete, the (inverse) limit of [ exists. Thus, H is this limit with B A Hf defined 

as follows 


; 3th 
Be H 
d- 7 Pa Py 
ws 
D 


ee d , 
where P,, is the projection corresponding to (B + D) € T. The same is done in the 
case of A’. Q.E.D. 
Since K is a cocomplete category (see 0.8) and the K-functors A + K and A’> K 
are K-monadic, and in particular, monadic (= tripleable), it follows from Prop. 2.6 
and a well known result of Linton [24] that A and A‘ have all (small) colimits. We 
State this: 


2.7. Proposition. The K-categories A and A’ have all (small) colimits. Furthermore, 
they are preserved by the (contravariant) representables into K and therefore they 
are K-colimits. 


Proof. It only remains to be seen that the representables A°P 4.4), K preserve 
colimits, But this is clear since A is cotensored and therefore the K-functors 
A(~, A), have left adjoints. Q.E.D. 


mt 
The statement above reads: given any functor [- A where I is small, then 
colim I, exists in A and for any K-topological algebra A GA there is a homeo- 


morphism of the Kelley spaces: 


A(colimP,,A) lim A(P,,A). 
x at 
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Let us observe now that, as in the case of & (see 0.14), the representables of A 
or any K-category of A-topological algebras (Prop. 1.7) preserve full injections. 
More precisely: 


2.8. Remark. Given / LB in A such that }/|4+{B] isa full injection (in K), then 
for all AGA, A(A,1) 44), ACA, B) is also a full injection (in X). 
Proof. In the diagram 


 AGLD 
A(A.[) ~~ -* A(A.B) 
38 ae 


} 
! 


me 


. KA.) 
KUALA): > KO AL, (BI) 


the two vertical arrows and the lower level arrow are full injections, whence the 
upper level arrow is also a full injection. Q.E.D. 


2.9. Proposition. A and A’ are tensored K-categories. 


Proof. The meaning of this statement is that all representables 4 AA"), K have a 
A-left adjoint. But these functors preserve limits (Prop. 2.2) and A is well powered 
(and complete), so that, by the Adjoint Functor Theorem there will exist lett ad- 
joints provided that for any given ve “ws there 1s a solution set. Let A € A and 

XE K be tixed objects, Denote by AS . A the pane in A ot 4 repeated as 


a factor ance for each point of X. Given any BE A and X £ A(A, By in K, let 
LA “OD, B be the map (in 4) defined by the diagram 
x 


t 


iia. eee 
A 


- a a fax) xEX. 


It is clear that the correspondence wo is one-to-one. Let now § ={X ud A(A,H). 
HE A,hEK, wo(h) is onto }. Since there is only a set of surjective functions 
Lt AH, Sis aset. In order to see that § is a solution set we proceed as follows. 


Let X 4 A(A.B) and consider the factorization of w(f) described in Remark 2.5: 


<7 a 
re 
H 


Define X ° A(A, H) by A(x) =(A > WA 8. 1). The diagram 
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K-24 A(A.B) 


A 
hoy Sf AA 
A(A,H) 


clearly commutes, and therefore, from Remark 2.8 follows that / is continuous, or 
he K, Finally, it is obvious that wo(/) i, = gi, (for all x EX) and therefore 

W(h) = g. Hence wo() is onto, that is, AES. This completes the proof of the 
existence of a left adjoint for A(A, -). Since the representables preserve cotensors 
(always), it fellows as in Prop. 2.3 that this left adjoint is necessarily a A-functor 
and a K-left adjoint. This proof can be adapted without difficulty to A’. Q.E.D. 


We finish this section by expressing K-functorially the standard procedure of 
adding an identity to an algebra possibly lacking 11. 


2.10. Proposition. The K-inclusion A’ > A has a K-left adjoint A {-)_. A’ That is, 
given any K-topological algebra A th cre is a K-topological algebra with identity A 
and a natural homeomorphism A(A, B) = A'(A, B) (for all K-topological algebras 
with identity B). At the level of sets, we have a bijection — 


A ST uae B 


A-—>B 


between continuous linear multiplicative functions .4 > B and continuous linear 
multiplicative functions A > B which preserve the iden rity. 


Proof. This result follows, for example, trom Prop. 2.4 and 2.6 and Theorem A.1 in 
the Appendix of [10]. It is only necessary to observe that the inclusion A’ > A 
commutes with the “underlying Kelley space’ K-functors. 


§ 3. Gelfand K -monads, the duality determined by C 


Given a Kelley space ¥€ K, consider the cotensor A(X, C) = A'(X, C} (equality 
occurs since C belongs to both A and A’ and A’ + A preserves cotensors). According 
to the definitions given (§2) this is nothing but the long-considered algebra of all 
complex valued functions on X, endowed with the K-ation of the compact-open 
topology. in other words, the K-ation of the topology of uniform convergence on 
compact sets of XY. In particular, A(X, C) is the K-ation of a complete locally m- 
convex algebra (ct. [27], Appendix D). If K is a compact space, then A(K,C) is just 
the commutative C*-algebra of all continuous complex valued functions on K with 
the supremum norm, which is already a k-space (0.1). Since the K-tunctor 
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Kop AO 4 preserves limits, we have A(X, C) = lim A(K,C) for all ¥ © K (where 
Kx 

A stands for an arbitrary compact subset of Y). Thus, ACY, C) ts always a filtered 

inverse limit of commutative C*-algebras (recall however that this limit is taken qua 

A-topological algebras). These limits are easily characterized: we write now the 

“A-ation” of a well known result: 


3.1. Proposition. Given a A-tepological algebra A © A, the following are equivalent: 

(a) A isa fimut fin A} of commutative C*-algebras with identity: 

(b) A fs commutative with identity and there ts a family of algebra seminorms 
(Pp? which defines the topology of A (in the sense that | A | is the K-ation of the 
locaily m-convex algebra (A, 4p })). Furthermore the locally m-convex algebra 
(A, ip} )is complete and there is an involution * satisfving p(a*a) = play for all 
a€ 4 and all p. 


Proof. (a) > (b) is straightforward. For (b) = (a), observe that A = lim A, where A 
? 

is the completion of the quotient of A by the null set of piA, isa C*-algebra and 

(A, ip sy lim A, (im in the category of locally convex algebras). For more details 


P 
see [17]. [19]. [27]. Q.E.D. 


p 


We remark that in the same fashion, the equivalence of the following statements 
about a A-topological algebra A can be established: 

(a) A tsalimit (in A) of Banach algebras; 

(b') there is a family ip} of algebra seminorms which defines the topology of A 
fin the above sense} and such that the locally om-convex algebra (A, p>) os complete, 
As above. we have now 4 = him A), 

Let us remark that given an algebra over the complex numbers (in the purely 
algebraic sense) non-equivalent families of algebra seminorms may determine the 
same A-topological algebra (by non-equivalent families of seminorms we mean to 
understand that the induced locally convex topologies do not coincide). For example, 
given a locally m-convex algebra 4 whose topology is determined by a tamily {p! of 
seminorms, we can enlarge {p} by adding in any set of (in particular, all) seminorms 
continuous « * compact subsets of 4. [tts clear that the locally convex topologies 
may disagree, and yet, the A-topological algebras determined by these two families 
necessarily coincide, Also, starting from an A € A determined by a complete locally 
m-convex algebra, the process of adding seminurms {q} just described leads to a new 
locally t-convex algebra B that may not be complete, in which case 4, although still 
determined by B may not coincide with the enlarged limit lim By. We describe now 
some of these phenomena. 


3.2. Example. Let X be the locally compact space of ordinals ¥Y = [1.Q) with the 
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order topology, where 22 is the smallest uncountable ordinal, A? the locally m- 
convex algebra of all continuous complex valued functions on X with the topology 
of uniform convergence on compact sets. We have ALX.C) = KeA?. It is well known 
that every function (EA is constant ona tail (a, Q) for some @ (which depends of 
course on f) and therefore, f has an extension f° to BY = [1,Q]. The correspondence 
f ~> f9 is an algebraic isomorphism (onto) between A® and A(8X.C). Denote now 
by L & A(A(BX,C), C) the continuous multiplicative linear map L(J) = f(22). It is 
clear that L induces a multiplicative linear map (also denoted by L) from A® to C 


3.2.1. L EC A(A(X,C).C). but L is not continuous on A b 


Proof. First, for each a < 2 denote by p, the seminorm p,(f) = Sup {I f(y): 

1< 7 <a}. It is easy to see that the family {p, }, 1] <a <Q determines the topo- 
logy of AP. Now, let | A be the function defined by 8 Ay =O l<ysa. 
BAY = L ify zat lo where }<a<. It is clear that po(g,)= 0 if o > a, and 
pears 8, 7 O(asao> Q)in A® (0 is the zero function). Howeve:, Lig,,)= 
g)(2)= = | which shows that L is not continuous on A®. In order to prove the first 
part, we observe that L © A(A(X, C), C) just means that the restrictions of L to the 
compact subsets of A> are continuous. This follows trom the fact that if HC A> 
is a compact subset, then there is an ordinal 6 < Q such that al/ functions fEA are 
constant on [6,Q) ({4] Chap. IV, §4, Ex. 17). For the sake of completeness, we 
sketch here the proof. First, there is a constant M > 0 such that [f(0)| SM for all 
SEH and cE X, since otherwise there would exist ordinals 0, < Q2.n=1,2, ... and 
functions f,, € 4 with | f,,(0,,)| 2 1. but necessarily o = Supa, <Q and p,(/) is 
bounded on H (compact), which contradicts the above conclusion. Now define for 
o€ X the number s(o) = Sup{| f(0') - f(o")|; FEH, o<o', a0" }. Clearly 
s{9)S 2M and o(s) decreases as o > (2; this means that s is eventually constant: 
s(a) =u tor all o 2 og in X. Ifu >0, there exist pea uence fo, ; and {7,7 in X and 
{f,, | in Hf such that o, < ST, S One) STpep N= i, 2,... and | f,(o,) —S,(7,)1 = Bu. 
clearly both {o,, | ne: {7,, } converge to 6 = Sup{o,,} = Sup{r,,}, and {f,,} has a 
convergent subset {f,,} with limit fE AH. This leads to the contradiction f(G) = 

lim J,,:(o,, )# lim,’ (1,,) = f(G). Thus, w= 0 and f(o') = f(o'') for all fE H and 

0 2 09,0" > Gp, as desired. From here it follows trivially that the restriction of L 
to A ts continuous, as claimed. Q.E.D. 


Observe that q, (1) = |L(f)| is an algebra seminorm on 4°, continuous on com- 
pact subsets. Thus the locally m-convex algebra B defined by the family {p, + U {q, | 
on AP satisfies KeA® = KeB. However A> (with { p, }) is complete, and B (with 
{p,},4,)is nor: the net (8, bye g<g) defined above is a Cauchy net for p, and q,, 
but does not converge in B; as is easily seen. This shows in particular that B # A> 
and therefore all the statements made in the last paragraph before 3.2 have now 
been justified. This example will be continued later (see 3.6 below). 
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Given a A-topological algebra A € A, A(A,C) is the set of all continuous linear 
multiplicative functionals on A with the A-ation of its compact-open topology. If 
AEA’. then A'(A,C) consists only of those functionals that preserve the identity. 
In the case where 4 1s determined by (i.e., is obtained as the A-ation of} a locally 
m-convex algebra B, the above spaces diffe: from what has been classically called 
the “spectrum” or “carrier space” of B([5], [9]. [17] ) in two different ways. On 
one hand, they contain more points (namely, all those characters [= linear multi- 
plicative functionals] which are continuous on compact sets, but not continuous 
on B); on the other hand, the topology of A(4,C) (and A'(A,C)) is nor the cus- 
tomary topology for spectra, namely, the topology of simple convergence on the 
elements of B (or even the A-ation of it). These facts support a statement asserting 
that A(4,C) and A(4, C) differ substantially from the traditionally considered 
spectra. And yet, if A (= B) is a commutative C*-algebra with identity, then 4 (A,C) 
comcides with the spectrum of A, set-wise and even topologically. In fact. the only 
thing to be verified ts that pointwise convergence of characters coincides with uni- 
form convergence on compact sets, an obvious fact since in this case the characters 
are equicontinuous. In particular A'((A,C) is a compact space; A(A, C) is also com- 
pact and in fact is obtained from A'(4,C) by adding one isolated point: the zero 
functional. It follows from these considerations that A‘(.4,C) is a legitimate gener- 
alization of the spectrum of A when A is C*, and therefore A'(A,C), for AE A 
should play a similar role than the spectrum concerning, tor instance, the existence 
of idempotents, representations, etc., and in particular the Gelfand Theory of C*- 
algebras. The rest of the section is devoted to developing a generalization of the 
latter. 

Consider the A-category A and the pair of A-adjoint functors 


The corresponding K-monad in 4 will be called the Gelfand K-monad, denoted 
T=(T.n,u), where A SA. £A = A(A(A,C),C) for any given K-topological algebra 
AGA. The unit id 3 Tis the Gelfand transformation (sometimes called Fourier 
transformation, or even Fourier-Gelfand transformation): A ne A(A(A,C), C). 
If a@€ A, we introduce the notation nA(a) = @, where a(y/) = ¥(a) for any A > Cin 
A. The multiplication of the monad 7T ST, A(A(A(A(A, C), ©), ©). os . 
A(A(A,C), C) has the following action: given A(A(A(A,C), ©), OS Cand A SC, 
then wa(yMW) = (v) where A(A(A.C), C) % C is defined on A(A, C) 4s C by 
uf) = G2). (Recall that, as for any K-monad determined by a paix of K-adjoint 
functors, ud = A(€A(A,C), C), where € is the counit (in K°P). Given XE K,x€X, 
then X £3 A(A(X,C). C) is eX(x) = x, where x(f) = f(x) for any XLCinK.) The 
reader can verify easily that this description of the unit (Gelfand transformation) 
and multiplication of the Gelfand K-monad actually describes the unit and multi- 
plication as intrinsically obtained from the definition of the monad: it suffices to 
go back to the cotensoring isomorphism o of Prop. 2.1, and observe that it is 2 
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restriction of the isomorphism o provided by the closed Cartesian structure of K 
(see 0.13). The continuity of the Gelfand transformation is automatically guaranteed, 
since it is a map in A. Analogously. to the pair 


eo Ker 


A't-,C) 
there corresponds a K-monad in A’, that we also call the Gelfand K-monad. and 
denote by JT’ =(T", 7. u’). 
In order to indicate the overall picture, we take up space to review some past 
examples. 


3.3. Example. If A is a commutative C*-algebra with identity, then T’A = A. We will 
consider this in further detail below (see Prop. 3.7). 


3.4. Example. Assume X EK is completely regular (see [21] } and o-compact, that 
is. X has a countable covering by compact subsets. Then. the locally m-convex 
algebra 4° of all continuous complex functions with the compact open topology is 
metrizuble, and therefore A(X,C) = A®. Assume now that ¢€ A(AP, C). Clearly for 
some compact subset A C X we have | y(f)| <epe( J) where pe (f) = Supt p(k. 
KEK \ Let RC - AIK, C) a we algebra of restrictions to . of functions | m a ie e., 
element of A(R,C). Let ; C R be the kernel oft y: eed if and ae if ae =. If 
for every xEA there isag,€J such that g,(x) #0. then A, = [gy [2 = 8.8 EJ and 
A, is real valued and satisfies h, (x) > 0. A compactness argument shows that we 
can find x1, ...,%,, EA with h = 2hy;>0 everywhere on A. But this means that A 
has an inverse in R and yet ¥(/) = 0. Thus for some x EA we have gtx) = 0 for all 
g&J,. Since J is maximal, the converse follows, and therefore for arbitrary g, 

Ag g(x) 1) = 0. so that Wg) = g(x). This proves that 4’(A b C) can be identified at 
the level of sets to Y. However, if X is completely regular (and X € K}, the topologies 
also agree and theretore A'(A®, C) =X. It follows that for these X, T’ACX, C) = 
A(X, C). Observe that this equality follows from the immediate result A(X,C)= A> 
and Cor. 3.10. However, we have proved something stronger, namely that 

X = A'(A(X, C), C) as topological spaces. 


3.5. Example. Lei S be a set and A = Ke/™(S),, (notation as in Ex. 1.3), From 1.3.4 
follows easily that the family of functions in A with finite support (i.e., vanishing 
off a finite set) are dense in A. Then, if pEA‘(A,C) and y is not zero, we must have 
Wa, )#0 for some s€S, where a,€ A is the function a,(7) = O if ¢ #8, a,(s)= : 
Since a: =a,, clearly p(a,)= 1. If a&A is any element, we have a,(a - a{s)1) = 

so that y(a — a(s)1)= 1, and therefore y(a) = a(s). This shows that A'(A,C) = - 
whence T°A = T' Kel™(S), = Ug C #A (in A). In fact, T'T'A = T'A. This follows, 
in case of § countable, from Ex. 3.4 above. In general it can be seen that [Io C 
satisties the cunditions of Prop. 3.9 (see [31] Th. $.2) and therefore Cor. 3.10 
applies. 
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3.6. Example. This is a continuation of Example 3.2. X denotes again the space 
X= [I,2QyEek. Since 4 = A(X, C) is algebraically samelie (vie (~~ /P) to the 
C*-algebra A(X, C), it follows that the linear multiplicative tunctionals yon A are 
the following: ¢ = 9, detined aso (f= f(a) for some gE XY, which are obviously 
continuous, or g= 1, which according to 3.2.1 is also continuous. Thes 
A'(A(X,C).C) = BX. Since BX is compact, B = A(BX, C) is a C*-algebra, and there- 
fore A(B, C) = BX again. In other words, we have T’'7"A'([1, 2), C) = TA‘, QD.) = 
A'({1, Q].C) = AE, Q).C). This last equality follows since both sides are algebra- 
ically isomorphic (via f ~~ f"), and this forces 4 and 4(eX,C) to be mutually 
inverses of each other. We have then that Ked® is the C*¥-algebra A'([1. QC), 
which indicates how substantiaily the A-ation functor changes the topology of a 
locally a-convex algebra. To add the semi-norm q, is an ipiermediate step, that. 
although it makes every functional which ts continuous over compact subsets be 
continuous, still does not constitute a Kelley topology. (Cf. [31] corollaries to 

Th. 5,2 for similar phenomena.) 


eeibd that the Gelland A-monad is the codensitv A-monad of the K-lunctor 
Sa (cf. [10] p. 83), where J is the A-category consisting of one single object 
be dand I1.1)= LEK. A A-functor / > Ais characterized completely by one 
object of A. and vice versa. This holds, of course, for all K-categories, and we only 
for A. Similarly, the Gelfand A-monad in A’ is the codensity A-monad of J SA’ 

Let now C* denote the A-category of commutative C*-algebras with identity 
(see Prop. 1.2). OF course, CEC*. From the remarks made immediately atter 
Example 3.2, we know that for any 4E C*, CPCALC) ts a compact space. On the 
other hand, given any compact space A EK. A'(K, Cis a commutative C*-algebra 
with identity, and therefore, since C* + A’ is a K-full subcategory. CHK, ‘aoe 
A'(K, Chis a cotensor of C with A in €*, s0 that C* has, at least, catensors oC 
with compact spaces. It follows that the codensity A-monad ox / S CP exists, 
which simply means that we also have a Gelfand A tonad in C*. ftas clear that tt 
is the restriction of J” to C*. The classical Gelfand duality (ct. for instance [S$] 
or [28] ) says that this K-monad is isomorphic to the identity ced ce (recail that 
our A(A, C) coincides with the spectrum of 4 € C*, as observed above). Thus, in 
the language of [10]: 


3.7. Proposition. The algebra C of complex numbers ts a K-codense cogenerator of 
the K-category C* of commutative C*-algebras with identity, Q.b.D. 


In fact. for the Gelfand K-anonad T’ in A’ we also have T’4 > 4. via QA, for all 
commutative C*-algebras 4. but it is clear that 7” is not isomorphic to the identity 
on all of A’. 

Consider now the K-category ot T’-alge ar that is, objects 4 Ea provided with 
a T’-algebra eee T'AS A, where a¢7’A =id and Ta a@=p'A a, and maps: 
morphisms 4 & B in A’ making the aaa 
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TAA 


{ 
Ts td 


‘ ‘ 
T Boi eeR 


commutative. Prop. 1.2 shows how 7 -algebras form a K-category. (For a historical 
account and further references concerning these concepts see [12]. the enriched 
version used here is considered, for instance and among other places, in [6] and 
[10].) Denote this K-category by A’ For any Kelley space ¥EK, A’(X,C)is a 
T’-algebra with 


XC 
T'A'(X.C)= A(A(A'Y.€E).0),0) BOR, aK. 


This is a gencral fact [10]. Given any C*-algebra with identity 4, the inverse of 

nA is a structure of T'-algebra on A. which is crivial: We will sav that a T’-algebra 
T'A SA is trivial if @ is a (two sided) inverse of n'A. Very naturally there arises the 
conjecture that all 7” -algebras are trivial. This is equivalent to saying that 7” is 
idempotent 7’7" =.” a eu’ is an isomorphism). It is also equivalent to the fact that 
the K-functor A’? UT, a’, UT (T'A % A)= A be K-full-and-fahful, and, finally, 
equivalent to the (apparently weaker) fact that for any T’-algebra, T’A “ A, all maps 
into the complex numbers A > C in A’ be morphism of T'-algebras (see [10] Prop. 
11.4.6, p. 103). In fact, the conjecture would be true (in general) provided that is true 
for all T’-algebras of the form A’CX, C) with a = A'(eX, C). XE K. Recall that this is 
the case if X is completely regular and o-compact (see Example 3.4 above). If there 
is an atfirmative answer, a simple categorical K-duality could be obtained as we shall 
see in Prop. 3.9. All the concrete J -algebras we have found are indeed trivial, but 
we have not succeeded, however, in proving this conjecture in general, Due to this 
unpleasant situation, we are forced to resort to a considerably more sophisticated 
machinery, developed in [1], in order to go on. The enriched version needed here, 

is actually to be found in {!0]. 

The K-duality produced below will give, as a byproduct the result that every K- 
topological algebra A satisfying the equivalent conditions of Prop. 3.1 is of the form 
A = A(X,C) = A'(X,C) for some X EK. If our conjecture above is true, then neces- 
sarily X = A'(A,C). Before going to the general case, we will describe some sufficient 
conditions for this to be so. 


3.8. Proposition. /f A€ A’ satisfies the equivalent conditions in Prop. 3.1, then A has 
a canonical structure of T'-algebra. 


Proof. We know that A = lim A, and that for each p, A, © C*. Therefore each Ap is 


? 
a trivial 7” -algebra. Hence any morphism 4, > A, in A’ isa morphism of 7”- -algebras; 
we can therefore take the limit lim A, in AT (cf. [10] Propositions 11.4.5 and 
? 
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11.4.8). The T’-algebra so obtained can also be described by 


e 3" 0 | 
PA ia Re ae 7a 7 lim A, 
! Pp 
(1) im 3 (b> i"p 
; ; | 
TA, 7 3A, 
(VAp) Q.E.D. 


3.9. Proposition. Let 4 € A’ sarisfy the equivalent conditions in Prop. 3.1 and assume 
furthermore that all morphisms A = C in A are continuous tn the locally m-convex 
topology defined by |p’. Then, the canonical T -algebra structure of A (Pron, 3.8) is 
trivial. | 


Proof. Since A C is {p +-continuous we can assume, after replacing the family of 
seminorms by an equivalent family, if necessary, that vis one of the projections 
A‘B, A, with A, = C. Then, by definition (see diagram (1) above), ¢ 1s a morphism 
of T’ algebras, Thus, any morphism 4 > C in A isa morphism of T’-algebras, and 
Prop. 11.4.6 of [10] applies to complete the proot. Q.F.D. 


3.10. Corollary. A = T'A (= A'(A(A,C),.C)) in A. G.E.D. 


This corollary apphes notably to the case of Fréchet algebras (see [27] ). that is, 
to algebras satisfying (b) in Prop. 3.1! with a countable family {p} and to arbitrary 
products of such algebras (cf. [31] Th. §.2), 

It is clear that A-topological algebras of the form A'(X,C) fora general YE K 
will not satisfy the assumptions in Prop. 3.9 (see 3.2.1 in Example 3.2), and this 
calls for a different approach. But before we describe it, let us observe the following. 


3.11. Remark. /f A © A has a structure of T-algebra a, then A has an identity, Le., 
AEA’. If both A, BEA are T-algebras, any morphism of T-algebras A > B preserves 
the identity. 


Proof. The identity of 4 is a(e) where e is the identity of TA = A(A(4,0), Chit 
ASB inA, Tig) always preserve the identity. Q.E.D. 


Consider then the K-functor 1 S.A’ and its codensity K-monad 7", that is, the 
Gelfand K-monad. The following informal considerations are stated and proved in 
detail in [10], on pp. 135ff. under the heading “Second Relative Completion”. 
The Gelfand K-monad T" determines the K-category A 'T’ of T’-algebras, and 
CE A'T . whence, we have a functor 1 A'T . A'T is a cotensored K-category and 
then we have a codensity K-monad in A 'T’ The cotensors in A’T are (strictly) pre- 


am : . ° 3 
served by A’T =~» A’, that is they are nothing but a T’-algebra structure on 4'(X.0), 
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for YE AK (see the second paragraph after Prop. 3.7), The codensity K-monad in 
AT determines its own K-category of algebras, which in turn, gives rise to a new 
K-monad. and the whole process repeats itself again. After going up in this way an 
infimte number of times (once for each natural number), we have the (inverse ) 
limit of the chain of K-categories thus obtained. This category, due to the complete- 
ness of K. is also a K-category, which happens to be cotensored and “to contain” 
the object C (because C is coherently contained in each of the K-categories in the 
chain). But then we have its codensity K-monad, and this chain process starts again: 
and in this way we go through all the ordinals. The limit of the (large!) chain just 
described (exists and} is also a K-category, call it B, which is cotensored and such 
that Cis a K-codense cogenerator for B: this means that the pracess stops. [t 1s 
possible (and sometimes handy) to think on the objects of @ as being those K- 
topological algebras 4 © A’ which can be lifted all the way up. ie.. which admit a 
structur2 ot algebra at every level in the chain. More accurately, in view of the 
possibility of different liftings. they should be considered as K-topological algebras 
together with a structure of algebra at every level. /f a K-topological algebra AE A’ 
isa trivial T aigebra (e.g, a commutative C*-algebraj then it admits a unique lifting 
all the way up. This is essentially due to the fact that the inverse of n'A provides a 
(forced) lifting into A’? and that for the object so determined, the K-monad in A’T 
is also trivial. This phenomenon is preserved in the steps corresponding to limit 
ordinals, too. We can summarize as follows: 


3.12. Theorem. There is a K-complete K-category B and a K-faithful K-functor 
B->A which {strictly} preserves cotensors and K-limits. Furthermore: 
(a) there is aunique object CEB such that LC=C. the diagram 


ee 
i 
c ; “a — 

A 


commutes, 


(b) Cis a K-codense cogenerator of B, that is, for all B € B, B = B(B(B.C),C): 
(c) given anv AGA’ such that T'A = A via nA, there is a unique object BE B 
such that LB = A; and moreover, for any other B' © B, B(B, B') = A'(A, LB’) via L. 


The proof is to be found in [10]. Q.E.D. 


We have the following corollary: 


3.13. Theorem. 4 K-ropological algebra A € A’ is of the form A'(X,C) for some k- 
space X tf and only if it satisfies the equivalent conditions in Prop, 3.1. 


Proof. We keep the notations of Prop. 3.1. The considerations made before Prop. 3.1 
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justify the “if” part. Assume now that 4 = lim A,,. From (c) in 3.12 there are (unique) 


p 
.and we can take the limit 8 = lim B, in B (see Prop. 3.8). 
P 
Since L preserves (strictly) limits, LB = A. On the other hand, it follows from (b) in 


3.12 that B = B(B(B.C),C ), and since L ( strictly ) preserves cotensors, we have 
A= LB LB(B(B.C), C)= A (B(B,C), LC) = A'(B(B,C), C). Thus, A = A'(B(B.C),C). 
and the proof is complete. Q.E.D. 


B, © B such that LB, = Ap 


Similar statements establishing functional representations for topological algebras 
can be found in [27] Theorem 8.4 and |19] Theorem 5. The result in the last 
corollary gives an isomorphism with an algebra of continuous complex functions in 
its natural Kelley topology, so that, in a sense, it can not be improved. However, if | 
we adopt the customary standpoint of considering an algebra satisfying (a) and (b) 
in Prop. 3.1 qua locally mt-convex algebra sather :han as an zlement of A’, the bi- 
jection A = A'(X,C) is no loager a homeor.orphism for the locally ai-convex topo- 
logies on these algebras, but only continuous as A'(X,C)-> A: this accounts for the 
unpleasant asymmetry in the main result in [19]. 

it can easily be seen, following the proof of Prop. 3.9 that the functionals 
A*» C which are continuous for the locally m-convex topology {p }, can be lifted all 
the way up, or equivalently, they are morphisms at all levels, and theretore every 
such functional determines a point of X = B(B,C). This means that XY contains the 
classical spectrum of (A,{p}), but might, a priori, be larger. 
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introduction and preliminaries 


We consider the following problem: Given a functor /:W > 3S (where oS = sets). 
tind the equational completion of /. That is to find an equational vategorv ST to. 
gether with a factorization of / through the underlying set functor (as 9% > gis 
cS). which is “best possible” (so that if M%— 5S fo = ¢ is another such factorization 
of / there exists a unique Up: fT To which makes everything commute). The 
existence (and a precise definition) of the equational completion if given by Linton 
{15} who shows the class of #-ary operations for the completion of / can be regard- 
ed as the class of all natural transformations from / to / where n © 3. Thus the 
problem becomes, given /: 0% cS, find some way of obtaining enough information 
about the natural transformations from /" to / so that a reasonable description of 
ST can be given. A straightforward approach using the definition of a natural trans- 
formation is generally difficult because there often are many horribly infinitary 
operations for the equational completion. For example, if 9 = finite sets and 
1: > 3 is the inclusion functor then a natural transformation from /” to / corres- 
ponds to an ultrafilter on 7 (and the equational completion is the category of com- 
pact Hausdorff spaces). If = fields the completion is the category of products of 
fields and continuous ring homomorphisms but the operations are difficult to des- 
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cobe usefully. (We do not Know how to describe the category of algebras that results 
i one considers only the finitury operations.) Another difficulty with, sav. simply 
making a fist of natural transformations fram /” to / for various arias that tis hard 
to tell when one has listed encugh operations to determine ST One can frequenth 
lind enough operations to determine a subtheory Ty of Tsuch that every M © WN 
has the structure of a Tiy-algebra. the Tg-homomorphisms ate precisely the adims- 
sible homomorphisms (in 3F) between members of “Wf. and such that the Ty-sub- 
algebras and finite products will exactiv determine the behaviour of suhobyects and 
finite products in SF of (itted) inembers of VW. However Ty might stili be much 
smaller than PF. (kor example if = tinite groups, J the obvious underlying functor, 
then T,, = the theory ot groups has the above properties, but the completion Pas 
the theory of protinite groups. ) 

Nonetheless once such a subtheory 7, has been found (et. the detinitions of 
wparating triple and of normal separating triple and the procedure in Example 4.7) 
then one can often midke effective use of a topological approach to ST based on 
triples and embed ST in the topological F,,-algebras . 

Fairly complete descriptions (Theorems 3.1. 3.2 and 3.3) 0 STasa subcategory 
of topological Ty-algebras are given if each MG Wis finite or sausties a descending 
cham type of condition. In these cases SV is related to the Pro-objects for WC (which 
are brietly reviewed in Section 2). Examples involving pseudocempuct rings, modules 
and algebras and the case W= countable sets show that the tapological approach 
works Well in specific cases tou, 

The equational completions that we shall examine turn out to be varietal. hence 
arise from triples on cS. Ht cS Fas the completion of 0 -+ oS we shall regard T as 
a triple (rather Chan as a varietal equational theory) in which case Tis the mode! 
induced triple ansing trom /. WO J. (This follows trom the argument sketched 
below and tront the results of {1 ] where the dual notion, of a model induced co- 
triple is defined. These triples are calied codensity triples in {14} and their relation: 
ship to equational completions is there established in a general setting. Therefore 
this paper gives some techniques tor computing examples of the categories of alge- 
bras discovered by Linton, Appelgate and Tierney when we consider relatively 
specific cases. Incidentally we shall also relate ST toa model mduced triple over 
Top (© Topological spaces and maps).) 

Let us recall that it T= (7.1. a) is the model mduced triple for /: WC > 3 then 
Pany= tim fon fod | where a & cf and (1, /) ts the comma category of all func: 
lions a -> /(M) where M ranges over the class of madels (Le. objects of 4). The 
tunctor (a, J) > 3 assigns /(AL) to the function a > /(M). (This limit exists iff T 1s 
well-defined iff / ts tractable (ie. the collection not. 2", 2) is smally aft the equational 
completion is varietal, A practical test for /: WW > Sto be tractable is given in the 
discussion preceeding 1.3 below.) For each ga 7M) in Ga, 7) we tet 6g): Tan) = 
HM) be the corresponding projection. Then 7 and w are defined by <g)n = g and 
(gm = Ged. Ufo m then TOf pis detined by ¢g) TOP) = (gf. Moreover every nat- 
ural transtormation A 2" +f gives rise to XA © Tr) where (ge) (A) = Ag (2) for 
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gon ~/7(M), that is for g © 7"¢M). Thus every such natural transformation A gives 
nse to. an wary operation A of 7. This correspondence in one-one and onto and ius: 
trates Why the model induced triple gives rise fo the equational completion. (We 
shall generally speak of v-ary Operations of triples when strictly speaking we mean 
an n-ary operation of the corresponding varietal theory.) 

In general if Tis a triple on of then the statement (4.0)¢ Al or (4 Oyisa T- 
users means that 4 © s€ and 0 :7(4) > 4 ts a structure map. The morphisms of 
A* shall be referred to as T-homomorphisms or as morphisms of of which are ad- 
muissible. WT, tsa triple over sets then a topological Ty-algebra with a topology 
such that the aeary operations are continuous, using the product topology. 

We shall use the term “limit™ to reter to generalized inverse limits (ie. the lott 
roots in [6] ). For emphasis, limits in 51 shall sometimes be called T-limits. Limits 
in Top shall sometimes be referred to as Top-limits. We sav that a small category D is 
filtered W doe © Damply there exists ¢ © D and morphisms trom ¢ tod and trom 
ctoe, Also if f.2@ © Dtc. dy then there exists 4 with f= eh. A filrered diagram isa 
functor Whose domain is filtered and its limut is a filtered linus. (Aside from the use 
of contravariant tunctors in [2]. this definition is effectively equivalent to the defi- 
nition of filtered limit in {2}. Tf o€ ts a category then ef@P is the dual category and 
AX. Y)is the set of morphusms from ¥ to YoU Xs an object of ef then XV also de- 
notes the identity morphisin in ACY, WX). Uf of and *B are categories then (at B ) de- 
notes the possibly dlegiamnate category of functors from xf too. A subcategory of 
of Bis reflective if the inclusion functor sf > -B has a lett adjoint. (This tollows 
Freyd [6] 2) A morphism is a split epi it it has a right inverse. The term quefttent map 
is always used in the fapedogical sense. Parentheses in expressieas such as 7 @2) are 
sometimes onnitted when they are not needed particularly in complicated tormulas 
(when only the ctucil parentheses are included). 

The authors would hke to express their thanks to Michael Bar’ tor a stumulating 
seminar on triples given at McGul University. Among other things he posed the 
problem of finding the equational completion of the category of tields. We also 
wish to thank Myles Tierney tor a helptul conversation concerning pro-ohiects and 
“M-obyects. 
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Notation. From here on 7: WC cS shall denote a tractable functor and T= €7o 4.) 
shall be the model induced triple on oS. The category ot T-algebras shall be ol 
with Cp: ST § and hyd od T the underlying and free functors. 

Given Mf © OM then /(M) < SF shail be defined by the structure map 
(7M). TIM ~ IM (here IM denotes the identity map on 7 this notation ter tden- 
tity map is used throughout). This defines the lifted model functor /: WT > fF 

If there is no danger of confusion and if M € ‘77 we shall also use VF to denote 
WME Sand MMe ST. 
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The topcloev ona T-algebra. Let EOC Then TA) can be topologized by the 
smallest sopology rendering each (2): 707) > VM continuous, when each MV is given 
the discrete topology. (Thus the S-limit. 707). is regarded as a topological limit of 
discrete spaces. : 

or Oye ST (so that 6.701) +n is the structure map) we define GQ, @) as 
the quotient topology induced by @. Then @: fl Top ss easily seen to be a fune- 
tor. Let &: Top + od be the underlying tunctor and D: of ~ Top the left adjoint. 
which assigns the discrete topology to a set. Let 1p) -O% > Top be detiaed by 
Ip = = DIiM= Qi yand let T= (7.7, #) be the model induced triple or Typ. Let 
U Topt > Pop, Be Top > font | ied {Gee Topt be the obvious tunctors. For con- 
verience. it Ve Top and 2: ¥ > Vis continuous (that is g@¥ -+ byt Mi) we let 
le]. TiN) M be the corresponding projection which _— Tr XY) the limit of 
OY Lp doe Top. There exists a comparison tunctor ¢: Top JSF since the adyount- 
11 Ss r Die generates the triple Finally. a Af & Ot we shall also a M ta de- 
nete fpf ce Top and T(MVe Top! (as well as J E Sand (0M © SE) so long 
as the context makes the exact meaning clear. To summiarize the above and te re- 
cord some immediate properties of Q we state: 


1.1. Proposition. (We suggest drawing a diagram of the above CUICRONES and functors. 
kor clarity the Calegn¥ Mand the functors f, eB i py and fy and i mukcht be onutted. } 

(a) yea U and oF ‘D> ky and vy preserves limits. 

(b} QO preserves quotients ¢meanine that if fA > Bits an onto T-homomorphism 
then O(f is a quotiert map in the topological sense |. 

Y preserves the topology of TU) (meaning thar Q( 7, wis the heiit topelogy 
om Traomentioned above). 

However, Q need not assign the relative topology to a V-subaleebra nor does O 
generally preserve limits nor is Og necessarily equal to Uo We can say that (lim Ay) 
is at feast as laree (has at least as ae open sets} as Top-lim Q(4,). that Ow Yvis 
at leest as large in U(X) for X¥ © Top' and that Q(A) its at least as large as the relative 
topology on A induced by Q(B) if AS Bisa T-subalgebra. 

(cy df ¥ © Pop then JAC Ay). TUX > TX defined by [|g] X= (Ug). Then d is 
continuous and can be regarded as a natural transformation from QFyU > Tif 
(VOVET opT then e(X. 6) = (GX, Ody). Moreover if X is discrete then dy is the 
identtty. 


Proof. (a) follows from the construction of vy. see [4]. 

As for (b) we first note that w: T7(1)-> T(n) isa quotient map as it ts split epi in 
Top with 7(n) as right inverse. Thus Q(7n, «) has the limit topology. Now it 
PUA, A) > OY. was onto and admissible then f0 = Y 7fand Tfisa quotient map 
(intact 7p is split epiin Top as fts split epi in cS). Thus f@ is a quotient map and 8 
Is continuous. $6 fis a quotient map. 

Next Q(lim A.) has at least as many open sets as Top-lim (1A ,) as the projections 
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are Q-continuous. Similarly the @ topology on -4 ts at least us large as the relative 
topology as the inclusion -l-+ Bis G-continuony, 

Finally let x =(Y, Aye Toot By (0), SCV O = (UK ONG) Clearly ON ts con- 
tinuous trom POX to OXY. Hence OSX. 0). the space with the quotient topology 
induced by UA, has ut least as many open sets as LX. 

(c) Since 7: OK + FOX is a tront adjunction there is a umique A: TON + TX 
which ts T-admussible and satisties Aq = 7. Note that fg] A = (Ue) follows. Also #A 
is the structure map of (VY, @)as dX as Teadmussible and G2 = Y. 


1.2. Proposition. (Connmmuaity of the operations. } Let Ty, be anv equattonal theory 
gencrated by some finttary operations of To Then: 

Cadre. aye SP and ip ak | LTEN | A > NA is a queatient map ‘berween the 
product topotogtes; forall finite A. then dX, Oy with the Q topology, isa topological 
VT -aleebra. sin general, products of quotient maps need not be ywotieur mapy. 
However of To admits @ greup operation or if every model ts finite then 08 wil he a 
Guouenl Map. ; 

(bb if uous ager A-ary operation of T. fork fitite, and ip Ac ST phen w is con- 
tinuous tram OCS) > OCA) Owhere AS is te product algebra in ST Note thas 
OCAA ) may fail to be OVA 5 

(c) Each T-alechra isa topological Ty-algebra using the C-ropology, und ts 
Hausdortf. 


Remark The untinttary operations ot Pare usually not continuous. 


Proof. (a) FUN) a8 always a topological Ty-algebra as its a topological and algebrare 
himit of models which are (discrete) topological Ty-algebras. Thus the operations of 
Ty are continuous trom [TeX] * to TCX). 14 tsa quotient map then clearly all 
Ty-operations are continuous trom X4 + ¥ (by the naturality of operations). 

It T admits a group operation then a well known argument shows that @ 1s an 
open mapping. (Usually the argument is stated in the presence of Hausdortiness 
which however is not needed.) If @ is an open onto mapping then @* is a quotient 
map for all x. 

If every model if finite then the Q topology is always compact. Hausdortt (as 
shown in the proot of 3.1) and every continuous onto map is closed hence 4 quo- 
tient map. 

(b) Notice that there exists a continuous map from T(AK) > [TCA whose 
projections are 7. AX -» 4). But every A-ary operation gives rise to a continuous 
map trom T{A \K + (A) [as in (a)] hence there exists a continuous map front 
T(A*) -+ T(A). By taking quotients one can readily show that the operation ts 
CONTINUOUS trom O(-. Vy to Q(-A). 

(c) Let (X, 0) be a T-algebra. where 0:T(X) > ¥. Then 0 induces a Ty-structure 
on X (which coincides with the underlying Ty “Structure of CV, 8) see a similar 
discussion in 1.4). Moreover C(@) is split epiin Top as 7 is continuous. Hence and 
OA are quotient maps tor all A and the above arguments apply. 
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Since 0 is splitepi. UEY) is topolegically equivalent to a subspace of 7 (4) hence 
is Hausdort?. 


Definition. T, = (1. 1g. Ua) is a separating triple tor 1: WC Sit each model has 
the structure of a Ty-algebra: the models are closed under the formation of Tp-su’- 
algebras and the maps between models are precisely the Ty-homomorphisms. In 
more precise terms T,, is a separating triple for / if / factors as WS *0 > od where 
“M--~ SV0 embeds Was a full subcategory closed under the formation of Tp-sub- 
alpebras, and where Slo + Sis the underlying set functor. 

We say that Ty 1s fiirary it the corresponding equational theory is (i.e af it ts 
generated by the finitary operations). 


Notation and remarks. If Tp 1s a separating triple and 2 & 3 then we let (1 Mp be 
the full subcategory of (G2, /) consisting of those fin -> Mf such that fa) generates 
Masa T,-algebra (ie. the extension 7,01) + Af is onto). We observe: 

CUyE 7) oa Mf, and fy on Af, are in (a Dy and ite of) > fy Chatis e:M, >My 
and ef; = f>). then e is onto as ifs range contains fy(2) which generates My. Also ¢ 

Is unique as itis determined on f, 07). Thus (7, gy 1s partially ordered. 

(2) (4, Ag is initial in da, Jy and T1) = lim [Cg ~ Sd]. Moreover. (1, Dg is always 
small so T(7) exists hence ¢: WM 3 is automatically tractable if a separating triple 
EXISTS. 

(3) Suppose that has and / preserves finite products. Let f, on -> My and fy: 7M. 
bein (7) Lett). fy) My x AL, be the obvious map. Let Mf be the Ty-subal- 
gebra generated by the range of (f).f5). Denote by fy a fain + Mf the map induced 
by (fy .fo) Then sf, ass © Ay and is the int of fy and fs whenever fy). f> EU1 Dy 
(4) 166 Tn) then the open sets of the form (g) HQ) for g:a > Min dn, Ap and 
m= ee) torm s base for the neighborhoods at ¢. (Since 707) has the limit topology 
these neighborhoods form a subbase at ¢ and they are also closed under finite inter- 
sections in view of the construction in (3) above.) This argument clearly applies to 
anv filtered topological limit of discrete spaces. 


1.3. Proposition. (Consequences of @ separating triple.) Let Ty, be a separating 
triple for LN > 3 (thus Lis tracable by (2) above}. Assume that MW has and | 
preserves fintte products. Then. 

(a) There is a natal map 0.7 )(X)-> TUX) which has dense range for all XE. 
WX. OVE ST men (XK. ONE sto and ts the underlying Ty-algebra of (X, 0). 

(by Uf CY. Gy and (Y. yy are T-aleebras and O(Y, w) is Hausdorff then a T-homo- 
morphism from (XN, &) 10 CY, w)is the same thing as a continuous T,)-homomor- 
phism. 

(c) A ned T,-subalgebra of a T-algebra is a T-subalgebra. 

(d) Top? as co-complete (as well as complete) so. ¢:Top* > sf has a left adjoint 
Moreover tf Qe = © then gis.a full embedding. 
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(e) ff T, is finitary then TopTt can be fully embedded mto the topological Ty 
algebras fusing the G topology /. 


Proof. Since TCY) is a filtered fimit of models over CY, jy (which is filtered by (3) 
above) a basic neighbourhood of ¢ € TY) has the form (2) !}Qn) where m =e) 
and g © (X, /)y. Given g: ¥ -> Min CX, Noy let g: Ty(¥) — M be the extension (so 
eng = 2). Define by (gor = g@ forall g GY. Ay. Since g is always onto, the range 
of f meets all basic neighbourhoods of each ¢ © VV. Thus ¢ has dense range. It is 
clear that f: 7 -+ 7 can be regarded as a natural transformation. Finally we know 
that the underlying T,-algebra of 7 is Ty-lim [OX gy > $l] as limits are pre- 
served. Thus 2: 704) + TOW) and @ are (underlying) T,, -homoemorphisms. More- 
over?) =nsof tiny > X and Oris thereture the structure map ot the Ty-algebra 
underlying CX. 4). 

As for(boe f:0¥, 6)-* (OY, wy isa continuous Ty-homomerphism then J 6 f= 
wT(firso fd = e TCP vas has dense range and QCY. yds Hausdorte. 

As for (cy let CY, 0) be in SP and tet ¥ be a closed Ty-subslebra. Let 
io4~ Mbe the inclusion and wp. TCA) + A the Ty-structure map. It suffices to 
show that the range of @ 7(¢) ts continued in tl. But TQd2 4 = Ory Py = rey, 
hence #7()1, has range in 4. But the range of UPC )24 ts dense in the range of 
GT a) (asf, has dense range) and Al ts closed so that range of @7/)) ts contained m 
A. 7 

As for (d) we observe that i! OY. @)& Top! then COV. 1) = ¥ is Hausdortt as at 
is a retract (via 7 and 0) of TUX). Also X: FUCK) = TON) has dense range tor the 
same reason that does. Thus by the abowe arguments a C-closed Ty -subalgebra ¢ ot 
a T-algebra isa T ‘subalgebra. Thus Topl has coequalizers tor tf 2.2: ¥ + Z are T. 
gs Yi aa then the set of all e with dense range and eg = ef is a solution set. 
Thus Top? is cocomplete (by [14] ) and y has a left adjoint (by [4] 0. 

Also the above arguments show that a Taian is the same thing as a 
U-continuous T,-homornorphism. So ¢ is obviously tull if Qy = P By construction 
is faithful. 

As for (ey every T-algebra can be regarded as a topological Ty-algebra by 1.20c) 
The anal -g of (b) shows that this is a full embedding. ged. 

We are particularly interested in the case when T,) admits a group operation 
(which will usually be denoted multiplicatively ). In this case A is said to be a Ty, 
kernel of X & "0 if there exists a Tp-homomorphism f with A =f leh) (where | 
wre the group identity). As usual a T)-quotient of ¥ ts an (onto) image of XY 
in S¥o. Thus a Ty-quotient of X can be represented as A/K for A a Ty-kernel. The 
following lemina is usetul. 


1.4. Lemma. Let Tp be @ triple over 3 which admits a group operation. Then the 
notions of Tg-Kernel and Ty-querient are defined above and satisfy the pollowme 
properties 
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(a) Ler X and Y be Ty-algebras and f:X > Y a Ty-homomorphism. If K CY wa 
Ty -Aernet then so ist lA) Uf fis onte and if NX wa T,-Kernel then seis (ON). 

(by PK and N are Ty-Kernels of X then seis KN. 

(co) Let X be a topological Ty-aleebra. Then AU is an open T,-Aernel if © is an 
open Ty-kernel and K is anv Ty-kernel. Moreover if K ts a closed Tg-kernel and if X 
admits a base {U}of open Ty-kernel neighbourhoods of | inen R= OKC ,. 


Proof, Let .\ be a normal subgroup of the Tp-algebra Y. Then Visa Ty-kernel iff 
the equivalence relation, mod N. is a Ty-congruence (ie. 1s compatible with every 
operation of Ty. We are regarding To as an equational theory). (a) is an iminediate 
consequence of this observation, and the argument below. 

As tor @b) det w be an vary operation of Ty and let Ov)... ¥,, band (4)... ¥,,) 
he w-tuples of VY with ox, =, mod AN tor all: (Despite our notation we do mot as- 
sume thatvts tinite.) Then there exist A; © A anda, & NV with, =A, v, torallr 
Petr, =n ¥,. then win) = (r,s A isa Ty -kernel and wiz.) = sty, pas Visa Fi, 
Kernel 

(cds obvious. ceed 


1.5. Proposition. Le: T,, be @ separating tripe with a group operation. Assume thar “Mt 
has and { preserves fintte products. Then: 

(a) The discrete members of ST are precisely the Ty-quetients of models i That 
isif Mis any model and K anv Ty-kernels then MK © S* the pronection M-+ MEK 
isa Thomomorphism, Q(M. K) is discrete and every discrete T-algebra ts of this 
form. } 

(by Lert¥, aye dl y By f.2 the Q topology makes CY, @)a ropalogical group. 
The open T,-Aernets forma basic svstem of neighbourhoods at the eroup identity 
rey, 

Moreover U © X 1s an open To-kernel iff U isa closed Ty-kernel and XU is T)- 
equivalent to a Vy-quotient of a model, which 1s true iff U is a TRernel and XU és 
Tequivalent to a Ty-quotient of a model. 

(c) A closed Ty-kernel of a T-algebra is a T-kernel. 


Remark. If we increase MC by closing up under the formation of Ty-quotients, this 
wil not change 7 in view of (a). and will not change the basic neighbourhoods of 
(b) so @ will not be affected either. Note that the hypotheses of this proposition are 
alsu preserved. Hence we shall often assume that Qf is closed under the formation 
of Ty-quotients in cases when this entails no real loss of generality. Then the above 
statements are somewhut simplified. 


Proof. (a) If M is a model and A is a Ty-quotient of Mf then ALK € ST. the projection 
M > M/K is a Tehomomorphism and Q(!/K) is discrete in view of the Lemma 1.6, 
below. Conversely. every discrete Tealgebra is of this form in view of (hd proven 
below. 
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(by Let. be a neighbourhood of fe Wo Then CV bis a netehbourhood of 
LE TV so there expt Xo Mwah Ker 6 TON). Thus d¢Ker ditbe Nand 
A¢Ker Gi yisan open Fy-kernel as @ is an onte. open muppmg. Phus the open F,- 
Kernels are a base at |. 

Next lec OS V be an open Ty-kernel. Then @ '(091s an open neighbourhood 
or) TOM) Using the tact chat 7OW) is a filtered limit of models there exists 
heX = Man. Ay with Ker ad 0 (0). Since Gras onta, dD WO) asa Ty: 
hernelot Moby tdi Let A = Gee beta Let poi Mew be the projection. then 
pasa Fhomomerpt ism by Ga). Note that Ker pp diy = Oy dsince Ker p dp = 
hy bday PO vand Ree dt 8). Thus © = oc Rerp Go vis a T-Rernel by up- 
piving P4(a} to Fo Hence WO as equivalent to WA as they are both quotients oF 
PN by the same kernel 

Conversely let £ he a closed Fy-kernel with VO) T, equivalent toa T,,-quotient 
of a madel. By Coy proved below. Cina Tehermel so WO SE perp MK el 
be the T,-equivalence where Wo IC By Gan EA is discrete hence fis continuous. 
Since C as closed and since GE Oo has the quotient topolugy. VOY Chis Hausdortt 
Thus by PE 3thh fisa Phomomorphism. Since J is one-one and onto itis a equiv. 
alence. Thus GOV UO) * OUVEA) which ts discrete and © ts open. The other charae- 
terisation of open [y-hernels follows readily. 

(ch Let A be a closed Fy-kermel of WY and fet {€) phe the set ot open Ty-kernels. 
Then A = OAC), and each AC, 1s an open Ty-kernel (hence a Tekernel) by 14th) 
and (co). By considering products at follows that mtenections of Ekernels are T- 
kernels. so A isa Erernel. ged 


1.6. Lemma. Let T,, be a separating tiple and assume that WU has and [ preserves 
tintte peoducts. Let. 8) bea TPalgebra i then (NV, 0) has a topology supplied by Q 
gad an unaderiving Ty-streture: Letty, val bea Tyalgebra and po X + Yan onts 
Ty homeomorphism, Assume that the quouent topology on Y induced hv f ts Haus: 
dortf, Then there exists aunique structure map © wuh TY. ya Talgebra and fa 
Thomomorphism. [necessarily follows that (Y, yi is compatible with UY, sg )and 
that OCY, wv) cometdes with the quotient topology induced bv J. (Note thatin eitest 
this lemma gives sufficient conditions tora Ty-congruence to be a T-congruence.) 


Proof. Since fis.a Ty-homomorphism, wo TQS) = fry. betes Yo X be any night 
inverse of f (so fe = Yoand define y =f Tey Then ary = eg lu iyteb= vo. 
Moreover a density argument shows that 9707) = 78. Using this tact and the facts 
that fane T2(f) are epi (note T7(e) as a right inverse for T7C FY and the tact that 
O18 a structure map it readily follows that y is a structure map. Using 1b. 1b) the 
lemma follows. ged 


Added in prouf The above Lemma (1.6) was independently obtained by Kart Lind- 
blad a student of J.F. Kennison. 
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82. Pro-objects and 7-objects 


The (dual of the) notion of an WCobject was introduced by Appelgate and 
Tierney {1] using “atlases”. An %-object was shown to be the same thing as a T- 
algebra which is a limit of models (by dualizing [1] ). A pro-object for 17% was 
deseribed in [2] pp. 184 166. To within categorical equivalence, the pro-objects 
can be regarded as the category of all small filtered limits of representable in 
(MC, -$ JP (that is certain colimits in (WM. cb )). We shall regard © Pro-objects by 
identifying Af © OW with the corresponding representable WOM, VE (90... 
For emphasis limits in the category of pro-objects shall be denoted by “pro-lim™. 
ly {M, }is filtered then each map pro-lim {.¥,} > M must factor through a proyec- 
tion as pro-lim {4} -* Mf, + M. Moreover suppose that the diagram {.4f, }arises ex- 
plicitly as 3: D + M (where M, = A). Suppose that f: pro-lim A VM has two 
factorizations f = NP; and f= top, through projections p, and p,. Then there exists 
k& Dand dy: Amid): k >/in D such that fy (2) * fy (dab (Conve rsely thus 
condition implies J, P, = Syp;-) From this it ts ca to obtain a purely tormal de- 
finition of the pro-objects as formed filtered Inmits (see [2] ). 

We wish to know when the category of WCobjects is equivalent to the category 
of pro-objects for WC. In this section we show that this question is closely related to 
the question of when Q preserves limits of models. In the next section we give some 
conditions which imply that @ preserves limits of models. 

We proceed to discuss pro-objects and to introduce same detinitions which are 
technically useful. Following [1]. observe that there is a lifted singular function 
5 SE SO SPP ep given hy s(4)= S¥4,). This tunctor generally has Le 
adjoint r and rs gives rise to vs lifted mode} induced triple T = (7. 7.) on st 
(Thus 704) = lim (4,7) ff ] ete. r exists if this limit exists which is true at: mt 
ts small or if there is a separating triple tor /,) We now rephrase our question as 
“When is s a tull embedding of the Wobjects onto the pro-objects or onto some 
special class of pro-abjects?” 

In order tu get a reasonable answer to this question we would like sto at least 
preserve the models. That is s (Af) must be canonically equivalent to the represent: 
able, M(M, - ). This happens precisely when / : WM -> 3S" is full and tauthful (which 
is usually true. tor example the existence of a separating triple guarantees it). When 
/ is tull anid faithful we shall identify s(M) with O0(M, — ) for all models AV 


2.1, Proposition. Let / be full and faithful. Then the following starements are equiv- 
alent. 

(1) 8s fully and faithfully embeds the category of Weobjects into Pro-W (the 
category of pro-objects). 

(2) Avery Weobject N can be represented as N = T-lim M _ where {M , is filrered 
and s (N)= pro-lim s(M,) (recall that T-lim M; is the limit of {M }in S* and pro- 
lim s(M,) is the limit in Pro-W0. 

Moreover, either of the above equivalent statements imply that T is idempotent and 
T reflects « ST ante the M- -Obfects. 


& 2. Pro-obltects and M-odbtecty ae 


Proof. (1) =? (2): Assume thats ts such an embedding. and Jet V be an WOobyect. 
Then s(V)€ Proe so v0) = pro-lim s(Af,) Since ss tull and tarthtul it toilows 
that.V = Tim, 7 

(2) (2) i Masa Palpebra and WG Me then s maps 3 TOY. Af inte the sec ot 
natural transformations from COM, ta S EGY. By Yoneda’s lemma (in ettect) 
it follows that the action of 5 on the hom ser JS TOY, Af ts one-to-one and onto. 
Moreover. if Vas a limit of models and s preserves tis limit then sts still one-to- 
one and onto on the hom set 3S PCY. Vy. Thus (2) implies that $ is tull and tarthtul 
and also that s maps each Wf-obrect into a pro-obyect. 
Finally. Vas an WGobiect and V = Tlim Af with + (V0 pro-lim s G¥)) then every 
map trom Vointe a model must factor through a prorection (as this is trae im Pro W) 
This means that the protections are initial in the comma category EV, 7) so that 
TOND = im OV. 1 = im AL = qed 


Remarks. The next proposttion will extend 2b. We must find some technical re- 
marks and defimtions concerning different types of limits. Recall that a T)-algebrs 
M has dice. for Ty -subaleebras if every strictly descending chain My ~ Myo oot 
Ty-subalgebras is necessarily tintte This is equivalent to the mania condition for 


Ty subalgebras (that every filtered family ot Ty-subalgedras hay a smallest member) 


Remark (7) WT), is a separating Uupie tor Wand it the Weobyects = procobjeets 
(via sd then each Me has dec. for Ty-subalgebras. For assume Af, > My ~ 

are Ty-subalgebras of Mo Let Ma = CAL, and let a. Mi > M,, be the incluston 

We aiso let nO. AL, 7 Mf, be the inclusion tor er Then My = lim Mf, in 

the category of MGobjects. hence also in the category of pro-obypects as Vv dy am equiy: 
alence. Theretore the ndentity map MAD 2° must factor as rn ter seme 
roM,, 7M. (as this as true in pro-obyects.) Clearly Gizran = VM, Gie hence wor and 
M,, must be equalized by some map in the diagram. thats Goran? = ME sane) 
tur some a 7 r(as this happens in pro-obyects) This amphes V4, = 4M, 

We can avoid the dice. ter subalgebras if we wish to establish conditions for the 
weaker statement that Weobyects = Regular pro-obyects (via s ). Regular pro-objeets 
are defined below and trom the largest possible class of pro-objects m Which Wt 
objects can be embedded. As we shall show, given d.c.c. for subalgebras. all pro- 
objects are regular. 


Definition. Le: 7:0 -+ 3 be given. Let D be a tiltered category A diagram 

A. D> Ws regaar it (in adciuen to beme filtered) A (d) is once tor all morphisms 
dot D that is (Ad) as onto fev all such ad). A reetdar domicis the Innit of a regular 
diagram. We are interested in regular limits in $7 and also in pro-ubjects. A regudur 
pro-object is a regular limit of representables (ne. we regard WOES CATS wePY 


Remark (2). 13. D -- Wis regular then we may as well assume that 2 is partially 


ordered with cf att there exists df -*/. Thus it we were to take the dual of D and 
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allow 3 to become contravariunt, then D°P is directed and A would be a classical 
mverse limit swstem all of whose maps are onto. But we do soe do this. All funetors 
and diagrams are covariant here. To prove the assertion note that itd do orf are 
morphisms of D then there exists e with de = d'e hence A(d) = M(d') as Ale) is 
onto. We can thus identify @ and d’ without affecting the value of fim A in ST or 
in pro-objects. 


Remark (3) Let Ty be a separating tnple and let every 42 UC have dice. for Ty- 
subalgebras. Then every pro-object would be regular. Given a filtered diagram 
A.M. for each (ED let MU) be the smallest Ty-subalgebra of AU) which is 
the image of some model S(/) under some map A(dZ) Then A) os regular and 

him A= lim 3’ is obvious for SF and not difficult to show for pro-obyects. 


Remark (4) Let We have and / preserve Sintte products and let T,, be a separating 
triple. Then every WC-object can be represented as a regular limit of niodels. It 
X= hm {Mota © 4}, let My. = lim TM cae FP} tor cach fintre subset FO A. Ler 
My. be the amage of Win My Then {4} is a regular diagram in Wwith Fy < Ky 
te) ~ Fs. and the obvious maps. Moreover ¥ = tim My. 


We need the following definition for technical reasons 


Definition. \ regular diagram (4f;} of models is Tregudar if every projection 

Pp, X > Mois onto where ¥ = lim VW ind Te obviously suffices toler ¥ = lim Af, 
mn Sorin d ©o it Tp isa separating triple inorder to test for T-eregularity.) A T- 
regular diagram is clearly regular. 


bet 7. MM > ST be full and faithful. Then a pro-object Fis a Teregndar preeobiect 
WF = pro-lins s(M,) in CMC oS WP where {Af;} is T-regular. 


Remark (5} The reason fur the above definition is that, as we show in the proposi- 
tion below, the T-regular pro-objects are the largest class of pro-objects in which 
can embed the “MCobrects: Thus we have sharpened our comments about regular 
pro-objects. Also the T-regular pro-objects often have a nice topological representa: 
lion (see 2.4). 


It would be interesting to know tor which triples T does regular imply T-regular 
Itas detinitely not true for all Tas it ts not true for the identity triole (i.e. tas mot 
true tor sets as shown by Henkin in [ 10} ). It is true in compact spaces and in the 
linearly compact triples as can be shown by the arguments in Section 3. We do net 
know If itis true for groups. Collecting our remarks we have 


2.2. Proposition. Asswme thar<M has and | preserves finite products and that Ty is 
@ separating triple. Then: 
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(abl fs -W-objects ~> Pro-objects is an enthedding of the AWCobjects into a full 
subcategory then the range of s is contained tr the Tregular pro-objects and ts pre- 
cisely the Teregular pro-objects iff s preserves T-regular limits. 

(by if {M,} is Tregutar and X = T-lim {M,} then s(¥) = pro-lim s(M,) iff ererv 
map X ~M EON factors as X > M, > M (through a profection). Uf {M i} iS filtered 
thas condition is stil necessary. ) 

(cp Every Wobject is the linut of a TGregular diagram. 

(d)s > Mobjpects > Pro-objects ts an equivalence of categontes Uf the condition 
in (b) holds for all T-regular diagrams, everv regular diagram {of models) is T-regular 
and cach model has d.cc. for Ty-stuhaleebras. 


Proof. We prove (b) tirst. Let 4: D> M0 be T-regular and let Y = T-lim A. Assume 
that every map ¥ > Af MC tactors as ¥ > M, > M ter some 1€ D, where M, = AQ) 
and Wo Af, is the projection. We claim that s (4) takes on the same values (as a 
functor in (0, SJ PP) as the functor pro-lim {s(Mf,)}. This boils down to showing 
that iff, p; = SP, (where «, 7 © Dand p,. pj are projections) then there exists k € D, 
and map dy ka, dy [kK -+ 7 with in Aid, )= JrAtd, ). 

But as 2 1s filtered there exist kK. d,, dy such that A(d, py = p, and Ady dp, = 
p,. Then fy Ady pg = fr Ad, py, and pz is epias Ais T-regular. The necessity in 
(b) as trivial. (c) 18 2 consequence of the construction in Remark (4). As for (a) let 
N= T-lim Mf, and assume s(N) = pro-lim s(M) where {Mis tiltered. Let A= 
image of V under the projection V - Af. Then {M;}is Teregular and V = T-lim {4f, } 
and s preserves this limit by (hb). (The necessary condition tors to preserve (Mf, }im- 
phes the sufficient condition for s to preserve {Af} Thus sCV) isa Fregular pro- 
object. By 2.1 the range of sis contained in the Teregular pro-objects. He the range 
ofs is the Teregular pro-objects and it {Mf} is a Teregular diagram then s (lim Mts 
the limit (in the range of s ) of {s€M))} which must be the pro-lim s (Afb as this pro- 
limit isin the range of 5. The converse tollows from (ce) and 2.1. 

Finally (d) is a consequence of (a), 2.1 and Remarks (1) and (3). qed. 


We shall now relate the above notions to the cause when Q preserves limits of 
models. First we need: 


2.3. Proposition. (Consequences of Q preserving limits of models. |} Let Whave and 
[ preserve finite products and let Ty be a separating triple. Assume that Q preserves 
limits of models. Then: 

(a) T is idempotent and its range, the NCobjects, is thus a reflective subcategory 
of 3 T 

(b) An W-vbject is precisely a closed T)-subalgebra of a product of models. back 
such closed subalgebra is given the relative topology by Q. 

(c) The restriction Qi NGobjects has ¢F as left adjoint. This pair Of adjomt fiarie- 
tions generate Ton Top. Thus there is a comparison factor 


Fawd 


TO M-obtects > Topt 
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Moreover, using ¢ and 7 one can regard: 


M-objects — Top! cst 


~ 


(IOs= 


Proof. (a) Let ¥ = lim, be an’ object and let 7° ¥ > T(X) be the unit of T at ¥. 
By construction of T(X) there exists a retraction 8: T(¥) > ¥. Since 7 and 6 are 
T-homomorphisnis they are Q-continuous hence 7C¥) is closed in the Q- topology 
on TCX). But n(X) 1s dense in the limit topology (by using the type of argument 
used in 1.4). By hypothesis, we see 7.¥) = TCX) hence ¥ = TCX) and T is idempot- 
ent. The rest of (aj is obvious. 

(by Let ¥ Cl laf, EGA be aclosed Ty-subalgebra of a product of models. Let 
D be the class of all finite subsets FS A pertically ordered by Fy > fifth, ~ Fy 
(Then D happens to be filtered.) Given FE 2D let Mf, be the proyection of Y on 
LIA ae F. Leth = Tim (M,,} then we can construct L so thar ¥CO LCI Ta. 
By the now familiar argument. XY is dense in L but X is closed so X= £. Thus X is 
an WC-object. (Note that in view of the hypothesis the topologies on L and ] M 
are unambigious.) The converse is obvious. _ 

(c) Let ¥ € Top be given, Then FLY) ts a T-limit of models and since Qy pre- 
serves limits of models. Og FLX) = TOY). We claim that n: MX —~ 7T(N)is a tront ad- 
tunction. Let V = lim Af; be an -ACobject and let A: ¥ + QCV) be continuous. By 
construction of 7(X) there exists a unique homomorphism /: 7CX) + such that 
Inf (by considering projections). It follows from this proof that T is the triple 
generated by the adjointness between oF and Git M-obyects). Hence the comparison 
function 7 exists. The last part of (c) ts the statement that ¢ is a full embedding 
(which will tollow from 1.4(d) and 2.3(d) (proven below) and that ¢7 18 the inclu- 
sion if W-obpects into oS T But ¢ and 7 both preserve models and both preserve 
lnits (as they are comparison tunctions). Hence gt preserves Weobjects. 

(dj Let (¥. 0)€ Top®. Then TCX) has an unambigious topology. 6. TOY) > ¥ a 
a quouent map (onto the € topology) since On =X. Bu t@ in O-continuous so every 
Q-open subset of XY is U-open. On the other hand 6A is U-continuous, bur by defini- 
lion is 4 quotient map trom 7CY) onto OLY. OA) = Oe (XY. 0). Thus a C-open subset 
is G-open. qed. 


ax 


Definition. Let Ty be a finitary triple over S which admits 4 group operation. Then 
the notion of a complete topological T,,-algebra is clear (using the usual notion of a 
complete topological group). 


It Wis any collection of (discrete) Ty-algebras we sav that the topological Ty: 
algebra. ¥. is “W-generated it X has a basic system of neighbourhoods {CU }atl 
such that each (, is an open T,-kernel and X/U\, is algebraically equivalent to a 
member of WC 
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2.4. Lemma. Ler MW and Ty be as in the above definition and assume thar MW has 
and I preserves finite producis. Then the category of T-regular pro-objec ts is equiv- 
alent te the category of Greeular iimits fin the category of topological Ty -algebras} 
of discrete models. This is preciselv the categorv of complete. Hausdorff, WCgene- 
rated topotogical Ty-algebras. 


Proof. Let {Mj} be a T-regular diagram of models. Let tim Mf, be the limit in topo- 
logical T,, “algebras (so that it has the limit topology). Let f: lim Af; VW be a con- 
tinuous Ty-homomorphism. Then Ker f is open so there exists a projection p,; with 
Ker p, = Kers (as {Ker p, }is a base at 1). Thus factors through p, as p; ts onto. 
The proot of 222(¢b) now applies. . 

IY is complete and Hausdorf? and has a base {Up of open Ty-kernels with 
KeU, & Methen (VU } asa Teregular diagram whose limit is ¥. qe. 


2.5. Proposition. Assume thar WM has and | preserves finite products. Let Ty bea 
finttary separating triple which admits a group operation. Further, for conventence 
fsee 1.5} assume that the models are closed under the formation of Ty -quertients. 
Then: _ 
(a) The T-regular pro-objects is equivalent t: the category of complete V-algebras. 
(bv df @ preserves lonits af models, then the following five categories are canon 
cally equivalent (see 2.2, 2. 3(c) and (a) above }- 
Neobjects = complete T-algebras 
= complete, Hausdorff T-algebras 
= TLregular pro-objects 
= camplete, Hausdor{f, Wegenerated Vy-aigebras. 
(co) Conversely, if Neobrects = Teregular pro-objects ivia ss then Q preserves 
limits of mtodels. 


Proof. (a) The proof of 1.5(b) can be applied to show that all T-algebras are Wt. 
generated (the additional use of 1.3(e) makes this easier to see)..By 1.3(e) and 2.4 
and the observation that all models are T-algebras and that Top ® has all limits, 
which are preserved by U. (a) tollows. 

(b) It easily follows from 2.4. 1.3(b) and (a) above, that all tive of these categories 
are equivalent to the category of complete, Hausdortf. W-generated tupological Ty- 
algebras. That these equivalence are “canonical” follows from noting that all of the 
equivalence preserve the models and limits and the topulogy (by 2.3(d) and the fact 
that Q and U preserve topological limits of models). That the WCobjcets are equiv- 
alent to the T-regular pro-object via s follows from 2.3(a), 2.2 and the proot of 2.4. 

(c) Conversely, assume that the WCobjects are equivalent to the T-regular pro- 
objects via y. Then the condition in 2.2(b) holds for every T-regular diagram. 

Now let ¥ = T-lim {Mf . Claim that OCY) = Top-lim {af,}. We may as well assume 
that {M, } is T-regular (as we can replace {M;} by the diagram {Af,,} used in Remark 
(4) without changing Y or the limit topology. By canstruction {M',-} is P-regular). 
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By 1.5(b). OLY) is the smallest topology rendering each T-homomorphism X + M 
continuous. By assuinption each such ¥ ~ Mf factors as ¥-+ Af, + AP where XM, 
isu projection. Hence Top-lin {M, brenders cach such VY +A? continuous and the 
claint follows (e.g. by 1.16b)). qed 


83. The compact and linearly compact cases 


Definition. Following Manes 16. p. 104) we sav that a full subcategory BG ST is 
a Birkhoff subcategory af ST if Bis closed under the formation of products, P-sub- 
algebras and T-quotients. Manes proves that Birkhott subcategones are tripleable 
over JS. Conversely. if ST isa full tripleable subcategory of SV and if the induced 
map TEV)? TX) is onto for al ¥ then SV ys a Birkholt subcategory. From an 
equational point of view, a Birkhotf subcategory is determined by equational iden- 
tities (so that the Birkhotf subcategory is the class of all algebras satisty ing the iden- 
tities). In the category of rings, for example, Uie subcategory of all commutative 
dings is the Burkhoff subcategory determined bv the identity xy = ry 


3.1. Theorem (rie compact case) Let WUhave and } preserve finite products. Let Vy 
he a tinttary separating triple and assume hat every niedel ts fintte. Chen SV is tite 
vnallest Birkholt subcute@ory (containing the models eof the compact, Hausdorff 
Ty-algebras. Moreover Q preserves lone and Qe = © hence c tva full embedding. 
finatly: 7 

Nt-ohpects = Pro-obiects © T op? CST 
[tT admits a group operation these categones coincide 


Proof. Since the category C of compact Hausdorft Ty-algebras is equational Gsee [fo]) 
and contains the models. there exists a linut preserving forgetful tumetor b- jf ¢ 
(by definition of the equational completion or since every operation of C ts an ope: 
ration of $y) WY, OE ST then Me): V(X) > FX is a closed mapping hence a 
quotient map so the C-topology on FY is precisely QCY, 0). Thus. by 1.3¢b), Fis 
full embedding. Moreover if Ay oS > Cis the tree functor then by Tc) the cano- 
nical map F&-O¥) > TOV) is dense hence onto. Thus ST is a Birkhott subcategory 
and clearly the smallest one containing the models by the tact chat $V is an equiae 
tional completion. By [.1(b) the Q-topology ona Tlimit is at least as big as the 
topological limit but both are compact. Hausdorff hence they coincide. Thus Q 
preserves fimitso Oy = O by 2.3¢d) and gis a full embedding by 1. 3¢d). 

It remains to show that Weobrects = Pro-obiects in view of 2.30). (The state- 
ment concerning the case when T, has a group operation is a spectal case of Theo- 
ren) 3.3 proved below.) Using 2.2¢b) let My be Teregular and let Y= Flim 4. Let 
fo ¥ + Mi be given. bach v © Y has a neighbourhood of the form pS Ga yon which 
fas constant as M7 ts discrete. Using conypactness and filteredness there exists a pro- 
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lection p,; such that fis constant on all sets of the form P, hant), Since p, isonto, 
ftactors through p,; by considering congruence relations. 

We shall pursue 2.2d). Note that T is idempotent by 2.3(a)and dice. tor Ty 
subalgebras of models is trivial as all models are finite. Thus it suttices to show that 
if MM, is regular then tt is T-regular. By a previous remark we may ds well assume 
that é varies ina filtered, partially ordered set. Let Y= T-lim Mf, and let p.0.Y >, 
he the projection. Regard ¥ ©] [4f, and let p,:1 [Af, + M; be the projection for the 
product. For each ¢°M, > My in the diagram, let: 


a = {y el Ly, id pity) ~ Pp (r)} . 


Then Ay 1s closed and we can regard Y= Ay. Let ig and m CM, be chosen. 
Then (py) Tanya 4, has f.i.p. (as can readily be shown by using the fact that 
the diagram is tiltered). By compactness of M, there is an x in the intersection so 
VEO A, = X and py (x)= mt. Hence the projections are onto. q.e.d. 


Definition. Let Ty be a finitary triple over sets which admits a group operation. 
Then a Ty-Kernce? cases is a set of the form Ux where U is a Ty-kernel. The notion 
ota fepotlogical Ty-algebra is well known. A topological Ty-algebra ts larearly com: 
pact if every tamily of closed Tq-kernel cosets with f.i.p. (finite intersection proper 
tv) has non-void intersection. . 


Notice that a discrete Ty-algebra ts linearly compact it it has d.c.c. tor Fy-kernels. 
The converse is not true (see [E8]). The term “pseudocompact” is used tot a special 
case of linear compactness in [5]. 


Definition. T, is a normal separating triple tor 1: WO S$ it Ty ts a fimtary triple 
with a group operation: the models are closed under Ty-quotients isee 1.5). and WI 
has and / preserves finite products. 

1: -» 3 satisfies the larearly compact conditions (abreviated LCC) with respect 
to Tg if Ty is a normal separating triple and each Af € Wis linearly compact in the 
discrete topology. 


Definition, Let Ty admit a group operation. Let 9 be a given ciass of (discrete) T,)- 
algebras. Let Y be a topological To-algebra. Then JW ts strenely  W-generated it itis 
M-generated and if A © X is open whenever A is a closed Ty-kernel with XA alge- 
braically equivalent to some M EM, 


Remarks. Linearly compact modules have often been examined in the literature 

(e.g. see [5, 12. 13, 18], however their tripleability properties over d and sometimes 
Top seem not to have been established before). It is conventent here to list some of 
the elementary results that extend to the general case of Ty-algebras and which are 
useful below or in considering examples. 
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(1) Discrete linearly compact Ty-algebras are closed under the formation of finite 
products and Ty-quotients, but not necessarily under the formation of Ty-subalge- 
bras. (in fuct, intinite nested intersections of linearly compact F,y-subalgebras need 
not be linearly compuct.) 


(2) Hausdort? linearly compact Ty-algebras having a base of open Ty-kernels at | 
ure closed under the formation of regular limits and arbitrary products and Ty-quo- 
tents (by closed T,)-kernels). 


(3) 0f Wis any tull subcategory of discrete linearly compact Ty-algebras then, 
lor WM-generated, Hausdortt topological Ty-algebras, completeness is equivalent to 
linear compactness. Also the complete (or linearly compact) Hausdorft Wegenerated 
topological T),-algebras are category equivalent to the regular proeobyects for W 


These remarks can easily be proved either by generalizing the proofs in {t2] and 
[18] or by using the methods in this section. We shall however sketch the prools, 
It 4 and # are discrete. linearly compact Ty-algebras, let F he a maximal filter of 
Ty-kernels cosets of A X B. Let Fy ={pa(PyiF € F}. There exists aE 0 F, hence 
py 'ay& Fas it meets all members of F and F is maximal. Similarly there exists 
bE B with pp MhVE F sola. HVEN F. Thus AX Bis lineany compact. A similar 
argument (replacing py) by its closure) can be used to prove (7) Alternatively 
one can generalize the proot of 3.13. Most of (32) follows trom 2.4 (that regular lim: 
its are T-regular is essentially known and also proved as 3.) } below). That linear 
compactness implies completeness follows since maximal filters containing small 
sets have subfilters of closed Ty-kernel cosets. 


Remark, Several of the other interesting properties for linear compactness (ch ES} 
can be generalized to Ty-algebras. Also some of the leminas below such as 3.9. 3.10. 
3.12 and 3.14 can be generalized to Hausdortf linearly compact Ty-algebras having 

a base of open T,-kernels. 


3.2. Theorem (the linearly compact case). Assume that]. We» satisfies LOC with 
respect ta Ty. Then: 

(a) 5 Fis equivalent (using the Q- topology } to the category of strongly “M-gene- 
rated complete, Hausdorff V,-algebras. Every member of $7 js linearly compact. 
Moreover T is the identity triple on ST so that ST = i iDpects. 

(hy Top! = Regular Pro-objects, Alternatively, Top* is equivalent fusing the U- 
topology) to the category of M-generated complete Hausdorff Ty-algebras. Every 
member of Tapl is linearly compact, Note that we can regard gic Top! © 
Top T-algebras. in this case p: Top* + Slisa coreflective functor (that ts the right 
adjoint of the inclusion $1 > Top!). Explicitly ¢ preserves the iii T,-al- 


4 gebra structure and simply inereases the number of open sets. If X & Top* then 


‘a 
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the set of all closed Ty-kernels K such that X/K ts algebraically a model becomes a 
hase atl for g(X). The case when ze category equivalence ts discussed tn 3.3. 

(co) 4 isa Tesubaleebra of ¥ € at Uf Aisa closed Ty-subalectra (in the Q-tope- 
logy). (QUA) may presumably fail to be the relative topology, but see 3.3.) 


3.3. Theorem / the d.c.c. case}, Let Ty be a normal separating tripie tor 1°Mt> 3. 
Assume that each model has dice. with respect to Vy kernels (titus LCC is satisfied) 
Then (in addition to the results of 3.2): 

(a) gis a category equivalence. 

(b) Q preserves all limits. : 

(OU AS 2 IS @ ae bra then OCA) has the relative topology. 

(db Oy = 0. (Thus st is tripleable over Top via Q ) 

(¢) WPA ~ Bisan ont Ehomomorphism then {admits a continuous secon 
(that is O(f) is @ splirept} This was proved by Serre [17] for pro-tinite groups and 
by Brumer [5], for pseudocompact modules (see Example 4.3). 

Moreover if Ty isa normal separating triple, then (b) and (oi together mply the dc. 
OSS POM OW Ty-Kernels This i.e.c. assumption ws, in the preserve of LOC equi- 
alent to Ca). 0b) and (d). individually. 

The proofs of 3.2 and 3.3 shall be postponed until we establish some femiumas 
concerming certain regular limits of models For technical reasons we setup the tol- 
lowing notation and definitions. 


Notanon, In what follows 2 shall always denote a small, tiltered. partially ordered 
category and A. D+ shall be regular. [tg © D then we generally let Jf, = Ace) 
and if @< Ain J) then the induced map M, + Mf, shall be denoted as 4 (g, Att or just 
Sat there as no danger of contusion. 

The canonical projection lima +.M, shall be denoted by (e>. This extends the 
notation for the important case where D= = (¥, Jy and Dis chosen so that 
ima = TCV) ete. 


Definition. Let 4: D> be as above. Given g, hE D anda © M, we se 
ks Sg. hand fet 8, =5(kK, hyand&, = 4(k, g). We define 7, , (a) = 5518, Nay) 
Then Ty 4a) M, ts indepencent of the choice of &. (For BEM, isin zy abit 
there exists ¥ € M, with 6,(x) =a and by(xp= bk S& then the re eXists such 
anx EM, iff there exists a suitable wv & M, as 5M). ~M, ts onto. Since 2 ts til 
tered, given Ay and & there exists kis Ay. A> and the independence of the choice 
of k is obvious. ) 

We note that if € € lim Sand (29(¢) = a and (g)(¢) = 6 then bE 7, , tat. We shall 
establish a general result which proves the converse. 


Blt 


Definition. Let 4: D > “Mbe as above. Then (Hf. ¥) is a A-prescripnan tor simply a 
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preseription) Ww H© D and if y1s.a function such that yy € M, tocallAe H. We 
call 4. ¥y) a subpreseriprioen ot CH, y) [and (Hf, y) an extension of (Hy. yd] ab 
Hy “ Hand y (My = yy). A selution of GL yy isa point § him A such that Jee) = 
yy ter alba /t 

(7, yy) is comsistenr if tt has a soluuon and is fairteldy consistenr if every timite sub- 
prescription is consistent. 


Definition. Let (47, y) be a A-preseription and let g © D be given. Then we detine 
F(z) = {7,, ja) Ae: Hoa = yD}. 


We say that (7, y)is formally consistent ft ¥(@) # O for all g © D. We call (HL, y) 
Jinttely formally consistent uf every finite suborescription is formally consistent. 
Observe that a (finitely ) consistent prescription in (finitely) formally consistent. 


Definition. 4: D Mis very regular it (Ais regular and) D has ints (denoted g aA) 
and the induced map A(g aft) > Ae) X Ai) is one-one. (For example if D= CY, Dy 
and 7CY)= lima ete. then 3 is very regular. see discussion preceeding 1.3 assuming 
there exists a well-behaved Ty.) 


Definition. Let 4: ) -+ YM be very regular. Then the A-prescripuon (H, y) is a-closed 
it ht, Aly © H whenever hy. dts © Hand yy a fia) is the unique element of 
St, As) which maps into (yr). yr E Ay A(/y). 


Most of the following lemmas have straighttorward proofs which are omitted or 
sketched. 


3.4. Lemma. Ler 42D > WC be very regular. If CH. yy is a-closed then CH, y) ts fint- 
tely formally consistent. 


3.5. Lemma. Given LOC, a finitely formally consistent diagram ts formally consis- 
tent. (Note 7, ;,(a)is a Ty-kernel coset by applying 1.4.) 


3.6. Lemma. Ler fig, hE Dwith f< 2 Letra€ M,,. Then d°M,~- M, Maps Ty 4d) 
onto Tt, fa). Therefore if (HH, y) is @ prescription and fg then} map ¥(f) inte 
Y(g). 


3.7, Lemma. Assume LCC and that 3: D + Wis very regular. Let (H, y) be a-closed 
and let fg Then & map ¥(f) onto F(e). 


Proof. Given s © 7(g) then 8 >! espn Ty, (a) (where A © H and a = y(h)) has fp. 
(by 3.6 and as Hf has finite ints). Apply LCC. q.¢.d. 


83. The compact and liearly compact caves 337 
3.8, Lemma. Assume LCC and that \: DWC is very regular. Lei (H. -y) be n-closed. 
Lete® Dand b& xg) be even. Let G = {x AAIAE Hy tah CTE Phen there exists 


aunique B such that (G, 38) is a aclosed extension of UH, yy and »(2) = b- 


Proof. Given © Hletd, -A¢e alt) -> A(g) and hs Mealy + MQ). By 3.7 there 
exists ¥ € ¥(g AA) such nee ay O0)= 6. Then 4 4(¥) must be yp (by 3.6) or X ds 
uniquely determined as Ads very regular. Detine é(@ A At) = x. Since x ty determined 
by 4, (0) = b we see that this definition is unambigious in case gad = eA). By 
the same argument if we further define 2(@) = ) and J¢/) = yi) tordt & H we see 
that 3 ts still well-defined and (G. 3) as a-closed. 


3.9, Lemma. Asseame LCC and that 3D + Wis very regular. Then every: a-closed 
PFESCTIPHOML IS CORSISTONL 


Proof. Let (/, 7) be a-closed. By Zorn’s Lemma — UXists a maximal A-closed es- 
tension (/7*. 7 *). By 3.8 we seen that //* = D hence ¥* defines a member of lim A 
which ts a solution of (/f, y) qed. 


3.10. Lemma. Asseme LCC fand ler XD -> We be regular’ Then erery funtely con 
sistent A-prescription ix CONStSTENT 


Proof. Given fry...) © D choose fi h,torr= 1. om and lei Afi AUX 
-* AA, )be the obvious map. Then the image of ACf) is independent of the 
choice of ! (tor the same reason that Te Ala) 0° independent of the choice of A). 
We now extend 2) to D’ by adjoining formal finite ints to D and extend 3 to A 
so that MA A. AA, 1s the above defined amage of M¢f). Then Dis miual in D’ 
so lim A= hm A and A: D! > 1 is very regular by construction. 
It (7, y) is a tinitely consistent A-preseription then (47, y) can readily be extended 
toa A-closed A’-preseription which is consistent by 3.9. Thus (ff, y) is consistent. 
qee.d. 


3.11. Corollary. Assume LOC Then every regular diagram ts T-reeular. 


Proof. Using Remark (2), preceeding 2.2, it suffices to show that the regular diagram 
A:D > Wis T-regular where D is partially ordered. Let # © Danda€ Af, be given. 
Let Ff = {i} and a= y(/1). Then (Ff, y) is a a-closed prescription for the extended 
diagram 4’: D' > WC constricted above. By 3.9 there exists € € lim’ such that 
ho) =a su Ais T-regular. g.e.d. 


Definition. Given LCC then the 7(X)-diagram (for ¥ © 5) shall reter to the canon 
cal functor (X, /)g * M1. This diagram is very regular (see the discussion proceding 
1.3). A prescription tor this diagram shall be called a 7CY)-preseription: 
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3.12. Proposition. Asswne LOC. Ler (X¥. 0yE oT and ler H be @ ser of T-homomor 
phismis fram XN into models. For cach ho X + Min H let yhye MIP CH, yy is fant 
rely consistent We. viven Hy © H, a finite subset, there exists x © NX with h(x)= 
yy porall de Hyv then (H, yy ts consistent (Le. there exists x © X with h(x) = 
x(t) forall lr € H). 


Proof. We may as well assume that each 2 © His onto. Then WH & CY. 1) and U7. y) 
may be regarded as a 7CY)-preseription. If x & Xs such that hk€vyp = ye) tor all 

AS Ay then Goa hay = yd for alle Ay so CH, y Vis obviously finitely consistent. 
By 3. 1) there exists ©€& TUN) with Gat) = yA) tor all A€ Ho Then x = 8) has the 
desired property. (Note Gi) = 410 since Ais a homomorphism for all AD) qed. 


3.13. Proposition. Assume LOC. Let (X, 0)€ SV. Then ‘using the Q-u prrleuey | 
(Y. 0 )es a linearly compact Ty -aleebra. ft follows that (X, 8 yas complere trom the 
remark preceeding Theorem 3.2. 


Proof. By 1.2. (¥. 0) with the Q-topology can be regarded as a topological Ty-algebra 
(et {U}be d collection of closed Ty-kernels of XK and assume that the cosets {U x, } 
have tap. We must show O {Ux} 4 @ Since each closed Ty-kernel ty an intersection 
abopen Vy-kernels (see 1.4 which applies in view of 1.5¢b)) it clearly suffices to as- 
sume that each &) san open Ty-kernel. By 1.5(b) it follows thar WoO = Mis a mod: 
eb beth: V+ Mf, be the corresponding projection. Let H = {h,} and ytd = Ax,) 
Then (7. y) satisfies the hypotheses of 2.12 as finite consistency is here equivalent 

to the cep. condition. The conclusion of 3.12 implies O{U,x,} # 0. qed 


3.44. Lemma. Assiene LCC. Let (X¥. 9) and CY, 6) be Taleebras with CX. 4) = 
Plant, da lonit of modclsy. Ler eg (NG) 2 0Y, by) bea Thomeomorphism Then 
her gas closed in the limit topology on X. 


Proof. We tirst claim that Ker ¢ = 0(Ker 7g). For it ¢ © Ker 7g then 2(7 6) = 
wtTehf)= 1 hence 6(¢) © Ker g. Conversely, Jet x € Kerg. Then x = @(nx(n ly !) 
and ax(n ly) | € Ker Te as (Tene = ny (gx) and (7TeXn1) | = Iny(g1)] land 
ex =gl= 1. 

We next claim that @(Ker 7g) is closed in the limit topology. Assume that fis in 
the closure of @(Ker 7g) in the limit topology. Then for any finite set cf indices say 
a eee 1} (so labelled for convenience), there exists ¢ © Ker Tg with 9, 8(¢) = pari 
ford 1... m (where p; ¥ > Mf, is the projection). But »,8(8) = (P, (0) as p; is ad- 
mussible and ¢ © Ker 7g itt (P( Teo) = (eho) = 1 for all f: ¥ - Mf. By applying 
312 to TCX) we can tind & © TX such that (po) =p A(t) tor alld and (gf) = | 
forall? ¥ + 4f Then 0(0) = cand £ € Ker 7g so 2 © 6 (Ker Tg). qg.e.d. 


3.15. Corollary. Assume LCC LeetX¥. €)ES7 Then Q(X, 0) ts Hausdorff. 
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Proof. 0: 7X -> Xisa T-homomorphism and TY is a limit of models hence Ker @ ts 
closed in 7X. Thus | © VY ty closed in the quotient topology, GCY, 4). which npn 
OUY, O) as Hausdortt as Ys a topological group. qed. 


3.16. Corollary. Assume LCC. Then T is idempotent and trivial (that is T 1s the 
identity functor) Thus STM objects and everv X © sf isa canomeal tinut cf 
proadels. 


Proof. Let VEST. Then ns ¥ + TX) Is one-one in view of 1.5¢b) since OCT) ts 
Hausdortt, But by applying 3.11 and by representing TOW) as a regular filtered limit 
of models we see that ACV) is dense in 7(X) (when 7CY) is given the limit topology 
which need not be OTUYD). By 3.13. ¥ is complete hence ts closed in the limit Lope- 
logy on FEY). Thus 7 is onto, hence is an equivalence, qed. 


Proof of es 3.2. (ab let Oy: ST + STO be the torgettul functor and define 
QYpy trem STintw topological Ty-algebras by using the Q topology together with G, 
for the Ty-structure. By 1.2. 1.3 and 3.15 we see that Vy is a full embedding. If 
XEST then OX) is complies! ausdorft, W-generated and linearly compact by 
1.5 and the atove results. Moreover suppose A SY is a closed Ty-kernel with YK 
algebraically equivalent to a model. Then ¥ -* X/A is a Tehomomorphism by 1.5€¢). 
so OEY) + GOA Ds continuous. But O( 47K) is discrete so A is open. Hence Yt 
strongly “Wt-generated. Also jf = Weobjects by 3.16. Conversely let ¥ be a com 
plete, Hausdortf strongly W-generated Ty-algebra. Let {€',} be the base of all open 
Ty-kernels tor which XU, © WC. Then (XU, pis a regular filtered. partially ordered 
diagram in the obvious way. Since Y is Hausdorf! and complete ¥ = Top-hm{¥ €) } 
(or more precisely the limit in topological T,-algebras). We claim that 

Q( F-lim (Yc hh = Top-lim {XU} which shows ¥ = Qy( Thm {rl a} hence we 
can regard YE ST. bet ¢: Tim {4/0} ME WM be a Thhomomorphism. Then 
Ker f closed tn the limit topology by 3.14 hence is open as Vos strongly generated. 
The claim now follows, trom 1.5. 

(b) In view of the remarks preceeding the statement of Theorem 3.2 r V)as 
linearly compact for all X © Top hence every T- algebra ts linearly compact, there- 
fore complete. Since every regular diagram is T-regular for’, we see that much of 
(b) follows from 2.4 and 2.5. That ¢ is a coretlection and behaves as stated follows 
from 1.5 and 3.14 and the observation that ¢ preserves models and their limits and 
everything is a liniit of models. 

(co) Let A © ¥ be a T-subalgebra of the T-algebra Y. Let a:4 + ¥ be the inclusion 
and let x © X be in the closure of a(4). Let H be the set of all T-homomeorphism 
h: A> M which factor through a as A = ga where g.¥ 7 Vis onto and T-admissible 
Then tor each A € H let y(A) = g(x) where gis chosen so that @=ga (note that e(v) 
is uniquely determined even though g is not). Claim that (/7, 7) ts tinitely consistent 
Lethy.....h, © H be given and chose g, with 4, = g,a. Then Vg, (2,€0)) ts an open 
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neighbourhood aly su there exists @& Db with g)(aa) = B00) oF ha) = yth;) for 
= 1... .f. By applying 3.12 tod there exists a © -1 with g(a) = gCe) for all 
eM Af Since Vis Hausdortt a = x which shows that -f ts closed. qed 


Proof of Theorem 3.3. (a) We have LCC so Theorem 3.2 applies and it ese sut- 
fices to show that every T-algebra is strongly M%-generated. Let Y < Top! and A a 
closed Ty-kernel with X/A algebraically equivalent to am vdel be given. Then there 
exists a smallest Ty-kernel (of ¥ tor which © is open and A © © by applying the 
d ccc. Gor the minimum condition) for YA. By 1.4(c) we have A = oso A ts open 

(b). (c) and (d). By (a) above and the fact that ¢ preserves limits and models we 
see that the L’-topology on lim M, coincides with the Q-topology. Thus Q preserves 
limits of models hence 2.3 applies. 2 preserves all limits as Q has a left adjoint by 
3.2(apand 2.340). Also (c) follows straightlorwardly from 3.2¢c) and 2.3(b), and 
(d) is the same as 2.2{d). 

(c) The idea of the proot is to obtain a “continuous version of 3.12. Let f A+B 
be a given onto P-homomorphism. Note that by 3.16 we have 4 = r 4) = 
lin {M, ig (A, fig} where g:A > M, isin (A, Ty ift gis admissible and onto. We 
define UH, yy tobe a a-close d codnnions -B-prescription if H(A, f\g and for each 
HEH, y(hyis a continuous tunction trom 8 to Af, Moreover it bh © B we let (/L y,) 
be the ordinary prescription with y, 2) = y(awb). [tis turther required that (/f, y,;) 
be a-clused for ci b EB. 

Now Tet (7f, y) be such a continuous prescnpuon and g°4 + MM, oe arbitrary in 
: i / 4, with g & A. Choose f= Af such that g(Ker Ay is a Sinan nM. Let My = 

1, g¢Ker fiyand let pM, -* My be the proyection. Observe that there te 
‘e rM, > AP, with rh = pe. 1 is readily shown, trom: the choice of 7. that 7), (g) sd 
coset of precisely g( Kerf) foreach b © B. Moreover. if aS ¥, (x) then p(n) = 
r(y, (7) Cin view of 3.7) so p Vy, ¥, (iy) = Yh, (g)as they are both cosets of g( Kerf) 
and have points m common. (Note 7 y¥, (1) ts a single point as y (A) is a function. } 
Thus ifs: Mg — Af, is any section (that is py = My and s is nor requis-d to be a T- 
homomorphism) then (//, y!can be extended to a a-closed continuous extension 
(G, 6) where B(g) = sr y(/1) as the method used in 3.8 can be applied pointwise. By 
Zorn’s Lemma, every A-closed continuous 8&-prescription can be extended to one 
with Hf = (4, / )g which gives rise to a continuous map Ww: B > 4 (that isu: Q(B) 
Qi-A) but is not necessarily ‘T-admussible ) such that Aw = y(A) tor all & C4, 7 Jp. 
Now observe that B= 7(B)= lim { Mlk E(B, f) lot- Let My = {kslk E(B, I yy} and 
define y,, so that yg(AS) = k (which is determined as fis onto). 

Clearly (/fy. Yq) is a A-closed continuous &-prescription so there exists a contin- 
uous §:B + 4 such thatkfs = k for all k E(B, / )g which implies fs = B. Finally the 
d.c.e. hy pothesis is implied by (b) and (c). Let ME Wand A, - A, ~... be a des- 
vending chain of To- -kernels. By (b) and (c) the image of Af in TAMA, nas the rela- 
tive topology induced by the product topology. But the image of Mf must be discrete 
by 1.5(a) which implies that the descending chain is ultimately coustant. Moreover, 
given LCC it is readily shown that (a) > (b) > (d) by the above arguments, Using 
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3.2 we can readily obtain (d) > a) and (b) > (ec). Thus (ab. (b) and €d) each indivi- 
dually imply (b) and (c). qed. 


$4. Examples 


Most of the applications of Theorem 3.1 are immediate (e.g. the equational comn- 
pletion of finite sets is the category of compact Hausdort? spaces and the correspon- 
ding lop? is the subcategory of totally disconnected members of ST. Aiso the 
equational completion of finite groups is pro-tintte groups which is tripleable over 
Top, cf. [7] and (8]). Applications ot Theorems 3.2 and 3.3 sometimes require 
some preliminary work with individual operations to get a normal separating triple 
as 4} and 4.2 show. A number of interesting papers have been written on linearly 
were an equational completion led to Theorems 3.2 and 3.3. Example 4.4 shows that 
even if Q grossly fails to preserve limits the topology can still be very useful in des- 
even if @ grossly faisl to preserve limits the topclogy can sull be very usetul in des- 
cribing the equational completion. In 4.5 the subject ts briefly discussed trom the 
point of view of Operations. 


Notation. Unless otherwise specified, rings are assumed to have units and ring homo- 
morphisms and modules are unttary. In contrast to the previous sections, the group 
operations here happen to be Abelian and are denoted by “+”. Also “O™ instead of 
“Pas used tor the group identity, so one must exercise care in applying the previous 
results. 


4.1. Fields. Let F,, be the category of fields anc (unitary) ring homomorphisins. As 
it stands Fy does not admit an obvious separating triple (as subrings of fields ate 
not always fields) nor does Fy have finite products. We first observe that if F is the 
category of all finite products of fields (and unitary ring homot -orphisms) then F 
and Fp have the same equational completion. (Ht can readily be shown thatif 

JIA, © F and it FE Fy then any homomorphism iA, > F factors through a projec: 
tion HA; +> A, > fF. Hence every operation of Fy is also an operanon of $F.) 

We next observe that the theory of commutative regular rings 1S a separating 
triple for F. In any ring R we say that r isthe semi-inverse of s if rsr =r, srs = s and 
sr = rs. If the senu-inverse exists it is determined by the ring structure. (If ¢ is another 
semi-inverse of r then tr? = r= sr? and ¢= Gr? = esr? = 377 = 5.) Ut follows that 
every ring homomorphism preserves semi-inverses when they exisi, hence the semi 
inverse is af Operation in any category of rings with semi-inverses. A commutative 
ring has semi-inverses for every element iff it is regular (for each 7 there exists an r 
with err =r). 

Every field is clearly regular (with 0 its own sem:-inverse) and every member of 
F is regular. Moreover it can be easily verified that a subregular ring of a finite prod- 
uct of fields is in F. (Look at‘idenpotents.) Also F is closed under the fonnation of 
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quotients (this can be done by considering idempotents or by observing that the 
members of Fare precisely the commutative regular Artin rings). Thus the theory 
of commutative regular rings is a normal separating triple tor F. 

We now can apply Theorems 3.2 and 3.3 (as every member of F hay d cc. tor 
ideals). Thus the equational completion ef F is the category of regular pro-objects. 
It is also the category of topological limits of members of F. hence also of Fp 
Clearly if ¥ € 5S" then Y= lim A, and it can be arranged that A; ts a field and the 
projection map ¥ ~ A; is onto, for all / It follows that every map in the diagram 
{A,} is onto hence is an isomorphism. Thus ¥ is a product of fields. Thus the equa- 
tional completion of the category of fields is the category of all products of fields 
and ring homomorphisms which are continuous in the product topology 

(The same argument works if one allows non-amitury homomorphisms andor 
skew-Helds or ordered fields (which have 4 lattice operation) ) 

The category of fields obviously has a large number of weird operations For ex- 
ample one can define w(x, Vv) =x +r in characteristic Q tields but wee 1) = xv else: 
where. In fact if we wish to desertbe an arbitrary vegry operation, w. we have fo 
consider all collections of a-tuples (x). 00, bin fields #, One obvious restriction 
on wOX,. 0X, Das that it must lie in the subfield generated by vy). ....¥,, and this 
is essentially the only restriction on ow. Formally, detine an me powtted field as a field 
A together with an vetuple Gey... x,,) such that no proper subhield of & contains 
each x, Let Fin) be a representative collection of ¢-poimted telds such that each 
n-pointed field 8 pomorphic to a unique member of FOr) (where womeorphisins 
must preserve the w-tuple). Then one can define un operation w by choosing 
waxy. 0,0 Fentirely at random tor each [F. Oey. x, Ee Fond) (Notice 
that & has no non-trivial automorphism preserving the a-iuple. bin other words 
Tiny = WFor) (despite the notation we have not assumed that is finite), It clearly 
tollows that the theory of trelds does not have rank. 

It would be of some interest perhaps to describe the theory generated Dy finitars 
field operations. Consider for example the unary operation 7 such that r(x) = be 
x is rational (in the usual characteristic O sense) and r0x) = 0 otherwise. (This de- 
fines 7 on fields and by an obvious extension r is defined tor all products of tields ) 
Notevery ring homomorphism f:Q* > A preserves r (where Q* is a countable prod: 
uct of rationals and K 1s any field). In tact fis Continuous iff f preserves r (in this 
case). This retutes the conjecture that the topoiogy is used only to handle infinitary 
operations. Also the theory generated by the finitary operations is richer than the 
theary of commutative regular rings. 


4.2. Artin rings. In [5] a pseudocompact ring ts detined as a complete Hausdortt 
ring KR which admits a base at O of two-sided open ideals / tor which AR// is an Artin 
ring. It is easily seen that in our terminology thts is the same thing us an “Artin- 
generated Hausdorff. linearly compact ring or. alternatively a regular pro-obyect 
for Artin rings. 

Iiview of Theorems 3.2 and 3.3 if seems reasonable to conjecture that the cate- 


. 
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gory of pseudocompact rings is the equational completion of the category of Artin 
rings. We shall show that this is not quite the case but that for certain classes sf of 
Artin rings the A-generated pseudocompact rings is the equational completion of € 

Notice that the Artin rings are closed under finite products but not under the 
tormation of subrings so the theory of rings is not a separating triple. Moreover as 
implied by the example below there is no way of enriching the theory of rings so as 
to obtain a separating triple. There are however separating triples for certain classes 
of Artin rings. 

if the category of all pseudocompact rings were equational the underlving sei 
functor Would preseive and create limits hence the discrete pseudocompact rings 
(ie. the Artin rings) would have to be closed under finite limits and arbitrary inte:- 
sections. The following counter: example shows this is notso. Let -f be the Artin 
ringet all 2 by 2 real matrices. For conventence, for the remamder of the parsgqaph, 
let (r,s) denote the 2 by 2 matrix (a) © 4 tor which ayy = @22 = rand as, = 0 and 
ayo = 8 Let Pach. 1> Detine CV) = PP Vthen Db > 4 tsa ring homomer- 
phism. Let # be the equalizer of ® and the identity on A. Then # is the ring of all 
matrices of the form (a, 6>. Let C be the complex nunibers and let dk -* C be de- 
fined by 0¢a, b) =a. Then the intersection of all equalizers of 8 and 9 (for y an 
automorphism of C)is the rng £ of all (a, 6) tor which a ts rattonal and 4 ts real. 
Then £0 notan Artin ring (Observe that the reals are an mifinite dimensional vee 
tor space of the ratronals. Ht} ors any linear subspace, then the set of all (O, b> with 
he Vis an ideal of £”. Clearly the ideals of £ do noc satisty the dc. noreven the 
ace 

We now construct a triple F,, whose algebras shall be rings R endowed with a 3- 
tuple of unary operations that map wv into (vy. v2.0; bsuch that 


Vr Ry +X, 


NpXy FXX, =O 


x3 1s the semt-inverse of x1- 
(IDCs MPN gh, = Xp. My pz = Nz and Novy =Nzxy). 


A Ty-algebra R shal! be called canonical if x5 is nilpotent tor all x € R. For a cano- 
nical Ty-algebra the operations are uniquely determined by the ring structure (and 
the requirement that x» be nilpotent). Thus the Ty-homomorphisms between cano- 
nica! T-algebras are precisely the ring homomorphisms. (To prove this, let R be a 
eantinical T,y-algebra and assume x = r+p where p is nilpotent. r has semi-inverse s 
and rp = pr= 0. Claim r= x). p =X, and s = x3. Observe that for sufficiently large 
m we have x” =" =x)" This implies s” = .x,/". Hence xy = 0)" hyQ = 
rte =r Therefore, = x3 and p= x4.) 

A ring shall be called canonical if it can be endowed with a canonical Tg-struc- 
ture. Notice that canonical rings are closed under finite products, quotients, the tor: 
mation of Ty-subalgebras (but rer under infinite products). Moreover every simple 
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Artin ring (oc. cing of all tinear transformations of a finite dimensional vector space) 
is canonical in view of Fitting’s Lerma. 

We now construct a class af of Arun rings. Start with all caunemical rings which. 
contain a minimal neld (he. either the rationals or 2), for some prime p) as a (unt: 
tary) subring and which are finite dimensional as Vector spaces over the mimunal 
field. To this collecuon of rings adjoin all tinite products to get af. Then every mem- 
ber of Stas an Artin nng and Ti, is a separating tuple tor of. Thus the of-penerated 
pseudo compact rings is the eguational completion of stand is also the category of 
pro-object for sf by 3.3 and 2.2. (Each object of of satisties d.c.c. tor both Ty-sub- 
alvebras and [j-kernels.} 

One can also adjour all fields and skew fields to of and close up under finite prod- 
ats. Then the resulting rings gre sul Artin and Tl,- as sulla separating triple (se 3.3 
still applies) but dice. tor Ty-subalgebras is lost Epany additional simple Artin rings 
aie ddjomed then the argument of the above counteresaniple wall apply 


4.3. Linearly compact modules. Let A be any ring. Phen the (dicrete) tinearly com- 
pact A-modules have on equational completion that can be computed by 3.2. The 
theors of A-produles is still a separating tuple even i one treats the more general 
case ot topologteal R-modules tora topological ring A tas done in {ES} ) prowided 
the models are always discrete. topological linegrly compact R-modules A number 
of mtetestung properties of limeady compact modules can be found in |) 3p and 
[Pa]. The cause in which A ots a pseudocompact ring is treated in [3]. Then a discrete 
topological A-niodule has the doco ith itis of finite length. The case of pseudecom: 
pact algebras ts also discussed in [Sf and provides another straghtlorward example 
tor Theorem: 3.8. 


4.4. Countable sets (a realcompact case). Lew be the category at countable sets 
and alitunctions Let / -W-* S$ be the inclusion. Then the theory of sets is a separa- 
ting tiple. Moreover. as we shall point out, the Q topologies are all Hausdortt, hence 
the equational completion isa full subcategory of Top. The main step in computing 
this tulb subcategory are 


Definition. A topological space is aear/y doscrete at itis Hausdortt and it every non- 
measurable collection of open sets has open intersection. 


Lemma. (1) nearly discrete space is realcompact iff every open cover has a now 
measurable subcover. 

(b) The nearly discrete spaces are coreflective in the category of Hausdorff spaces. 
fhe nearly discrete, realcompact spaces are closed under the formation of icoreflee: 
fed i limits. 

(0) The category of nearly diserete. realcompact spaces ts tripleable over oS. 
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Proof (sketch). Most of the proof jollows by mimicking the corresponding provis 
for compact Hausdortt spaces. The coretiection into nearly discrete spaces iy aevom- 
plished by letting the chiss of all non-measurable mtersechons of open sets be a base 
tor the new topology. Tf Vis realcompact then itis a closed subset of R” for some 
Nn. Moreover Ys still closed in the nearly discrete topology on R” so X hus the co: 
vering property (which is inherited by nearly discrete products and closed subyets). 
Conversely the covering property implies realeompactness using the 2-ultratilter 
characteriation of realcompact spaces (see ret. [4] ). qed. 
Corollary. The cquaticutal completion of the category of countable sets ty the cate: 
gory of realcompact, earls discrete topological spaces (Lf every cardinal is now 
measurdble this ts the catesorv of discrete spaces or supply S aretfect | 


Proof (sketch). tt Yas realcompact then ¥ can be embedded as a closed subset of a 
product of real lines [9] fooan addition. Wis nearly discrete. then at easily fotlows 
that X as equivalent to a chosed subset of a (careflected) product of discrete coun- 
table spaces. Using tive tact that the Continuous image af a realcompuct space is (in 
the category of nearly discrete spaces) redleompact. hence closed. Ws the canomeul 
limit of diserete countable spaces. The result now follows stramhttorwardly. qed. 


4.5. What do the operations took like? We have dealt with the general theory of 
equational completions prunariy from the point of view Gt triples. At this port we 
collect a tew observations about the operations. Recall Uiat the set of veary opera 
tions ts T(t), hence we have a topological space of nears operations. Thus the corres: 
ponding equatronal theory F (say. the category with Fun Abs Fook} pcan be regar: 
ded as 4 category with topological hom sets. However. ois nota topolegical catezo- 
rv in the sense of Beck {3] since composition TOO. X TU) > Qt) although con: 
tinuous for all finite A (which can be shown by using the type ot argument given in 
1.2) is nonetheless almost never contumuous for infinite A. However, for any fined 
k-tuple on a T-algebra ¥ the evaluation map 7(4) ~ X is continuous (as it is Tead- 
mussible ). & 

We know that 7(7) = lim(. 4). Moreover if Ty is any normal separating triple 
and if LCC ts satistied then 7(Q7) = lim (a, Ay and for every tull, filtered subdiagram 
A&(n, Ng the canonical map (2) > lim 3 is onto (using the argument of 3.10) 
Thus one can obtain an ?ary operation by prescribing vs behaviour on a set dof 
a-tuples and lifung it from tim 3 to Too the hfting depends ona choice) Moreover 
it the models all satisly d.c.c. for Ty-kernels then by (b) and debot Theorem 3.3. the 
enfire space, lim A. can be continuously litted to a topologreally equivalent chased 
subspace of TQ). 

Our final observation is that the equational completions generally do not have 
rank. For example suppese that the hypotheses vf 3.3 wee satistied and that Phas 
(infinite) rank ro Let Y¥- ¥obe anv Tesubalgebra and lets be the Coardimal) successor 
ofr Leta ¥* he the set of all points which propect into ¥ for all but at most r 
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projections. Then 4 would be a non-closed T-subalgebra contradicting 3.2(¢). The 
same contradiction works for the compact case. tt also works for countable sets uf 
at least one measurable cardinal exists. We note that here the #-ary operations are 
the w-ultrafilters ona. 


Note. The discontinuity of the property infinitary operations has led us to restrict 
ourselves af times to the case Where the separating triple is finttarv. However, all 
hypotheses of the form “Ty ts finitary” can be eliminated if we agree that a topolo- 
gical T)y-algetra is to be a Ty-algebra with topology such that the fintrary operations 
dre CONTINUOUS. 
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introduction 


Let A be a commutative cing. [tis Noetherian if every totally ordered set Cot 
non sero ideals of Ais well ordered by reverse inclusion In this case C has an ordinal 
type, ord C) We denote by o( 4) the supremum of ord Cas C varies over all descend: 
ing chains of non vero ideals of A. 

bKlot and Sabbagh [2. Remark 12] have asked whether there exists a countable 
ordinal a such that o6.4) <a for all commutative Noetherian rings -l. They observe 
that the existence of such ano would result if the class of commutative Noetherian 
rings could be detined by a sentence in the logical language hoe (see | 2. SLO} for 
this notation) 

beta = a(4) denote the Krull dimension of 4. Tf a ts fintre then one has (Theo- 
rem 212) w* © of 4). with equality if 4 is an integral domain, and wrth = of 4)d-w. 
This result was proved independently by Schneider [6]. [tt shows that @ = wo sut- 
tices above for rings of timte Krull dimenston. 

When «& is no longer finite we are led to interprete the Krull dimension «C-0) as 
an ordinal, asin Krause (3] (see 2.7) and then the above result (Theorem 2.12) re- 
mains Valid provided KC4) is countable. Thus the question taised by EkKlot and 
Sabbagh 1s equivalent to the following: Does there exist a countable ordinal @ such 
that every commutative Noetherian ring has Krull ordinal < a? We conjecture ¢in 
2.9) that this is so, possibly with a = wee, or even w tw. The main ditficulty here 
is the scarcity of examples of infinite dimensional Noethenan rings. Sunple variants 
of Krall’s original example §4. Staz 19] seem to be the only ones known. 

We are able at least to show that a totally ordered set of ideals in any commuta- 
tive Noetherian ring ts countable (Theorem 1.1). Nagata has indicated in a commu. 
nication to Eklof and Sabbagh that he also has proved this result, but f have not 
seen his proof. 

In the course of these considerations a combinatonal problem on ordinals arose 
fis solution, which occupies 83, was worked out pointly with Hentvk Heche (Colum: 
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bia University). Fam grateful to him tor permission to reproduce the details here. 
The problem can be heuristically stated as follows. Let a and J be ordinals. Let -4 
and B be stacked decks of cards of order ty pes @ and 3. respectively. bet © be the 
deck obtained by some shuttling together of 4oand Bo How large can one make the 
ordinal tvpe of C by a suitable shuttling ° 


81. Noetherian chains are countable 
1.1. This section is devoted to the proof of the following result, 


Theorem. Let A bea commutative Neethenan ring and let M be uw fuutely generated 
A-module Then every setcof submodutes of M which ty totally ordered bv inclusion 
ws coumable. 


The proct is preceded by a few preliminanes on partially ordered sets 


1.2. Partially ordered sets. Let S and 7 he partially ordered sets. We shail write 
SP 


if there is ar: order preserving tunction J: S8 -* 7 such that the restricthen of f to any 
totally ordered subset of $ ts injective. 
We denote by 


S<a+T 


the disjoint union of § and 7 ordered so as to induce the given orderings in 8 and im 
T and so that each element of S precedes each element of 7. Fhis operation ts assu- 
clitive but rol commulanve. 

We denote by 


Sor 


the cartesian product § X 7 ordered so that [(s. 0S (8) @ [ys Ss andr © s']. 
This operation is associative and commutative (up to canonical isomorphism). 


1.3. Letama. Le S and T be partially ordered sets in which everv totally ordered 
subset is countable. Then the same is true of S&T. 


(The converse is true, and trivial. if S and 7 are non empty. Similar statements 
lor S$< + Tin place of SA 7 are likewise trivally verified.) 

To prove the lenmma consider a totally ordered subset U of § A 7. The projection 
Us (resp. &) of U in S (resp. 7) is totally ordered. and hence countable. by hypoth: 
esis. Since UC Ug & LU} the set Cis countable 
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1.4 ine partially ordered set of submodules. bet-f See ring. for ans (say deter f 
niodule VW denote hy 


SOM) 


the set ot submodules of Woordered by reverse aicluston ve Vy “NA ON, 


‘ f P re , : 
Lemma, /pO- VW oe Me VE + Oey aa exact sequence of Venodules we Mare 
SUM << tS) SUNS SUMO) AS SAY. 


Detine f SOW + SOL) SOND by OND = ON af Ve SOW band viene TaN) 
iN SOW. Bvidenily fis an order preserving infection, Whenee the first mequatity 
Detine e SOW) > SOUS Sng hy vON) = Open? HON). Then eas order pre: 
serving clay. The tact that the restriction ote toa totally ordered subsetor SEW 

sanjecnye follows egsily dram the Sdemun. Thos the lemma is proved. 


1.8. Proof of Theorem 1.1. Let 22 and WW be asin the theorem. Using a Composition 
series of Hasan fb. Stone. 4. Tho lp one cottcludes easily. with the aid ot Pentmas 
Pand bot. that at suffices to treat the case When JP 2 foand fas aeointegral domain 

By Noctheran induction we mas further assume Chat the theorem troids tor all 
proper quotients of ab 

Pet C bea totally ordered serot non zero ideals er do Since fas Noethertan © ts 
a well ordered descending chain. and we must show that © a countable. Assume the 
CON UGTY | 

It 7s anon zero ideal ot Athen {4-0 Cod oO Apis countable since it comresponds 
tog fotally ordered set of ideals of -l/. and the theorem is assumed Valid tor bd oh 
tullows Chat 


eq} N 7=0 


and that 
(2) There is no sequence J). 79.73... ot elements of © such that A, 7 4, 7 0 


We now deine the set MEC} of “munimal prime idea's assocrited with C7 to be 
the serof minimal elements of Uy. ¢- Ass( 7) Since the prime idedhs of ab satists 
thie descending chain condiuon [4. Cho L Th 9 3} WeChias notempty Suppose 
pe MC). There exits an / © © osuch thar pe Assad Jp dbs Gand Jo 7 then 
there tsa Qe Ass(4 J) such that qe p fl. § dono. 2. Cor. bot Prop. 7]. and se 
q= pbs the minnmalty of p Thus we sce that pe WC) > prs minimal elemeat 
aft Ass(4//) tor all sutficnently small ideals 2 C. 

We contend 


(3) M(C) ts tinite. 
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It not let p,. P>. ... be a sequence of distinct elements of M(C) and choase 
/, © Cso that p,, € Asst 1). By (2) we have 1,,/,, #0 so. by (1), there is a 
JEC such that / of, for alla. But then. as the last paragraph shows, p,,© Ass(4-/) 
for all 2. This 1s impossible since Ass(4//) is finite, so (3) ts established. 

For each ideal / © C we can write /= Ff O7" where I’ is the intersection of the 
primary compenents of / associated to prime ideals in Af(C). and where each prime 
in Ass(-4//") strictly contains an element of Af(C). This is easily seen from a primary 
decompostiion of J. We can further arrange by (transtinite) induction that the ideals 
M(shich are not uniquely determined by / in general) also form a totally ordered 
seti il not one successively replaces J” by 17 940,J°), where J varies over ideals tn 
C strictly containing J. 

We clair: 

(4) The chain of ideals yee is stationary for sufficiently small JE C 


PutS=.40 (Upeanc, Phand B=A[S TV) Then 81s a semilocal ring. For all 
12 C we have /B= Band /IBOA =F [b. 82. no. 4]. Moreover AB has finite 
length. so it follows that cach term of the descending chain (4B), ¢ of ideals of B 
has only finitely many precedessors. Thus we can find a sequence U/,, )in © such 
that the sequence (/,,B) is cotinal in (/B),, ¢-. Since Y= IBOA forall 1 C it tol 
Jows that the sequence tA )es cofinal in the chain Wy By ¢2) we have 
OFA OA, SG, Us follows that /' is independent of / for all /@ C such that 
ICH, tor all A. Such ideals / exist by (1), so (4) 1s proved. 

Let J denote the (constant) value of J’ for all sufficiently small J © C (see (4)) 
and let Cy = {LEcCtr = J}. Since C, isan end segment of the a Citas sull 
uncountable. Put DiCy = {7 12E Cy}. Then we can wate C, = UT DICY = 
(JOP UP = DiC}. The chain M(C) is uncountable, and each element of 
Ur pic) Ass(A 7) strictly contains an element of M(C) Tt tollows that each 
element of VWCD(C)) strictiv contains one of .MeC). 

Since the chain of ideals D(C) satisties the same conditions assumed for C we 
can Herafe the ahove constructions to obtain a sequence of chains. 


CDI. DAO), ... 
and ef aon empty finite sets of prime ideals 
MIC) MEDIC). MED7(C)), .. 


Further the construction shows that each element of M(0"*'(C)) strictly contains 
one of MUDP(C)). 

Put f= U,,M(D"(C)). Since M is infinite and each element of Mf ee tains one 
of the finite set M(C) there is a pp © M(C) such that M, ={pEM | Po Z Cp} i is infin- 
ite, Each element of My contains one of the finite = M(D(C)) OM, so ig ee isa 
P, = MULAC)) OM, such that Af, = {pe M, |p, . p}is infinite. Continuing in 


$2. Krull ordinal (A), its relation to o(A) and to OCA) 3 


a] 
_ 


this fashton one constructs a sequence of ideals p,, © AR D(CH such that 
Po FP) -Z Po... This contradicts the fact that 41s Noetherian. so Theorem 11 
Is proved. 


§2. The Krull ordinal «(-1) and its relation to 
o(-f} and to OC 4) 


Fora commutative Noetherian ring 4 the suprernum of the ordinal types of 
descending chains of non zero ideals is denoted of 4) (see 2.10) We also introduce 
the Krull ordinal k (4) (see 2.07). when tute itis the usual Krull dimension. The 
main result of this section @Pheorem 2.12) asserts. unger the assumption that ada 
is countable, that wt? o( 4). wath equality it as an integral domain. and that 
of peas = axe 

Itas very fikely that the countabiity assumption on «(4 } is aufomatie (see 2.8 
tora more precise conjecture). 

The section begins by recalling some notation and elementary facts on ordinals. 
A complete reference is Sterpinsky 7]. 


2.1. Ordinals. They are the pomorphism classes. or types. ot well ordered sets: The 
ordinals themselves are well ordered. and the first few are denoted: 


Oo deceit linc aero, «oO. 


Ifaus any ordinal the set fad ot ordinals 2 < a ts a well ordered set of type a The 
ordinal wis the first infinite one. te. Card faodas intinite. similarly Qos the first 
uncountable ordinal 


2.2. The ordinal of a partially ordered set 8. [tts the supremum. denoted ord (S$), of 
the types of all well ordered subsets of S. For example a = ord fa) tor any ordinal a 


2.3. Sums. It @ and 3 are ordinals then a + 3 = ord€ la) < + [Sy (see bo tor the neta 
tin <+) if Sand Tare partially ordered sets it rs easily seen that 


ord(S < + 7) = sup (ord & t ord TVS ord + ord 7, 
C 


where € varies over the well ordered subsets of S The mequality may be stuct 


2.4. Products. If a and @ are ordinals the products a.) 1s defined to be 

ord (fa) X [8)), where [a) X [8)1s ordered (anti}-lexicographically: 

fia, by<(a, bb) e [hb <b of b= bh anda <a]. Note that tts associative but not 
commutative Forexample 2+w=w #wrlswtw. 
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2.5. Exponentials. Let a and 3 be ordinals. Denote by fay?) the set of functions 
f [db fadwith “finite support” Gee fh)= 0 tor all but finitely many A [By EF 
eisamether such funenon and @ # f then there ty a ereatest 6 Jo) such that 

why t by Wewnte fe ee fy otbp This detines a well ordering at faye? 


(by “last difference () and one puts 
a = ord (fare). 


Forexample ar = ata. More generally 


enn ee 


a! =(aryia?s 


tor all ordinals a. 3. y. 


2.6. The Krull ordinal of a partially ordered set. Let S be anon empty partially or- 
dered set. We inductively define a subset 4 08) for each ordinal a. as follows, 
OD OS)ts the set of maximal elements of 8. lla o> UO we put 


DASV={PE SI pegeqe Us. DAY 


These sets form an ascending cham, so there is a deast ordinul a such that Do. QS) = 
A ASb TE 0S) = Swe cata the Krull ordinafot S and denote it aiS) 

Ht Sas Noetherian then aGS) as defined. re. DUAS) = §. Por it not let p be a maar 
maledlementofS DoSp ig > ptheng © DOCS phy maximatity of p. and so 
pe Dy (Sb DOS). contradiction, 

bven ut Sis both Noetherian and Artinian there is ne universal bound on the 
possible sue ot AGS) For suppose Vis a set ot ordinals and that tor esch @& AS, 
isd Noethertan and Artinian partially ordered set such that «($092 a. Lee S denote 
the disjoint union of the S$, plus one extra element QO, ordered as follows. Each 4 
has its given ordering, elements of S. are incomparable with those of S; lorg a, 
and Qas the least element of So ftis easily verified that S$ is Neethertan and Artinian 
and thataqS) = sup Veb \ has no greatest element. and a(S)= a+ 1 fais the 
greatest element of JA. 


2.7. The Krull ordinal of a Noetherian ring. Let 4 be anon zero commutative 
Neethenar ning. As with Krause [3] (who considers also non commutative rings) 
we detine the Krall ordinal. denoted sC4). of 4 to be the Krull ordinal of the set 
Spee CDot prime ideals of ft. ordered by inclusion. Note that the partially ordered 
sefspes (4yas both Noctheran and Artuman 

When aid dis finite ttis easily seen to coincide with the usual Krull dimension. 
In general the Krull ordinal is characterized by the following properties: 

Opn) = Of fsa tield. 

Pek C4) = sup ail ph) where Pvaries over spect 4). 


u 


22. Arudi ordinal ety us relation to ot) and te Od) as 


ae 


2) Suppose 4 ts an integral domain. Put @ = sup 4 e(4 py pe spec (a). p # O} 
Then a(4)=at laf there iso pp Oain spect fi} such thatked pds a. Other 
wise K(-1) = a. 
The supremumoin PD) as actually a manxipiun since pts tffices to corsider only the 
finite setat minimal primes pot -1. in case -f is an integral domain it is easily seen 
that KOA J) <x (A) for all proper ideals J # O of 4 
It appears that the only Known examples of commutative Noetherian rings of 
infinite Krull dimension are simple variants of the orginal example of Krull [4. 
Satz 19] reproduced in Nagata [S. Appendix Al. Ex. PE]. This exainple has Krull 
ordinal os because its proper quotients fave Krull dimensions which are finite. but 
unbounded. In view of the next proposition one also has exampies of Krull ordinal 
w tn forall integers ao" 0 


2.8. Propasition, Ler dhe a commucative Nocthenar ring and ler AYN bea pol: 
nomial ring op one venable over Ao Then Af df) = nid t be. 


One reduces the proposition easily to a consideration of fl modulo each of its 
minnnal prime ideals, so we may assume ais an itesra; domain. Puta = KC-Eb= 
KCAL AX] NAAT] ) Since O and MAP] are prime meals of APA] at follows that 
K(ALK] pow + 1. 

To prove the reverse inequality we must show thut AG’ {VP prt a ter all pt 
in specta LY}. if py = pa + O then kCALVE pos acl py Vp) = aCd pad t | 
(by Noethenan induction} © & because KA py del a. 

Suppose now that pout =O. Itsuttices @ show thacil p 74.G> specta[ Vp. 
then w(4 LY] qiec wk. The chain @ Z p> qcannon remain a strictly Meredsiig chain 
of priae ideals after localizing to the feld of fracuions # ot ft (tor FEV] isa prince 
pal ideal domain) so we must have Gy * Qotd difterert from zero Put J = qy-tEyy + 
p. Then A{X] ‘qis a quotient of ALY} = Cl GQ HV] Jo where J0 is the image of 
Pp modulo qo ALN]. 1d) # 0 then CALYX] qi) < «(C4 gy LY) )= aCt gyi t Ltby 
Noetherian induction) © «. Suppuse, tinally, that J’ = OQ. be. that pO qy-t EV] This 
inclusion 15 strict since POA =O. so htU(Qg [VY] ) 2 2. On the other hand httqg) = 
ht(Gg4l [X]). Porat the obvious inequality, ht(g)) ~he(qg-l LY] ) were strict at 
would follow that KA Gg, [X}) > e(4g.) + 1. contradicting the finite dimensional 
case of the Proposition (cf. [S, Ch. 118. 10)]) Therefore K(4 Gg) + 2S A and seo 
K(4 [|X] /qQ) S K((A QL] = KC4/qa) + 1 <x. This concludes the proof. 


2.9. Conjecture. There exists a countable ordinal a such that (AVS @ for all com: 
mufative Noetherian ripgs A.V suspect even that.a = aitce will suttice.a@ = ww te 
even suffices for all the Known examples. My evidence for this comecture ts rather 
weak. Jt consists mainly of the difficulty | have found in manufacturing new exam 
ples of infinite dimensional Noetherian rings. On the other hand fT don't even Know 
how to prove that k(4) must be countable. 
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2.10. The ordinals o( 31) and O(4 ). Let 1 be 4 commutative Noetherian ring. For 
each finitely generated A-module 4f we denote by SC) the set of submodules of 
Mo crdered by reverse incluston (ef. 1.4) and we put 


of = ord (8S (AT) ~ 0) 


(cf 2.2). Thus oC fis the supremum of the ordinal types of descending chains of 
non zero submodules of VW. We further put 


QUA) = sup o(M) 
Mf 


where MM varies over all finitely generated A-modules. 
211. Lemma. OF-41)* oC) w 


let Mbe a timely generated A-module. It sutfices to show that o(M)S a4 +m 
hor same infeger am. Since VWois a quotient of some free 4-module A” it suffices to 
treat the case Mf = A". This we do by induction on a, the case 2 = 1 being immediate. 
It o> T we use the exact sequence 0 A" |} +4" -» 4 > 0. It suffices to know 
thatat O-+ Af -- Mi AP” > 0 is an exact sequence of finitely generated 4-modules 
then o( Wb is bounded above by some finite sunt of terms equal to of AL) and of). 
According to E 4 we have the relanion SCM) © SCM) A SCALP) on partially ordered 
sets. Therefore the required inequality follows from 3.7 in 33 below, which asserts 
that ord 8 7S suptordéS). ord(7))-3 for any partially ordered sets § and 7. 


2.12. Theorem, Ler A be a commutative Noetherian rite. Assume the Krull ordinal 
K(CAD aS cteMable. Then 


wrt aed) + 
with equality tf A ts an integral domain. Moreover 
OLA) = OFA pecs = art 


We begin by showing that it 4 is an integral domain then there exists in 4 a des: 
sending chain of non zero ideals of type w", where « = «K(A) This is clear aif A isa 
field. We assume theretore thatk > QO and that, by Noetherian induction. the asser- 
fonts true for all proper quotients of 4. 

Case /. There is a prime p # 0 in A such that k = «(4;p)+ 1. For each a 7 0. 
pp’?! contains a submodule isomorphic to A/p. and hence a descending chain 
of submudules of type w*44’P), Using these chains to refine the chain 
p2p-? 2p? >... we obtain a chain of type wtA/P). Gy = Qk (pit = yk. 

Case 2: There is a sequence py. Py. Py. ... of non zero prime ideals of 4 such that 
& = sup, SCALP, ). (Since « is assumed to be countable cases 1 and 2 exhaust all pos- 
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sibilities.) Put J, = py... p,, (27 0). Then J,,/J,,44 contains a submodule isomorphic 
to A’p,.4) and hence a descending chain of submodules of type wT Prt) Using 
these chains to refine the chain J, 2 J DJ, ... we obtain a chain of type w*/PD + 
wo APD) 4 = UP RAP) = Gt (ef. {7, p. 309). 

Now that we have a chain of type w* in A we can find one of type w* +... +w* = 
(co err in A” (of. 1.4). Combining this observation with 2.11 we obtain the inequal- 
ities 


(*) wttlOOiayso(A)w. 


We have been assuming Al is an integral domain, We now drop this assumption 
and prove the theorem by Noetherian induction. The case « = 0 (i.e. 4 is Artinian) 
is easily verified. Suppose therefore that x > O and thai the theorem holds for all 
proper quotients of 4. Any finitely generated A-nodule M has a composition series 
with successive quotients of the form l/p for some prime ideal p. [t follows there- 
fore as in the proof of 2.11 that o(AD 1s bounded above by a finite sum of terms of 
the form o(.4/p). [f we show that o(4/p) S wt’ P) then the reverse inequality fol- 
lows from the conclusion established above for integral domains. We further obtain 
wk AS OCA) S WX on for some integer mr | and so o(A)rw = wort Jn 
view of (*) above this implies that O(-41) = w*4* | as well. Thus the proof of the 
theorem is reduced to the verification of: Hf 4 ois an mtegral domain then 
o(4) wo) Further we are permitted to assume the theorem is established for 
all proper quotients of 1. 

Let C be a descending chain of non zero ideals of A. For each 7 ¢ C the chain C; 
of ideals of C containing / corresponds to a chain in -f;/ and se ord(C,) < OCF 1) = 
ret ATE < on) Hence ord(C) = sup ford(Cp ll & CPS whet! so the theorem 
is proved. 


2.13. Remark. Suppose k(.4) is uncountable. Then since 4 has quotients of all pos- 
sible (countable) Krull ordinals < K(A) it follows from Theorem 2.12 that o(4)7 Q. 
On the other hand Theorem 1.1 implies that O(4) S Q. We conclude therefore that: 


K(A) 27 2 > 0(A) = OCA) EQ. 


Of course conjecture 7.9 predicts that this can never occur, 
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Let A be a commutative Noetherian ring. WO + Af > Mf > MO > Oas an exact 
sequence of finitely generated modules then we have the relation SUMS 
S(M'') A S(M’) between the corresponding partially ordered sets of submeodules. We 
shall prove here (3.7) that for any partially ordered sets § and T of ordinal types 
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<a we have ord (SA) ae 3. Ut follows therefore that o(M) © suplo(M). 
OFM) 3. This is the fact used to conclude the proof of Lemma 2 TE above. 

Though unnecessary for the appleagons above we shall give a tauly complete 
description of ord@8 8 7). This result (Theorem 3.5) was worked out porntty with 
H. Hecht (Columbia University b 


3.1. Additive ordinals. The following conditions on an ordinal og are equivalent 
CL “Ole 0° hp als 

(7) ctati roy, 

Mh ap Sees a. 

(4) acla -ata=a. 

(1) 7¢3) Tha ou then Chrimplies thatasa <0 tor alf integers a > 0. and so 
SID, GQ = us ty a. 

(Sy7 CP) Sav st aslu. Thenat ym atacacuw* a be (3) 

The equvalence of (1) (2) and (4) as proved at Sierpimski [72 p, 2798). Sierpinski 
calls sush ordinal numbers o which ure > 0. “prime components We shall use the 
tenn Uaddinive ordinal’, which is suggested by (1). The segment [adits stable under 
addition: 

The importance of additive ordinals derives trom the following theorem (see 
Sierpinski | 7} Cho SPW. 36): 


3.2. Theorem. Leta be an ardinal > 0. 
1b) Jere isanoiniceor no and additive ordinals Oy ap geeky Maat 


YF 
GO Fe 
JO Romi nand the addtiwve ordinals a, above are unique For example 
ile = O(a) 
is the greatest additive ordinal ~ a. 


Syifas s+ y with y > O then there is aunique tt “Son, such that 
y=G,+ +9, 


fewill be convenient for us toantroduce the decomposition 
i") a= lab gla) + -(a) 
where glade: 0) denotes the number of ¢, egual tog) = o(a@) and where 
HOE GO yay + +9, Hiseasily seen that (7) 1s characterized by the properties 


afadas an additive ordinal, 
gta) is anainteger > 0. 
pa) << ofa. 


tyr 
= 
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3.2. Proposition, For av ordinal a > QO. the least additte ordinal > a ts 
Q'w = OG) cue. 


ff ao as the least add:tive ordinal > a@ tt follows trom the relation a(a) <a< a 
that o(a)-cc “a. Tt remains to show that a+ <0 (a) wo and that o(a)- a is ad- 
ditive. Since p(0) < dra) we have pta) + ofa) = d(a) and hence a: = dfab(qia)-n)+ 
p(a)<u << a(a) (yfayon + Py<ofa)s cw. Taking the sup over we obtain 
G ww Olay w. 

It 3 < ofa) ow ther 3< o(ad-n for some sand so J+w S o(a)s nc = oad: w. 
This shows that ofa): ce as additive. und thus concludes the proot, 


3.4. The ordinal @ 2. 3. bet Sand Tbe partially ordered sets. To compute ord(SA7) 
we must consider wel: ordercd subsets Goof Sa 7. The proyeetion Octesp. Opbot 
Coin S resp. Pos thea alse well ordered Jand we have GOO AC]. tt tollows that 


ord aS & 7) = odes Pa Ty 


where S and 7 vars over all well ordered subsets of S and 7. respectively, 
Ita and Jarre ordinal numoers we shall put 


avg = oardtfap® [sy 
Note thata A J =pAa 


3.8. Theorem. Let aad J be ordinal numbers such that a 7 3 > 0. Wette 
a= ofad gladt plasaund b= ts) gGiyt peshas or 8.2 CP babore. Then 
(ae? 903). 

Hata) > a3) hen a Ap = o(a) gla) t e(a) 43. If o(a) = otp) then 
o(a) tala) +t giBr so 1)oif plad= (8) = O 


wae torar(qiad + yiB)) + (a) A p(s) otherwise. 


Before giving the proot we shall draw some consequences. 


3.6. Corollary. With te notation of Theorem 3.5 we have’ 
Oia Aj)= ula). 
qa Ap) ala). 
asaApgcatptastas, 


(AAP~pprwAaw. 


The tirst two assertions follow by induction on a. using the fact that when 
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o(ad= 0(3) we have g(a) 7 q(B). (Otherwise the condition a 7 8 would be violated.) 
The last assertions follow immediately trom the first with the aid of 3.3. 


3.7. Corollary. Let S and T be non empty partially ordered sets such that 
ord (8S) > ord (1). Then ord S © ord (SAT) < ord S + ord T+ ord S (ord S)- 3. 


[ford 7 = O.ie. if no two elements of TJ are comparable. itis clear that 
ord (8 4 T) = ord S. If ord T > 0 then ord (S 4 1) = sup ord (S AT) where S’ and 
T’ vary over well ordered subsets of S and 7. respectively (see 3.4), and there is no 
loss in restricting to pairs (S". 7’) for which ord S’ > ord T’ > 0. We ther obtain 
the corollary by applying Corollary 3.6 to estimate each ord (S’ A 7’) and then 
takin the supremunt. 


3.8. Preof of Theorem 3.5. We argue by induction on o = (a) 
gd. Thena@=q and) =q are finite and one sees easily that any maximal 
chainan (g)*% [gy= dO. g pe fOd.0..g Tp} haslengthg tq) 1 


! 


q | ne 
C 
| 
QO. : 
Q bs & «ae 4 


o> 1. We begin by showing that: 
ao Ao =a, 


For let S$ = [o) and let C be a well ordered subset of SAS. Itc © C the initial segment 
C.. preceding ¢ in C lies in S; 4S, for suitable initial segments S, and Sy ot S. By 
induction we can apply the theorem and Corollary 3.6 to ond Sy and ord Sy. which 
are 0. Tt follows that ord C, is < sup (ord S$). ord $5)°3 <a. Thus ord C = 
sup, cord C, © a. Taking for C the diagonal in.§ 4S we have an example with 
ord C= 0. Thus 9 So =o, as claimed. 

We next claim: 

b) If q and q are integers > O then (a-q) 2. (a ‘@leo-(q¢t+q ~1). 
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+ 


q Co! 
q | 

l 

€) | a 


qs q 


With S = [a)as above let 8-g denote S<+ 0 << + 8 (g terins) (see b.2) and sine 
larly tor Soq. Then acham Cin (Sg) ¢8-q) can meet at mostg tq) i oof the 
gq “squares” of the form SAS (ef the proof above in the case o = 1) Hence 
ord C Stork (SAS My tq bbe a> tg+q 1) bv ad On the other band the 
totally ordered set C= ({O}K Sg PS g CLO} where 0 is the initial 
element of the first copy of Sin Sg. and where 0 ts the initial clement of the 
g th copy of Sin Sg’ of type gg tg’ ty whence b) 

Next suppose that O-< pp) <a. We claim that! 

do gA(a-g tpdeaclgtg y 


“Sg AR 


(SoghAt-q) 


Itr ts the anitial element of R’= [g ythen C= d{O}% Seg y adr px S-qyiva 
well ordered set of type o-(q + q vin Ss: Gas: q < + A) so the dett side ine) 
dominates the night side. On the other hand the left side is S (o> gi A¢a-(g + Up) 
which, by b). is 0 ‘(gq tq). whence o). 

Assume now that q. q are integers > O and that p. pare ordinals > 0 and < 
We claim 

dioqgtpyAto g t+tp)=atatgry+tpap 
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Reep the above notation and lety denote the initial ciement of R= fo). In 
(Seg t ASS g s+ R the sete = ({O}% S- gy UiS-qss {r}biy well ordered 
ob type ota +q and at entirely precedes RA RO Tt tottows thatthe lett side of 
dy dominates the nght side For the reverse inequality consider any chain 2) in 
(Sgt KAS gq <+R ). Write D= Dg <+ Dy where D, = DOR AR). Then 
Dy is contained in either (S-qg<+ RIA qyorindS qgvhadSsg <+ RY dn 
either case it follows trom co) that ord Da Su-(g+q') Hence ord 2) = ord 1), + 
ord Dy Sata + 70+ 0 Ap’, whence dd. 

To gonclude the proot we show that. for aiv ordinal g such that O << 3<. o we 
have 

ehMorgtpyastantpary, 

Hts the mitubelement of # = [4) then Sq {bps a chain of type o- gin 
(S-ge + RPS Bentirely preceeding kh A Bound soo gtpAys“to-gtapad. Let 
Dbe any chainin (Sg sot RIA Band white = Dy Sth with Dy) = DOR LB) 
atid £),, = DOS g SB) Since ord 2, ~p cA oat wall suffice. in order to show 
ond AS 08 + p45. te show that ord Dy  0- ge or to show that (org) di JS u- q 
But(a-ghsoe eg by bp. 

This concludes the proot of Theorem 3.8. 


Note added im proof G. Sabbaeh has pointed out to the author that the essential 
content of Theorem 3.5 bas been treated in Milner and Rado. Prow, Lond. Math. Sov 
PS (18qS) 750-768, especially Lemma 2 on p. 760, which 1s due te Toulmur. 
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I present here a theorem asserting that a finite group has a normal p-camalement 
provided pois odd and the waniehes of the cohomolegy ciags of the group and ats 
Sviow p-subpgroup are domorphic. Although the result perhaps is net too useful, its 
proof serves to dhustrate the theorems of [3 oon the structure of Cohhomatogy rings 
In addition PE describe an alternative approach to these results int the case of finite 
groups using the norm mapping at Bvens [of 


$1. Statement of the theorem 


betpobe a prime number, ler be a finite group and lec P be a Sydow pesabgroup 
of Denote by Af etry the cohomology ring of G wath coefficients mi the cine 
/opéwith toil Geaction One knows bv the theory of the transter that the res: 
triction bemontorphise 


(td) MG). GHUPY 


is injective for alle 

Recall that one says that Gis p-nilpotent, or thatG has a normal p-complement, 
the p-elements (order prime to pyot G form a subgroup. Ht Vis this subgroup. 
then clearly Vis normal and the composition P-* G > GV an peomorphism Et 
follows that the restrienon hormomorphism |. is an asemorphism in this case 

We shall be interested in results going in the converse direction, that ts which es- 
tablish p-nilpotence from some hyputhesis on the restriction homomorphisa, The 
simplest of these ts the following. 


* Supported by the National Science Foundatton. 
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Theorem 1.2. (Tate [4] )/f HUG) ~ HEP). then G is p-nilpetent 


In contrast we have the following two results making use of the cohomology in 
large degrees. 


Theorem 1.3. (Ativah) /f H “G) ~ HP) for all sufficiently large i, then G is p- 
nilpotent. 


When pis odd, Ativah’s theorem .vidently is a consequence of the following. 
whose proot is the goal of this paper. 


Theorem 1.4. Assunie that for each cohomology class x © H*(P) ef even degree 
there is a power qos p such that x4 ts the resmiction of a class in H*(G). Lf pis odd. 
then Gots pordlpotent. 


Here isan example showing why p must be odd. Tet P be the quaternion group 
of order 8 and let G be the semi-direct product of P and a evel group of order 3 
where the generator of the evelic group evelically permutes i 7.4 The mod 2 coho- 
mology of Pis known to be 


374yy 5 > 9 , 
H*Py= (2-22) [x vie} der tiv tee tore) 


where x. risa basis for EVP) and e is the unique non-zero element of A4(P) bor 
bod. 2 mod 4. Ho Pb the two-dimensional irreducible representation af 2 32. 
and in the other dimenstons it acts trivially. so 


HAG) = H(Pyl32Z = (Z IZ) fz. c} 


where 2 and ¢ are the non-zero elements of degrees 3 and 4 respectively. Asx. are 
nipetent one sees that the first hypothesis of 14 holds. but G ts not p-nilpotent 

Smee 1.4 does nat cover the case p = 2 of 1.3 we sketch the proot of Ativalt's 
theorem tor the convenience of the reader. One uses the spectral sequence [1] 
which starts with the integral cohomology ring H*(G. Z) and abuts to the comple- 
ton RIG)” of the character ring with respect to the R(G)-adic topology, where 
RtGyis the augmen‘atron ideal. One needs also the tact that the p-primary par: 
RG), of the completion of R(G) is a tree module over the p-adic integers of rank 
equal to the number of conjugacy classes of non-identity p-elements (order a power 
of pyin G. Now the hypothesis of 1.3 implies that the restriction trom HG, &) ta 
HAP. Z) induces an isomorphism on the p-primary components for all sufficiently 
large 7. By means of the spectral sequence one can deduce from this that the kernel 
and cokernel of the restriction homomorphism trom R(G), to R(P\, are finite. It 
follows that G and #? have the same number of conjugacy classes of p-elements, that 
is. there is no fusion of eiements of Pin G. Now it is difficult to show this implies 
Gris p-nifpoteat [2.1V. 4.9] 
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The proot of 1.4 is similar in spirit, namely by use of various results in the struc- 
ture of the ring /7*(G) it reduces to the purely group-theoretical result below, which. 
however. is not as elementary as the one used in Atiyah’s theorem. 

Denote by ¥,-(4) (resp. C,.(4)) the subgroup of G consisting of elements not- 
malizing (resp. centralizing) 4, and recall that when A © P© G. A is said to be 
weakly-clesed in P with respect to G ifg '4g° P implies g | 4g = A. 


Theorem 1.5. -Asswame for crery normal elementary abelian p-subgroup A of P that 
Ais weakly closed in Pwith respect ta G and that No (AY C CA) is a p-eroup. If p 
is odd, then G is p-nilpotent. 


The above example shows that it is necessary for p to be odd. 

The reduction of 1.4 to E. appears in the next section. We show in the third 
section how the techniques ot Section 2 can be used to sumplity somewhat the res- 
ults of [3] an the case ot finite groups. Finally the last section contains the proof 
of 1s. 


$2. The norm 


Throughout this paper we work with finite groups and use letters A.A’. ete. to 
denote elementary abelian p-groups. IA Gandu EG A*(s), we lett WK denote 
the image of w under the restriction homomorphism from /7*(G) to AFCA). Define 
agraded commutative ring HG) by 


i HANG) > paodd 
Pa 
AMG) =. | 
Bo ANG) p=. 
B20) 


it is initely generated algebra over Z/pZ (cf. [3, 82] ). 
If G' is a subgroup of G. let 


Norm: ayy HOG) > HG) 


be the multiplicative analogue of the transfer introduced by Evens [6]. This opera- 
tion satisfies the double coset formula {6, Prop. 2] 


(Nom og WK = aa NOFM gg Livpnk (iu) 
Ggk 


where g runs over a system of representatives tor the (G . A)-double cosets and 
where z, is the homomorphism from A Ng !G'g to G’ given by bX) = 8X8 V 
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ttorallG: <G.. then we iave 


Hi 


Consequently af a © 70G) as such that ale 


it Gea 
ret) Norm, 26 MEA “il foie ow AEG 
‘ gl 


where / is a system of coset representatives for Go in its nermalizer A tG) and 
where the notation G+ A means that Gas not conjugate to a subgroup of A 

Giver. an elementary abelian p-group i. we tdentify HAA) with the dual -4* of 
A asa Vector space over Z pZ by means of the canonteal pomorphom. We recall 
that the Bockster homomarphisis 


” 1s * 
(22) SAP + eed) 
mainjective and that there are canomieal psemorphisns 


pet *yES(GA*) podd 
(2 3) HCA iz 
S017) pel. 


where Vand S are respectively the extern apd symmetric algebra functors on vee 
tur spaces over Zop2. Indeed these facts are well-known when -fis cycle and follow 
ingveneral by the Kunineth tormnaa tor the cohomolopy ota product of fwo groups 
Sei 
vege TE due nteay 


they f 


Whered = 2p’ Jand ris the rank ofa tras clear thate p isa nor-cero-divisor in 
MtAysuch thate, Pe) = () tor alba <O 4. and such that d a leads a a all automor- 
phisms @ of A 

Now let 4 be an elementary abelian p-subgroup of G. 


Lemma 2.4. Ler [V, CAb A] = gh where (hp) = band gq wa powerol p then there 
exists OU, In AIG) Sach that 


(0 Wt AeA 


Us ee ‘ = 
let iy AD 


Vorcover iver HAGA) is wvanant under \¢-(A). then there is aatvyon HOG) with 
AVA ted 
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Proof. Set 2 = Norm, 4, fb te, ). Formula 2.1 shows that 2140 = Taf > AC und 
that 
rl 


(heey =cr ted yh 


it 


| + fte{ + terms of higher degree. 

Thus it uy is taken to be (1'/)-times the homogeneous component of 2 of degree 
q-dege,.ithas the required properties. To prove the existence of a(r) we cari ob- 
viously suppose that vas homogenecus. Hf 2" = Norms 4b + yey). then 21 shows 
that 


s - . is 
rid =tt Aved * terms of lugher degree 


so we can take a4) te be (1edietimes the homogeneous component of 2° of degree 
q(deg vt degey). qed. 


From 2.3 tas clear that 
(2.5) Hl Ay V0 ~ S(4*) 
where V0 denotes the ideal of nilpotent elements. When & Gwe let p, denote 
the ideal in (G4) consisting of the elemerts w such that telis nilpotent. Then py 
is a prime ideal because the restrictlon to 4 induces an injection 


(2.6) HIG) pyr +SC4*). 


Theorem 2.7. Given A.A G, then by “ py Ufand only if Ais conitigate tad 
subgroup of A. 


Proof. The “ir” part is clear When Ais a subgroup of 4) and the general case reduces 
to this one because mner automorphisms of a group act trivially on its conomelogs | 
Conversely suppose that A # 47, by the lemma pv, © py. yet uy Ep, as the mage 
of, inS(4* yas non-zero. so the theorem is proved. 

Denote by 
(2.8) KOR g 2 kD 
the extension of quotient fields associuted to the homomorphism 2.6. The group 


(2.9) We Ve (ANC, AD 


acts as automorphisms of this field extension in a natural way. 
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Theorem 2.10; The extension 2.8 tsa finite normal extension and IN! fs iseunorphic 
(Ors group of aurontorphisms, 


Proof The extension is finite because quite generally the cohomology ming of a sub- 
group asa finitely generated module over the cohomology ning ot the group (cb. [ 4. 
SP) Given an element z of 5€4%) invanant under the acthon of W) there ts an in- 
vartaat clement vot HC4) corresponding to z under the ssomorphism 2.5. and by 
Lemma 2.4 there is an element a(v) of A(G) restricting to V4 4 where gy is da power 
ofp. Consequently the homomerphism 


(Gy vy ) Gr [Gx (St Ve! | )* 


obtained by localizing 2.6 with respect fo the muluipheative system ob powers of uy 
has fhe property that the gth power of any element of ifs target is in its image 
Therefore the extenstan 2.8 ssa composite 


KC yp We ACA ROAD 


where the tirst extension ts pureivy inseparable and the second is Galeisiain with group 
Wogs Woacts fanthtully on AGH) The theorem follows. 


We now show why Theorem 1.4 follows from: 1.5. Idenufy Af0G) with a subring 
of #iP) by means of the restriction homomorphism, aud denote by py 6 MUP) 
fresp doy - AAO jy the prinie ideal associated to an elementary abelian pesubgroup 
Tot Paesp A oot Gp Clearly a go By OAAG) Assuming the hy petheses of [4 
hold. anv elernent of OP) hes in ftG) atter bemg raised to some power of p. hence 
there is gone-one correspondence between prime wleals pain (Pp and oo of HtG) 
given by the formulas 


y= ) HOG | 
pe {x HUP ae" © y tor some n}. 


44° S P become conjugate inG. then dy = 4.80 by = py. and by Theorem 
>." the subgroups 4 and 4 are conjugate in P. Thus there ts no fusion of elementary 
abelian p-subgroups of Pin Gy in particular, if A is normal m P. then -4 is weakly 
clesed in P with respect to G. Finally tor any in P we have that kp 4} tsa purely 
inseparable extension of AC iy, ). hence using 2.10 


Vpl ly play = Auk CAPAC be AutRCAV ACG 2 be Ve CAN G4) 


In parteular V, G2t Cy Cbs a p-group, showing that the hypotheses of 1.5 hold. 
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$3. Properties of the ring /1(G) 


The maternal of the following section is not required tor the proot of Theorem 
1.4. [ts purpose is to show how the arguments of $2 using the norm mapping of 
Evens furnish an alternative approach to the results of [3] in the case of cohomo- 
logy rings of finite groups. [tis hoped that someone mainly interested in this case 
will find the version here easier to understand than the one in [3] where the theo- 
rems are formulated for the equivariant cohomology rings of G-spoces. However 
even for the cohomology rings of finite groups some consideration of equivariant 
cohomology ts necessary, eg. the proof of 3.1 below. 

The following theorem: is halt of the main theorem of (3) cits prot is deterred 
to the end of this section. 


Theorem 3.1. /f ua HG) as such that ul A = 0 forall elementary abelian p-sub- 
groups A of G, then wis nilpotent 


Corollary 3.2. fhe minima! prime ideals of HCG) correspond biectn ely te the con 
jugacy classes of maximal elementary abelian p-subgroups of G by te nile As py. 


Proof. ft 4, 1 0S rare representatives tor the conjugacy classes of maximal 
A‘ G, then by the theorem we have that the ideal of nilpotent elements oF H(G) 
admits a representation 


r 


VO= A ba. 


i= ] 


On the other hand this representation is irredundant by 2 7) s0 the Py, are the mun- 
imal prime ideals of H(G). 


Corollary 3.3. The Arudl dimension of HOG) equals the maximum rank of an elemen- 
tary abelian p-subgroup of G. 


Proof. One of the many characterizations of the Krull dimension of a tinitely gene: 
rated commutative algebra over a field is as the maximum of the transcendence 
degrees of the residue fields associated to the different minimal prime ideals. By 
2.10 the transcendence degre of ACY y pover Z'pZ coincides with that of ACAD. 
and &(4) has transcendence degree 7 = rank A because itis the quotient Neld of 
S$(47) which is isomorphic to a polynomial rng with 7 generators. Since all the 
minimal prime ideals of /4(G) ace of the form p , with A maximal by 3.2. the 
corollary follows. 


We choose an algebraically closed field Q of characteristic p and form the reriety 
A(G\Q) of the ring H(G); itis the set of ring homomorphisms trom (G7 endowed 
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with the Zariski topology. Foran elementary abelian p-group one has 

(3.4) HAWG ~ SCALP HQ) ~ A SQ, 

where the tensor product is taken over Zp Z, hence the variety of H(4) is an affine 
space over Q of dimension equal to the rank of 4. TEAS G the common zeroes of 
the elements of py form an irreducible closed subspace of H(G (22) which will be 


denoted 1. This subspace may also be described as the image of the map 


ae 
ow 
yh 
=—_— 
ti 


induced by the el homomerphism trom AG) to ACA). because on one 
band the injectiity of 2G amples that by as the closure of the image and on the 
other hand the mapas closed by the Cohen Seidenbere theorem, as H(A} ts a tinat- 
cis venerated 4700 bimodule. 

Set 


(41-= y= 4) U 1 20. 


Lemma 3.6.04 S20 as the Zariskt open subser ot 1S Qon which ey. os wnvertibic 
Pos the open subset of by oon whi hthe element vy iuvertible (notation ay in 
od) Furthermore A, ie : | ese tae 


Proof. {he first statement is clear and so is the inclusion -1, rt “(4 BOQ WO 
isthe subsetot ly on which vy is invertible. then in since UE Dy tor 

A oa Dy restricts to v4. hence -f ne = (4 @ 07°. Thus we have 4 ote = 
(A OY hence alse (= 19 because 4. maps 4 @ Qoonte by. qed. 


It teilows trom the lentes that a Isanaffine variety with coordinate ring 
(HIG) py dfe, 1} But we have seen in the proof of 2.10 that the homomorphism 
mduced by the restriction to 4 


GHG) p pd fug' | + escape Fp 


Intnfective and that any elements of its target When raised to a power of p lies in its 
mage Consequently this homomorphism induces a homeomorphism of varieties. 
Because the variety of the subring of invariants ter the gotion of a finite group on a 
‘ing is the quotient space of the variety of the ring by the group. 4 . Induces a 
homeomorphists of Fy with the quouent of (4 OQ) by ft 


23. Properties of the ring HiG) = 


Next Wwe note that Vm and at are disjoint if 4 and 4 are not conjugate. because 
if say fais not conjugate lo a subgroup of A. then Uy tsamveruble on My dnd zero 
on P Bimatly 4706 (22) 0s the union of the V4 as the irreducible components of 
the vanety are of the form Foy with -i maximal by 3.2. Theretore we have proved 
the following stratification theorem: 


Theorem 3.7. /f 7 is a setop representatives for the conjugacy classes of elementary 
abelian p-subgroups of G, then the variety of H(G) admits a stratification 


H(GWQy= Ur 
Ad 


Inte digaint locally closed wreducible affine subvarieties, Morcover the group 
Weed NECA, CA agers frech on (AS QO)” and the restriction homamorphism 
from HG) te HUD) biduces & homeomorphism 


(AWLP Way ~ ES 


We finish this section with the proot of 3.1. birst consider the case Where G bs 
abelian and let 4 © G be the subgroup of elements of order boop [tf is the kemel 
of the restriction teom AFG) to AEC), then the kernel J of the restriction homo: 
morphism trom /7*0G) to H*CAd as the ideal generated by 2. Indeed at Gas ey che 
this is easy Cosee, and in the general case it follows by writting G as a product ol 
evel groups and using the Runneth formula. The square of any element ot ZL ts 
vero by anti-commutauvity tor p odd and tor p = 2 it can be proved by reduction 
fO the eyelic case. Consequently the ideal J consists ot nilpotent elenients, in tact 
2P =O tor all 2 inJ. so we see that 3.) is true when G i abelian. 

To reduce the theorem to this special case We use equivariant cohomology Let 
BG be a classitving space for G, that is. a connected CW complex with fundamental 
group G whose universal covering PG is contractible. Then PG is a prinetpal G-bundle 
over BG with G acting as deck translations. so WX is a space on which G acts we can 
for the orbit space PG X OX of the action g(p..¥) = (ep. ex)on PG & X. Te equ 
variant cohomology of the G-space Y is detined by the formula 


H*(X)= HAPG XOX) 
and one can show that itis independent of the choice of BG and that behaves 
functorially in the pair (G, Y)Cct [3.81]. When = pr. the space consisting of a 


point, the equivariant cohomalogy of ¥ is simply the cohomology of the group. 


Hf.( pt) ~ H&G). 
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Lemma 3.8. /f G' isa subgroup of G, then the homomorphism 
H* (pn HEGG) 


induced by the map of GG" to a point is isomorphic to the restnetion homomor- 
phism from HAG) to HAG) 


Proof. Since G' acts Jreely on PG, we can take for BG’ the orbit space PG; G'. 
Whence the restriction homomorphism from #*(G) te A4(G") is isomorphic to the 
map on cohomology induced by the projection of POG onto BG. As 

PG X “(G'G') ~ PG/G’, the lemma follows. 


In the lemma delow we assume for simplicity that XY is a compact C™ mamftold 
on which G acts by diffeomorphisms (for a more general version see (3,3 2]) 


Lemina 3.9. /f ia HEN) restricts to Zero on each orbit of X. then tats aiuporent 


Proof. We first note that any orbit Gx has a G-invartant neighborhood © such that 
HP ~ ARG). In effect by averaging we can produce an equivariant Rreman- 
nian structure on X and take U to be a small tubular neighborhood of Gv with re- 
spect to this metric. Then & will be stable under G and the inclusion of Gx in {’ 
will be a G-homotopy equivalence. i.e. the homotopy inverse and homotopies will 
he G-equivariant. hence the inclusion will induce an isomorphism on equivertant 
cohomology. 

Thus each orbit has an invariant neighborhood U such that the restriction at"! 
of ato Cis zero By compactness ¥ can be covered by invariant open sets (4, 
such thatwil, = O foreach IF, = @) UO U,, we show by induction on mt 
thatw? iV = O. this being clear form =f. Assuming true form f, we consider 
the Mayer - Victoris sequence 


* } , y 4b x F a * ¥ - * f 
He. (U, os oe )! HRV) ~ 9 HAE, ) : HEE, I 
Then the eemen uw’ | restricts to zero on Ui, and on V ) by induction hypoth- 
esis, hence a”! FI Vi, 42 for some 2 in Ht. Mu OV, 1.) As é tsa honomor- 
A f 
phism of H®()modules. 


WMV, =82-u =A (zu)= 0 


as UW restricts to zero on the intersection. This completes the induction, so taking 
m =n we have that a” = O1n HtAX), proving the lemma. : 


We now finish the proof of 3.1. Leta € H*(G) be such that wl 4 = 0 for all 
A&G. 1fG' is an abelian subgroup of G, then w!IG is nilpotent as the theorem is 
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is proved tor abelian groups; replacing u by w” tor some a. we can assume that 
ulG =O tor all abelian subgroups G. 

Let Fo be a taithtul finite-dimensional unitary representation of G and identify 
( with its image in the unttary group © of F. Let G act by left multiplication on 
the flag manifeld ¥ = (77. where fis a maximal torus of O° and let v be the image 
ofeunder the map equivariant cohomology 


(S10) HMGI~ HAC pry 2 HECX) 


induced by the map trom ¥ to a point. The orbits of G on ¥ are of the torm G’G", 
where G is abelian as it is conjugate in U to a subgroup of 7. By 3.8. v restricis to 
vero on each orbit of VY hence vis nilpotent by 3.9. But the homomorphism 3.10 
is oyective. Indeed PG % % X may be identified with the huadle of flags in the vee- 
tor bundle PG X © V over BG. and one knows by the so-called splitting principle in 
the theory of Chern classes that the induced map of cohomology trom the base to 
such a flag bundle ts injective. Therefore we conclude that ais nilpotent and the 
proot is complete. 


$4. Proot of 1.5 
We need the following general tact adhout elementary abelian p-subgroups 


Proposition 4.1. Le: P bea Svlow p-subgroup of the finite group G and let A bea 
maximal normal elementary abelian subgroup of Po Lf pts odd. then A ty alread a 
marcimal elementary abelian p-subgroup of G, that is, As the set of elements of 
order Lor poof Ce(A). 


Fora proot that 4 ts a maximal elementary abelian subgroup of P, see [2. HE 
Ll). G contains A. then AS NV -CA). and as P is a Sylow p-suberoup of 
No-(4), one can consugate A into a subgroup of P by an element normalizing -t. By 
the maximality of 4 in P we have 4 = 4, proving the proposition. 


We now give the proof of 1.5. Consider first the case in which every element of 
order p of Gis in the center Z(G). (The counterexample tor p = 2a of this torm ) 
Then G ts p-nilpotent by [2.1W. 5.5]. or alternatively by the well-Known criterion 
of Frobentus and the fact that for p odd a p-automorphism of a p-greup is tnvial it 
It acts trivially on the elements of order p. 

Now suppose 1.5 is false, let G be a counterexample of least order and choose 2 
maximal normal elementary abelian subgroup 4 of P. We are going to show using 
the minimality of G that A is normal in G. Assuming this, the hypotheses of ES 
imply that G/C,-(A ) is a p-group, hence C,-(4) ts not p-nilpotent or else G would 
be also. But by 4.1 the group C,-(4) has the property that every element of order p 
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isin the center. hence this group is p-nilpotent by the case of the theorem already 
proved. This contradiction then establishes the theorem. 

So let A be a nermal elementary abelian subgroup of P and suppose that 4 1s 
notnearmalin Go Let B be a masimal G-nermal subgroup of -l and define the sub- 
groups 4, and.¥ by 


tk 


A, BEA BOL(PB) 


N= N(A 1 ). 


Since 4 Bis a non-trivial normal subgroup of the p-group PB. rtintersects the center 
non-trivially, so ly > Band NV < G by the maximality of B. Since Ay is normal in P. 
we have PSV. Since any subgroup of G containing P clearly satisties the hypotheses 
of 1S. we see that Vis p-milpotent as G is a minimal counterexample | 

Now Vis the normalizer ot the central subgroup 4,8 otP B Moreover 4B 
is weakly closed in PB because Ay Is weakly closed in P by hypothesis. So by the 
theorem of Grin the restriction is an isomorphism: 4E(G/B) ~ AECN’B), Cin fact 
the restriction is an isomorphism in all dimensions |S. Appendix] ) Consider the 
map of inflation-restriction eXact sequences 


O «MGB ~My -~Hleaae HAG) 
y 
. ' | 
i 7 4 


Q HCN B)  -o HTOND oe ts HON BD 


where the arrow at the far right 1s injective because VB contains the Svlow sub- 
group PB. Because 1) (By is the dual of Bas a vector space over Z:pZ, we see that 
the homomorphism v of this diagram is an isomorphism provided every automor 
phism of 8 produced by an element of G 1s produced by an element of V. But by 
hy pothesis G°C, (2) is a p-groaup, hence any such automorphism comes already 
from an element of P. Thus vis an isomorphism. so H!(G) ~ HICV) by the tive 
lemma. Since Vis p-nilpotent HON) ~ HNP), so HG) ~ AYP) and G is p-nilpo- 
tent by Tate's theorem. With this contradiction the proot of 1.5 ts complete. 
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EVERY CATEGORY IS A FACTORIZATION 
OF A CONCRETE ONE 


Ludék KUCERA 


Charles Cruversttyv. Prague. Crechoslovakia 


Received 13 Mav 197} 


A category Aas called comerere it there exssts 4a faithtud tunetor trom A into the 
category of all sets and mappings. 

We deal with concrete categories usually. but there ure two mmpoertunt exceptions 

the category of topological spaces and classes of homotopically equivalent contin: 
ous mappings and the catego of small categories und classes of naturally equiva: 
lent functors, which are not concrete (see [1.2] ). 

ftisevident that these two categories are tagtonations of concrete ones, where 
a factorization is defined as follows: 


Definition. Let A be a category. A congruence ~ oon A is an equivalence relation on 
the chiss of all morphisms of A such that a. 4. cod are morphisms of Ala ~ >, 
oe ™ dand ac is defined then fd is detrned and aco > bd 

Note thatita ~ A then both a and & have a common demain and a common 
range. 


Definition. Let ~ be a congruence on A. The category A/~ 1s detined as tollows. 
the class of objects of A’~ is the same as the class of objects of A. 
morphisms of A’~ trom ¥ inta ¥ are all equivalence classes Cin the equivalence 
~Pot morphisms of A trom X into ¥. 
ah = ab. where a (bh, ab, resp.) 1s. a morphism of A’~ containing @ (>, ah, resp.) 
Aims called a factorization of K. 


The necessary and sufficient condition tor the concreteness of a category Was an- 
nounced by Frevd [1]. The next theorem gives a characterization of categories 
which are factorizations of concrete categories. The problem was suggested by 
Z.. Hedrlin. 


Theorem. U'p te an isomorphism, every category ts a factorization of &@ Concrete ORE. 
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The theorem will be proved in the Godel ~- Bernays set theory with the axiom of 
choice tor classes. 

Thus, trom this point of view, the notion of a concrete category can be considerec 
as basic notion in the category theory. because the category theory deals with con- 
crete categories and categories derived from them in a simple way. 


Proof of the theorem. Let A be a category. We can suppose that objects of A are 
ordinals, since we assume the axiom of choice for classes. 

We shall prove that A is a factorization of a following concrete category L: 

the class of objects of £ is equal to the class of objects of K:- 

morphisms of Z£ trom into 7 are all couples (f. g) such that there exists an ob- 
ject C(f. g) of K such that CC. g) S mon and gim > CUS. g). CU. g) 2 are mor- 
phisms of A. in the case m= na further morphism, the formal identity 1,,. is added: 
the composition is defined as fullows: 


a (fight) for CU gS Ch 
(f. ghey e ~ 
~~ (feh.iy for CU. gh) > Cth. i). 


In 8)= (fa) ig = Ug), 


Lin m > ore 


It is evident that morphisms I,,, are identities of Z, there is a set of morphisms of 
L from one object inte another only and the composition of morphisms of L is a 
morphism of L. 

The composition is associative, since 


(Cf. eM, OW KY (Of eC MG RY) = 


ue Vf ghifky for Cf g) S CA, 1, CU) 


we 
atl 


the other cases are obvious. 
Thus, we have proved that L is well defined. Now we shall show that /. is con- 
crete: 
Mappings q. r from the class of morphisms of £ into itself will be defined as fol- 
lows: 
GL V= FO d= by 


G(s. 8) = (Ff, id COS. g)), 
rif. gy) = (id CU. 2). g). 
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Note that domain 4 = domain r(A), range A = range q(A) for every morphism 


A ot L: if AB is defined then 


q(AB)= q(Aqt#)). 
r(AB) = rir(A)B). 


A covariant functor F from L into the category of sets and a contravariant fune- 


torG from ZL into the category of sets are defined by 


F(m)= {q(A):A_ isa morphism of L, range A = m}. 
G(m) = {r(A):A_ is amorphism of ZL, domain A = m}, 


f(A) B) = q(AB), 
G(AWKB)= r(BA). 


Note that for.4 € F(m), BE G(m) it is g@(A) = A, 7(B) = B. 


The functors F. G are well-defined, since #(m), G(m) are sets for every object m7 


of L, 
F(1,,48)= q(B)=B  forevery BEF (m), 
GU, MB)=rn(B)=B  forevery BEG(m), 
F(A) FIBYC) = F(AXG(BC))= q(Aq(BO)) 
G(A)G(BNC) = G(AXr(CB))= r(r(CB)A) 


GlAaBC) 
riCBA) 


i 


F(ABKO), 
G(BA KC). 


It is evident that F(A) = F(B) and G(A) = G(B) implies 4 = B tor every mor- 


phisms A, B of L. 


Therefore the disjomt union of F and HG, where H is a one-to-one contravariant 
functor from the category of sets into itself, is a faithful functor from £ into the 


category of sets. 
Finally, let ~ be a congruence on £ defined by 


de if and only if m =n 
lin ~ fg) if and only if fg = id 7 


(f.g)~(h,i) — if'and only if fe = hi. 


It is evident that ~ is a congruence on L. 


The isofunctor / from L/~ into K will be defined as follows: 


i(m)= m, 


IG,=idm, Mf g8))= fe. 
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/ is an isotunctor, since if f is a morphism of A from 7 into m then 


either oman and f=/((f id m)) 


OF nom and f=/(idn fy. 


The details are lett to the reader. 
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80. Intreduction 


In this paper we discuss a general theory of injective envelopes relative to a 
proper class of monomorphisms in an Abelian category. The first section deals with 
relative essential monomorphisms as defined by Maranda [4] and Stenstrom [8]. 
The second section contains a general comparison theorem which may be applied 
every time one has a reflective full subcategory of an Abelian category. Thus using 
the theorem of Popescu. Gabriel [7], we get more easily than in [5]. the existence 
of enough injectives and of injective envelopes in a Grothendiek category, and we 
get further informations. In Section 3, we apply also our theorem to prove the new 
result of existence of pure-injective envelopes in a locally finitely presented Grothen:- 
dieck category. 


§ 1. Proper classes and relative essential monomorphisms 


Let of be an Abelian category. Let € be a proper class of monomorphisms in sf. 
that is a class of monomorphisms satisfying the following conditions: 
P}. Every split monomorphism is in €. 
P2. € is closed under composition. 
P3. If g EE, then fe €. 
P4. € is closed under pushout, i.e. if 


| een 
} f | 

t h 1 
C-—--—--D 


is a pushout, and if fEE, then EC. 
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An element of this class is called an €-monomorphism. An object Q of 2 is 
called € -injective, if tor every fE €. f:A > B. and every morphism g:A > Q, there 
exisis a morphism 4: B + Q such that Af= g. We say that of has enough €-injectives, 
if for every object A, there exists {4 > /, with fE €, and / €-injective. When € = 
class of all monomorphisms, we say simply injective. 

The tollowing definitions are due to Maranda [4] and Stenstriim [8]. 


Definitions 
1) An € -monomorphism f:L > M is called ¢ -essential, or an € -essential extension 
of £L, if every morphism g:M ~ N, such that gf € ¢€ , is a monomorphism. 

The class of €-essential monomorphisms is denoted C, . 
2) Let f:£ +M be an element of ¢, . fis called maximal if every morphism 
g.M->N. such that gf€ &€, , is an isomorphism. It is called an € -infective enve- 
lope of L.if Mis E-injective 

We denote €,,,, the class of maximal elements of ¢,,. 


Remarks 

IpLet sf: L +>Mbein C.fisin €, if and only if every epimorphism g:M@—> N, 
such that gf © €, is an isomorphism. 

2) A split monomorphism which is € -essential is an isomorphism. 


We recall that a category is said to be well-powered if every object has only a set 
of subobjects. We assume for the remaining of this section that (A, € } satisfies the 
following condition (*)}. 


Condition (*). of is well-powered, has exact direct colimits and the class € is closed 
nnder direct colimits. 


Remark 3. A direct colimit in of is a colimit of a functor D> sf, where D is a small 
directed category, that is a small category such that 
1) For every pair of objects D, £, there exists an object F and morphisms D > F, 
EF. 
2) For every pair of morphisms f.g:D—> EF, there exists a morphism A: £ > F, such 
that Af = hg. 

By [1, Exposé J, Proposition 8.1.6] there exists then an ordered directed set 9 
and a cofinal functor 9-7. 


Proposition 1. For every f EE, f:L > M, there exists an epimorphism g:M + N, 
such that gf EC, . 


Proof. Consider the set S of (classes of) epirnorphisms g:M -~ ?, such that gf€ c. 
“is not empty, because idy, © S. We define an order relation in § by g SA if there 
exists a morphism k such that kg =A. 5 is inductive, indeed if {g,!i€ /}is a linearly 
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ordered subset of S, then g = colim g,, is an element of 5, and g > g, tor every (El. 
Let m:M— N be a maximal element in §: consider an epimorphism kV > K. such 
that ken € €. Then ke € 8, hence & is an isomorphism. This proves that mf €,, . 


Corollary 1. Ler jh > M bein €,,,, Uf gfe, then gis a split monomorphism. 


Lemma 1.4 colimit ofa direct system of C-essential monomorphisms J; L > M,. 
fE/, isan C-essential monomorphism. ) 


Proof. Let f:L + M be a colimit of this system, and let #7, :.M; + M, be the canonical 
morphisms. Then f€ €. Consider a morphism g:M > N such that ef € €. Then 
emf, 2 €, hence gm ; 8 a monomorphism for every 1G J. Since g = colim gm,. g ts 
also a monomorphism é ‘ 


Proposition 2. For every object Q of A, the following conditions are equivalent. 
a) Qis E-injective. 

b) Avery f° Q > M, FEE, is split. 

c) There exists an object L, and f:L -Q. fE€,,,, . 

d) Every gg: QG>M. gE, . is an isomorphism. 


Proof, a) > b). The identity of @ extends to a morphism g: Mf -~ Q. such that 
ef = ide. 

bycd. Let sf: @ > M be in €, . then fis a split monomorphism hence an 
isomorphism (Remark 2). This proves that idy © C,,,, . 

cb) d). Let f:L > Q@be in ¢,,, ,andg:Q>Mine, . Thengs CC. hence 
by Corollary |, zg is a split monomorphism, and so an isomorphism. 

d) > a). Consider an € -monomorphism f: A > 8, and a morphism g:A > @. 
We torm a pushout 


Ase R 

2 af | 
gi k 

i : 

eae 


hE &, because € is a proper class. By Proposition |, there exists a morphism 
p.°P—>K such that ph © €,. Hence ph is an isomorphism, and so there exists 
m:P-—~ Q such that mh = dy. and mkf = g. 


Corollary 2. a) Any maximal €-essential monomorphism is an € -injective envelope. 
b) Let f:L +>Mand g:L >N, bein €,,,,. There exists an isomorphism hi MN 
such that hf = g. 


+ 
: 
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c) Uf L has a maximal € -essential extension, then any é-injective envelope of L is 
in€,,,,- 


Proposition 3. //. furthermore, A has enough € -injectives, then Af has maximal € - 
essential ex tensions. 


Proof. The proof follows an argument of Maranda [4, Theorem 5]. Assume that an 
object L has no maximal €-essential extension. Then we construct. for every ordinal 
a, a morphism f,:L + Ms, © €,.and for every pair a, 8 of ordinals, such that 

a < Z,a monomorphism g, 3 :4f, ~ Mg. which is not an epimorphism, as follows. 

1) M, = L and f, = id, . 

2) For an ordinal a, assume f; and &;, defined for all 8. y <a. If @ is not limit, 
we choose a monomorphism AM,» A. such that Af, © €, and that 2 is not 
an isomorphism. We set M, = 4.8, tq = and a3, =A8gq 4, ford<a 1. Ifa ts 
a limit ordinal, we set f, = colim f,.B <a, and 8, the canonical colimit morphisms. 
£54 8d monomorphism since f; isin C, . and it 1s not an isomorphism. 

Now. by assumption, there exists aL +1, withme€, and / €-injective. Hence. 
for each a. there exists a morphism m7, MW, > /. such that m1, f,, = m, and m, 18a 
monomorphisin since J, € C,. 

So that one gets for every ordinal a 


Card a & Card {subobjects of M,} < Card { subobjects of /}. 
but this is in contradiction with the assumption that sf is well-powered. 


Example. The category of right modules over a ring R, has injective envelopes. This 
result is due originally to Eckmann- Schopt [3]. 


§2. Theorem of comparison 


Theorem 1. Consider a functor T: + A. a proper class E in xf and a proper class 
EE ink. 

Assume that A and A are Abelian, that T is full, faithful, has a left adjoint S. 
and that TEC E'. SE’ CE. Then for any object L and any morphism 7 L -> Min 
A, one has 
ad £E € if and only if TSE E.. 

b) SEC, ifandonly if TFEE’, . 

ofeé,,, ME ,,, . 

d) Uf (A. € ) satisfies the condition (*) of Section 1, and if TL has a maximal €’- 
essential extension, then L has a maximal €-essential extension, and Tf € €' 
svonasfec,,. 

e) L is €-injective if and only if TL is €'-injective. 


as 


JS re 


aya if 

SRE 

Seay 
Cate 
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Proof. Let a:id, .>7S and 8:ST— id, , be the adjunction morphisms. We may 
assume that ST = id, and p = id. 

a) This follows from the fact that S7f = f- 

b) Assuine fE €, . Let: TM > N be a morphism such that A7f'€ C’; then 
S(ATS) = Sho fE CE; therefore Sh is a monomorphism, and also 73h. Since 


ayht = TSA, h is amonomorphism. 


TM +N 
! ht 


{ 
id : ay 
; 


i 
| , 


Ts™ — 73", TSN 


The converse follows trom the fact that T reflects monomorphisms. 
¢) This follows from b) and the fact that 7 reflects isomorphisms. 
d) Letg: TL ~+Nbeiné.,,,, . Then Sg GE; hence by Proposition |, there exists a 
morphism #:SN + P, such that k = ASg€ €, . By b), TkKE €., . Since Tk = 
Th cy © g, one has Th ay +s an isomorphism. Therefore Tk EC',,,, and 
KEC,,,,, . The remaining of the statement follows from Corollary 2. b). 


L——*__, S$ TL-—+N 
‘ 
h Ne ON 
| Tk. “TSN 


e) The proof is straightforward. 


We recall that a family of objects U,, i € J, is said to be a generating jamily for 
a category A, if for every pair of distinct morphisms f, g:A — B, there exists /€ / 
and a morphism A: U; + A such (Hat fh # gh. 


Corollary 3. Every Abelian categorv A, with a generator U, and exact direct colimits, 
has enough injectives and has injective envelopes. 


Proof. of is well-powered by (6, Prop. 15.1, page 71], and satisfies the condition 
(*), Let R be the ring of endumorphisms of U, and tet Mod R be the category of 
right R-modules. Consider the functor 7: f Mod R, TX = A(U, X). By [7]. this 
functor is full, faithful, and has an exact left adjoint. Since Mod R has maximal es- 
sential extensions, the corollary follows by Theorem |,d). Moreover, T preserves and 
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reflects injective envelopes. This fact has also been observed by Popescu [11, Corol- 
lary 6.32]. 


§3. Existence of pure injective envelopes 


We recall some definitions. In an Abelian category sf. an object M ts called 
finitely presented if the functor A(M --): Af +s @. preserves direct colimits. Here 
ot & denotes the category of Abelian groups. A short exact sequence is called pure 
if every finitely presented object is relatively projective for it: the corresponding 
monomorphism to this sequence ts also called pure. A category ts called locally 
finitely presented Grothendieck category (in short Lfp.g.), ifit is Abelian, with 
exact direct colimits and a generating tamily of finitely presented objects. Any 
functor category X = (X*. AF). with X small, is Lfop.g. 

Throughout this section, ef denotes a Lf p.g. category: ? denotes the tull sub- 
category of A whose objects are the finitely presented objects ot 9. 


Proposition 4. 

1) P és additive, Itas cokernels and is equivalent to a small category. 

2) For everv object A in A, the category P/A ts directed and A is a canonical co- 
limit of the functor V: 3/A +A VOUEP > Aj= P. 

3) The functor T: A +P, TX =9t( XM), is full, faithful and has an exact left 
adpownt 


Proof. It is done in [2]. To construct the left adjoint §. one remarks that every F 
m Pisa colimit of the functor L A/F > A L(AL.. Py F) = PU~, P). and one 
sets SF = colimit of the functor Vo P/F aa F(A 2 PY > P= P. 


Remark. We shali not use the exactness at 5. 


The toliowing lemmas are stated in [9], and are easy consequences of the defini- 
tions, and of Proposition 4, 2). 


Lemma 2. The pure monomorphisms of 9 form a proper class € and (A, € } satisfies 
the condition (*) of Section t. 


Lemma 3.4 monomorphism in Al is pure if and only if it isa colimit of a direct 
system of split monomorphisms. 


Theorem 2. A has enough pure-injectives and has pure-injective envelopes. 


Proof. The functor T: sf + P, considered in Proposition 4, preserves direct colimits, 
in fact if Bj > Bt /, isa direct colimit system. the canonical morphism 
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Colim TB; > TB, is an isomorphism, since its value for every object P of P is an iso- 
morphism. It follows from Lemina 3, that 7 and its left adjoint S take pure mono- 
morphisms into pure monomorphisms. Since has pure-injective envelopes [Y. Cor- 
ollary of Theorem 2]. which are maximal pure-essential extensions (Prop. 3 and 
Corollary 2, c)), the result follows by Theorem 1. d). 


Example. Let E be a finitely generated module over a commutative Noetherian ring 
A. We define a topology on & by taking as neighbourhoods of 0 the submodules /F. 
where / ts a finite intersection of powers of the maximal ideals of the ring. The com: 
pletion of £ is then a pure--njective envelope of F in Mod A. 

For this result and for a scudy of pure-injectives in categories of modules. we 
refer the reader to [10]. 


The author acknowledges valuscte discussions with J. Giraud. 
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In this note we shall study the coproduct of some elements in H“(QE:. Z,,) tor 
the principal fibration QA > E> B which is a pull back of a path fibration via a map 
fas indicated in the following diagram. where K is an Eilenberg -Maclane space: 


QE --——-----——» 2K 
. : 
fe ea eK 
, : 
Peg 
a oe 


We require B and 2K both to be simply connected and H*(B. Z,) tu be of tinite 
type. Let p be a fixed prime throughout this note, and all cohomology algebras and 
any other algebraic gadgets are with coefficients Z,,. 

In the special case in which the fib-ation is a stable 2-stage Postnikov system (Le. 
B and K are generalized Eilenberg--Maclane spaces, and / is primitive) the papers of 
Massey and Peterson [6] and Smith [10] show, in order to study the Hopf algebra 
structure of H*(QE), it is sufficient to determine coproducts on certain elements of 
H*(QE). Our results will be sufficient enough to tell what coproducts of those ele- 
ments are. Various results have been dune for this special case, such as for p = 2 [1. 

3. and 5], for p is odd [4]. 

The main tool we use here differs from those in [3, 4, 5]; namely we use the spec- 
tral sequence described in [2, § and 10]. Therefore in working out the determination 
of coproduct we can chec:: the A, -classes as well (c.f. [11] for definition ct 1,,- 
class). 

* Based on a thesis submitted in partial fulfillment of the requirements for the Ph.D. Degree at 
the University of Notre Dame under Professor J.D. Stasheff. 
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S81. Main result 


Milgram {7] and Stasheff [10] have proved that BC, (Q.X) = C,(4) as chain 
complex where # is the bar construction. The differential in 8 is equal to d,- + d; 
where 

n- | 
dp ({ay!...4a,J)= 59 (1p fa, |. lajayy tt, | 
i=} 
and ' 
dytlay)...day } d= FS CP SED fay L.tdagl lay | 
= | 


in which s(/)= deg[a,}...4a;] and d is the differential in C(22X). 

We know from [7] that there exists a diagonal approximation of X which corres- 
ponds to the obvious diagonal map in BC (2X). Moreover Moore [8] shows that if 
H (2X) is of finite type and if BC,(Q.X) is filtered by bars, we obtain a homology 
spectral sequence £*(S2Y) which has E! = B(H,(QX)) with d! the loop multiplica- 
von and £2 = Tor’. sp CE Z,)and E’ > E* = E9(H (X)) as coalgebras. where 
E denotes the associated graded coalgebra under some filtration. Dually speaking 
there exists a cohomology spectral sequence E,(Q1.X) such that Fy = B*(H*(QX)) 
and m*(x)= 1 @ x +x @ 1 +d)x where x € H*(Q1X), m is the loop multiplication 
on QU. Further fy = Extyy | (axyl4,-2,) and E, > Ey(H*(X)) as algebras. 

Let F,,0% < r, denote the filtration on 1 H*(B) nich that £,(QB) converges to 
EE (H*(B)). Therefore F, > F.. if r >r. Since H*(B) is of finite type, we can choose 
a naniinal ideal base X ={x,,x4,... }}for H*(B). This base X is minimal in the sense 
that H*(B) # (xy yea Xp, .--) for any f, such that the projection of XYOF,_, into 


Te ctiemmnamateme 


[F,. 1 4*(By |/[F,. H*(B)?] form a base for [F,_, 4*(B)]/[F,, 1*(B)) where 


F canichammncadionsaeeeeel 


[F,. HB)? | denotes the subspace of H*(B) generated by F, and H*(B)?. 


Definition 1.1. For any x = x; x4 ...x,, where x, X, 1 <i <n, we define the 
weighted length of x to be oi, 7, where x; © F,, but x; € F; r+}. The weighted length 
of Dx, xX» ...x,, is defined to be the minimum of the weighted lengths of each term 
in the summation. 


We use wi(x) to denote the weighted length of x. 

As usual o and 7 are the suspension and transgression of a path fibration respec- 
tively and 7 denotes the loop multiplication on QE. 

In the following theorem, let QK > E - B > K be a principal fibration as before. 
For any v € H*(OK). u = a tog © H*(QK) where tox is the fundamental class of 
H*(StK), and a € 2p), the Steenrod algebra. 

Let w*=aty andy’ = fat, ). 
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Theorem 1.2. Consider anv vy © H*(QE) such that (QU)*r = ou for some u € H*(QK) 
with non-trivial transgression in the fibration QK > FE > B > K. Express u' as 
Via,z,+ Lb, ,w, where z, and w, are non-zero elements in U,, 2, X" such that wi(z,)= 
wll Vaid wiow,) > wil), a, and b; are non-zero elements in Z, for all i and j. We 
obtain the following results. 

(i) If wi(u') > 2, there exists w G PH*(QE) such that (Qi)*w = au. 

(ii) If wi(u') = 2,2, = x, 9; where 1 SiS tand x, ¥;€X. and z;€X for *<ith 
Then there exists w © H ee ) such that (Qiy*w = ou and m*(w)= | @wtw® I + 
Laf{Qp)*(ax; @ay;) + ol p+} Gj(S2p)*(u; @ v;) for some u,, vu; © H*(QB). 

(iii) w én (i) and (ii) is an A ,-class for some t 2 wi(u')-- 1. 


§ 2. Proof of Theorem 1.2 


irst we shall work on a special case; namely the principal fibration QA > £ f 
BK with K = KiZ,,. n) and Qf ~ *. Then we will use the results of this special 
case to prove the theorem. 


Lemma 2.1. Let A. C be DGA associative connected algebra of finite type. Suppose 
there exists a surjective DGA algebra map 1 :C > A such that a is an isomorphim 
when restricted to C; + A; when i<n and dim(ker(7:C > A,,))= | and the gene- 
rator of ker(7:C,, > A, isa cyele. (C;, A; mean the homogeneous subspace of de- 
gree iof C and A respectively.) Then in the cohomology spectral sequence (obtained 
from B(C) and B(A) filrered by bars) we have 

(i) For all r, 1? yg (4) > ES "(C) is an isomorphism if s+ t<n+ lors += 
at lands >. 

(ii) For all r, n® ES *7 (4) > ES" *2°5(C) is an isomorphism when s > 2 ex- 

cept possible for one and only one s and r > s. Moreover in this possible case %* is 

onto and * EA) - hal 110) is an isomorphism when r > s and d, \(x) #0 
where x 18 the c “lass in EB} JC } containing the dual of generator of the kemel 
(7:C,, > A,,). In other ends in this possible case for any vy € ES4 *2°S¢4) such 
that y « -5 to EB, term and n™(y) vanishes in E AC). then jhere a fGE- hn tC) 
such that adh j(z) = ‘n*(y) and z & r*(E NA). 


Proof. The proof follows from routine work on spectral sequence. 


Let StA SERB 4 A= K(Z,,. nt) be a principal fibration with Q7 > * and let X 
be a minimal ideal base for H*(B} which is chosen as in § 1. As usual ¢,, will be the 
fundamental class in H*(Z,,, 1; Z p) 


Lemma 2.2. Assume f*(1,,) = 2! a;z; + 2 b;w; where Z,, w, are non-zero elements in 


U,, 21) 4%, and s = wi(z;) = wi(f*s,), wi(w,) > s, and a,b, are non-zero elements in 
Zp foralliand j. Then 
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(i) p%f%,, = 0. 

(i) Consider any x = XyX9 XV V2 Y, © HMB) where Xp ¥, EX bur x, EF, 
and v, © Fy. Each vy; can be represented by some &, © E} a (QB) ) where rj = wi (y,). 
Then’ x can be represented by {ax,1...lax,| @® a in Ey wie (928). 

Let [ox,1...)ox,)| @@ &. be denoted by x!. 

(in) Vore QE = BX QK ‘and has loop multiplication. In E (QE), we have 

dy [1 @u, 9 + Junk] =ALa(Lp)*z,! where OF XEZ,, and Junk € Im(Qp*). 


Proof. (i) Trivial. 

(n) Since x; & X but x; Ef», [ox;] represents x, jin EY * (QB) for all i, and since 
whi; =7,, ¥, is represented by some element &, EF *(Q8). But at each stage E, is 
J DGA algebra and F,,, = A(E,). Therefore the product in £,,, can be represented 
by the product of the fepiesentalnes in E,. Moreover E, converges to E,(H*(B)), 
and hence x can te represented by fax, !...lax,] @@ &,. 

(iii) By looking a. “he filtration on the cohomology spectral sequence 8228 and 
(ii), we know f*(¢,,) can be represented by I/a,2;! in Ef" *(QB). Since p*/*(u,,) = 
Q. it follows that in the cohomology speciral sequence of QE, (Qp)*(Za;z;!) vanishes 
in certain stage. But 2a;2;! survivies to EF, (QB). hence the map induced by & p 
from EF" 5 (QB) to E32" “S(QE) can not be one-to-one when 7 2 s. From Lemma 
2.1, there exists some element [z] © EI. m2 such that z E A*(QE), z Eim(Qp)* 
and d, _, [z] = A(Qp)*(LXa,z;') for some O # A € Zp. Of course such Z can be written 
as 1 @, 9 + Junk with suitable r. 


Proof of Theorem 1.2. Consider vy € H*(QE) such that (Qi)*v = ou for some 

u © H4QK) and « does not have trivia) transgression in the fibration QK SES 
B4 K andu' = Sh a,2,; + Lb.w, as before. By the definition of u’ there is a 

u* © H*(K) such that /*u* = u’. Consider the following diagram: 


+ + 
KZ). deg u) -----— E ap a K(Zp. 1 + deg 1). 


Since f*u* =u’, therefore we can construct a fibration map g such that gIQK = w. 
Looping the diagram we get another pair of principal fibrations with dng Yael 
fiber map Qg. Since » € H*(QE) therefore in Q2K — oF 22. oR © QK, ou 
transgresses to zero, i.e. Qf*u = 0. Therefore au’ = o( f*u*) = (Q/* ou") =(Qf/tu= 
0. So the bottom fibration is of the type we discussed in Lemma 2.2. Since Ng is a 
multiplicative map, it preserves the cohomology spectral sequence. Hence we shall 
apply Lemma 2.2 on the bottom fibration and then carry the properties to QE via 
(S2g)*. 
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bet w = (22g)"(tieu,-.7 + Junk) where Junk € Im(Qp)*. It follows that 
(227)*w = ou. Then in £ (QE) we have 

a) d,[w} Ply eee 

b) s _y{w] 4, 1 (822) [egegy 1 * Junk] ) = (Qg)*(A(Qp)* Za;z,;!) = 

ALa(Qp)*2;! tor some non-zero A. 

Therefore w is an 4 ,-class for some ¢ > §~ 1,80 we have established (iii) in the 
theorem. 

Since d,x = m*x -(1 @x +x @ 1) for any x © H*( QE), (i) and (ii) in the theo- 
rem follows immediately. 


§ 3. Stable two stage Postnikov system 


In this section B is a generalized Eilsnberg -Maclane space and f is an H-map. We 
can choose the abvious minimal ideal base X for 4*(B) by taking X to be the collec- 
tion of the elements of form at where @ is an admissible element in Y(p) with ex- 
cess less than dim cand t the fundamental classes of H*(B). For stable two-stage 
Postnikov system we will have a stronger theorem than Theorem 1.2 as follows: 


Theorem 3.1. /1 Theorem 1.2, if the fibration is a stable two-stage Postnikoy system 
then in (in) we have 

(a) With Z, as coefficient group, then w © H*(QE) as found in (1) or (ti) is an Ay 
class and not an A,,,-class where ¢= wi(u')-- | 

(b) With Z pP odd, as coefficient group, ws assuming 0(2; »,) #0 sor alli, m 
where u’ = La,z; + Db,w, and 2, = 2; 12; -- Zp, and 2), EX. w;) EU, =, X", then 
w € H*(QE) as ound tn (i) or (ti) fs an A, ae “hut not an Ary yrt ve where 
r=wi(u')— ft. 


The reason why we can not have this stronger version in general case comes from 
the fact that (Qg)* 2 Qp*a,z;! may equal zero, or may get killed before t-stage. So 
we shall prove those are not the case when the fibration is a two-stage Postnikov sys- 
tem. Before proceeding to the proof, let us recall some results about the cohomology 
spectral sequence. We consider the dual statement of Corollary 3.5 of [2] and some 
statement in the proof of Theorem 4.1 or [2]. 


Theorem 3.2 (Clark [2] ). [f X is a simply connected H-space and H*(X Vis of finite 
type then the cohomology spectral sequence E (X) has the followmng properties: 
By (1X) = B(H*(22X)), 
By (2X) * Exty soxl4p. Zp) as Hopf algebras, 
E, (YX) > E,(H*(X)) as algebras. 


Let us take a close look at the Fy-term. F(X) ~ EXxty 4 (Zp, Z,,) where 
H (QX) = @ A; as algebras and A; is a one generator Hop! algebra, 
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A Ext, (Z,,. Zn) 

B(x. my) L({x*]. tom 

L(x, 2m) E({x*]. 1, le) 

L(x, Dry (xP) E({x*}. i. 2) @ LUrx*, 2. 2mp*) 


where F and L are exterior algeb :a and polynomial algebra respectively, and x* ts the 
dual of x and ¢x* is the dual of the transpotence of x. 
In the mght column bidegrees are specified. 


Theorem 3.3 (Clark [2] }. dn ,(QY) for r 2 2 we have 

(i) Llements of filter degree \ are primitive and indecomposable: 

(ui) £x* is indecomposabie, 

(iii) Lf (e* KK #0 bur (c*)**! = 0, then k <r; 

(iv) As a differential Hopf algebra, Fis the tensor product of differential Hopf 
algebra with differential identically zero, and differential Hopf algebra af the form 
Av. 1.) @ L(z, u,v) where d(') = 2° withr=up® -\ forw= Loru= 2. 


Proof of Theorem 3.1. Let vy © H*(QE) such that (Q4)*r = ou tor some u © H*(QAK) 
with non-trivial transpression. Because # is a generalized Eilenberg -Maclane space. 
ou = Gand fis an H-map. therefore u’ must be 

(i) (2)P* for some z € H*(B) and g > O and z is indecomposable, or 

(1i) B(2) tor some z © A*(B) such that o(z) = (wy for some w E H*( QE) and 
x > O when pts odd prime. It is obvious that 0(6(z)) = 0 in (ii), so in order to prove 
Fheorem 3.1 we need only to examine (i). 

We claim (Qp)*(az) # 0. In a stable two-stage Postnikov system we have 
ker (S2p)* = the ideal generated by the image of (Q/)* on indecomposable elements 
of H*( SK) 9 . So it opie) = 0 then in the Serre spectral sequence of 
Q°K + QE 2. OB "4+ QK some element in H*(22K) transeresses to 02. Hence 
in the Serre spectral sequence of DK > ESB 4, K some element x © H*(Q4K) trans- 
gresses to 2. Then it is obvious x @ 2*~ ! survives till deg 2 stage and x @ 2*~! hits 
zP* in this stage. We have a contradiction tou’ = 2P*, : 
Therefore looking back to the proof of Theorem 1.2: 


(S2g)* Qp*lazl..loz] + 0. 
p® terms 


Now we claim this class survives till stage. If not. by Theorem 3.3: There is 


an element of filter degree | which will hit et loz] with A <g. Since we 
terms 
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know ary element in filter degree | is primitive and indecomposable. H*(QE) is ge- 
nerated by elements in Im(Qp)* or elements with non-zero (Qi)* image. So there 
exists some b © H*(QE) such that (Q/)*(b) = og for some a € H*(QK) such that 
diay {o] =(Qp)*fozi... loz]. But in this case @ has non-trivial transgression in 
dk + f+ B+ K. By the same argument as in Theorem 1.2. there exists eG H*(QE) 
such that d,[e] =a’! for some r and (2/)*(e) = oa. But eb is of filter degree | and 
(S27}*(e-b) = 0. Hence e- b & Im(Qp)*. Since Qp induces a cohomology spectral 
sequence map trom £,(Q8) > £,(QE), and eb survives to (QB), e~ b survives 
to £ (QE). it follows that r= p -1 and d,[e] =a"! = (Qp)*fazl..laz] = d,[b] 
that isa’ = z?”". But the above will imply that in the p/degz stage of the Serre spec- 
tral sequence of 2K +E +> B> K,a @ 2P* P+ 0 and hits 2P* which contradicts 
that w trasngresses to 2 in the Serre spectral sequence of QK ~ E> BK. 
Therefore (Qg)*(Qp)* [azt...loz] =(Qp)* fozl...laz} survives to E stage 
terms p* terms pe I 
and there exists some w € H*(QE) such that d 


nk [w} =(Qp)* fozl..1az] and 
(S27)* w = on. 
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